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Abstract

We study the mixing time of random graphs in the d-dimensional toric unit cube [0, 1]¢
generated by the geographical threshold graph (GTG) model, a generalization of random
geometric graphs (RGG). In a GTG, nodes are distributed in a Euclidean space, and edges
are assigned according to a threshold function involving the distance between nodes as well
as randomly chosen node weights, drawn from some distribution. The connectivity thresh-
old for GTGs is comparable to that of RGGs, essentially corresponding to a connectivity

/4 However, the degree distributions at this threshold are quite

radius of r = (logn/n)
different: in an RGG the degrees are essentially uniform, while RGGs have heterogeneous
degrees that depend upon the weight distribution. Herein, we study the mixing times of
random walks on d-dimensional GTGs near the connectivity threshold for d > 2. If the
weight distribution function decays with P[W > x| = O(1/z%*") for an arbitrarily small
constant v > 0 then the mixing time of GTG is O(n?/%(logn)(?=2)/4). This matches the

known mixing bounds for the d-dimensional RGG.

1 Introduction

In recent years, we have witnessed the development of numerous approaches to study the struc-
ture of large real-world technological and social networks, and to optimize processes on these

networks. Large networks, such as the Internet, World Wide Web, phone call graphs, infections
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disease contacts and financial transactions, have provided new challenges for modeling and
analysis [8]. As an example, Web graphs may have billions of nodes and edges, which implies
that processing and extracting information on these large sets of data, is ‘hard’ [1]. Extensive
theoretical and experimental research has been done in web-graph modeling, attempting to

capture both the structure and dynamics of the web graph [9, 2, 23, 22, 26, 5, 3, 7, 17].

In general, a particularly fertile approach is to consider the network as an instance of an
ensemble, arising from a suitable random generative model. Since the seminal papers on the
evolution of uniform random graph model [20, 21], many other models have been proposed
to better capture the structure seen in real-world networks, which are systematically covered
in [19]. One straightforward example is the random geometric graph (RGG) model, where
nodes are placed uniformly at random in a Euclidean space and edges are placed between any
two nodes within a threshold distance. For further study of RGGs, see the monograph by
Penrose [29]. The RGGs have the advantage of describing many aspects of systems such as
sensor networks, while avoiding unnecessary detail. However, they fail to capture heterogeneity

in the network.

Geographical threshold graphs (GTGs), introduced in [28], are a generalization of RGGs.
Heterogeneity in the network is provided via a richer stochastic model that nevertheless pre-
serves much of the simplicity of the RGG model. GTGs assign to nodes both a location and a
weight. The weight may represent a quantity such as transmission power in a wireless network
or influence in a social network. Edges are placed between two nodes if a symmetric function

of their weights and the distance between them exceeds a certain threshold [13].

Structural properties of GTGs, such as connectivity, clustering coefficient, degree distribu-
tion, diameter, existence and absence of the giant component, chromatic number have been
recently analyzed [11, 12, 14]. These properties are not merely of theoretical importance, but
also play an important role in applications. In communication networks, connectivity implies
the ability to reach all parts of the network. In packet routing, diameter gives the minimal
number of hops needed for transmission between two arbitrary nodes. In the case of epidemics,
the existence or absence of the giant component controls whether the epidemic spreads or is
contained. When treating the node colors as the different radio channels or frequencies, the
chromatic number gives the minimal number of channels needed so that neighboring radios do

not interfere with each other.

Herein, we consider random walks on GTGs near the connectivity threshold. Random



walks (or more formally, Markov chains) on large networks have many applications. For
example, random walks model the spread of disease or the dispersion of information [10]. The
mixing time of a random walk is the expected number of random steps that are required
to guarantee that the current distribution is close to the stationary distribution. Mixing
times are an essential tool in both theory and practice: for example, see the recent survey of
Diaconis [18] on Markov chain Monte Carlo methods. In [6], the authors derived the mixing
time of exponential random graphs, a model extensively used in sociology, showing that the
mixing time of the Glauber dynamics was ©(n?logn) for the unimodal Gibbs distribution, and
exponential for the multimodal case. For the definitions of the Glauber dynamics and Gibbs

distribution see [6].

Upper bounds on the mixing time for RGG at the connectivity threshold have been well
studied. For the 2-dimensional RGG, Avin and Ercal [4] showed that the mixing time is
O(n). More recently, Cooper and Frieze [16] proved that for d > 3, the mixing time of a
d-dimensional RGG is O(n?/?) (in this notation, the logarithmic factors are suppressed). In
this paper, we study the mixing times of random walks on d-dimensional GTGs near the
connectivity threshold, where d > 2. We prove that when the node weight distribution decays
sufficiently quickly, the mixing time is O(n?/%(logn)@2/4) = O(n?/%), which matches the
mixing bounds for RGG. This result is formulated more precisely as Theorem 2 in the next

section.

2 The GTG model and the mixing time

The GTG model is constructed from of a set of n nodes placed independently uniformly at
random into the unit cube in R%. A non-negative weight w;, taken randomly and independently
from a continuous probability distribution function f(w): R™ — R, is assigned to each node
v; for i € {1,2,...,n}. For nodes i,j at distance r;;, the edge {7,j} exists if and only if the

following connectivity relation is satisfied:
G(wi,wj)D(rij) > 9n . (1)

Here G(wj, wj) is the interaction strength between nodes, D(r) is a decreasing function of r and

0, is a given threshold parameter that depends on the size n of the network. The interaction



strength G(w;, w;) is usually taken to be symmetric and either multiplicatively or additively
separable, i.e., in the form of G(w;, w;) = g(w;)g(w;) or G(w;,w;) = g(w;) + g(w;). We use
D(r) = r=® where s > 0, which is a typical attenuation in the path-loss model in wireless

communications [13].

Some basic results have already been shown, including the expected degree of a node with
given weight w, when the nodes are distributed uniformly over a unit space [28, 13]. In both
the multiplicative and additive case of G(w;, w;), questions of diameter, connectivity, and

topology control have been addressed [13].

Here we restrict ourselves to nodes distributed uniformly over [0, 1]¢. For analytical simplic-

ity we take the space to be the d-dimensional toric unit cube [0, 1]¢. Our connectivity relation

uses an additive interaction strength G(w1,ws) = wy +ws and a decay function D(r) = 7%, so
that nodes 4, j are adjacent when
w; + w;
d
T

> 0,. (2)

This connectivity relation identifies a d-dimensional sphere of influence for each vertex.

We assume that our weight distribution f(w) has finite mean and finite variance. Let the

cumulative density function (cdf), for the distribution of node weights f(w), be

F(z) = P[W < 2] = /0 " f(w)dw. (3)

The argument in [12] characterizing the degrees of a GTG for a 2-dimensional GTG is easily
generalized to dimension d (only the leading constant changes). For any threshold 6,, = O(n)
and any weight distribution such that P[W > x] = O(1/2'%¢) for an arbitrarily small constant

€ > 0, the degree distribution of a node v with weight w follows the binomial distribution
deg(v|w) ~ Bin (n — 1, p(w)) (4)

where p(w) = g—j(w + ), p = E[WW] is the expected node weight and Ty is the volume of the

unit ball in d dimensions:

xd/? 7 [kl d = 2k even,

g (L
I'(d/2+1) 20k Jd),  d = 2k +1 odd.

Herein, we assume that P[W > 2] = O(1/29"%) = o(1/x?) which ensures that the weight



distribution has finite mean and finite variance.

We now highlight the differences between the GTG and RGG models. The main charac-
teristic of the GTG model is its tunable topology. By changing the input parameters f(w) and
0,,, one can obtain graphs with different structural properties. For example, we can generate
an RGG for a desired degree distribution, while the degrees of RGG are always uniform. The
major distinction between our analysis for GTGs and the analysis for RGGs, lies in addressing
the following two issues: (i) two spatially close nodes in a GTG are not necessarily connected,
since they may both have very low weight; (ii) two distant nodes in a GTG are not necessarily
disconnected, since one of them can carry heavy weight. These two issues never happen in the

RGG model, and represent a challenge in our analysis.

Theorem 5.3 of [11] characterizes the connectivity threshold for a GTG in 2 dimensions.
We list the changes to the proof to generalize to d-dimensional GTGs. We tile the unit space
[0,1]% into ©(n/logn) cubes of equal volume (as opposed to 2-dimensional squares). We use
the connectivity relation equation (2) for the d-dimensional space and connectivity radius
Teonn = (log(om)/(aan))l/d instead, with the constant a € (0,1) specified in Theorem 5.3
of [11]. With these modifications, we obtain the proof of the connectivity threshold for a
d-dimensional GTG, given by the following theorem.

Theorem 1 Let G be a GTG in the d-dimensional toric unit cube [0,1]% with threshold func-
tion 0, = cn/logn where the constant ¢ < supae(o,1) aF~ Y1 —a)/4. Then G is connected
whp'.

In essence, the proof of Theorem 1 consists of two parts. First, one shows that the an nodes
of highest weight are connected. Next, one shows that the remaining (1 — a)n nodes are
connected to first set. This partition into high weight nodes and low weight nodes will also be

useful herein.

This paper gives an upper bound on the mixing time for a simple random walk on a
geographical threshold graph G = (V(G), E(G)) at the connectivity threshold, provided that
the weight distribution decays at an adequate rate. A simple random walk on a graph G (cf.
[27]) consists of a sequence of vertices (wg,ws,...,wy,...) such that for ¢ > 0, Plwi1 = j |

wy = 1] is 1/deg(7) if {i,j} € E(G) and 0 otherwise. Let 7 denote the stationary distribution

!We will use the notation “with high probability” and denote it as whp, meaning with probability 1 — o(1)
as n tends to infinity.



of this random walk, so that 7y = deg(k)/2|E| for every node k. Supposing that i is the
initial node of our random walk, let P!(i,-) denote the distribution of the states at time ¢. The

variational distance at time t is

1 ..
A(t) = 3 Z ‘Pt(z,]) — 7rj‘ .
JEV
When G is not bipartite, we have limy_,o, A;(t) = 0 for every i € V(G). The mizing time
from node i measures how quickly P*(i,-) converges to m. Explicitly, this mixing time from i
is defined as

7;(8) = min{t | A;(t') < 6,V > t}.

The mixing time of G is

T(9) = iér‘l/a(,é) 7i(9).

We choose § = 1/n as our desired distance from the stationary distribution. Our main result

is given by the following theorem.

Theorem 2 Let G be a connected GTG with threshold function 6, = cn/logn in the d-
dimensional toric unit cube [0,1]%. If the weight distribution satisfies P[W > z] = O(1/x%+)
forv >0, and

c < L min sup aF a), sup (1—-a)F la);,
d+3 a€(0,1/2] ac(1/2,1)

then 7(1/n) = O(n*%(logn)@=2/4) whyp.

This mixing bound for GTG matches the best known mixing bound for RGG, and we believe
that this equivalence is essentially correct. Intuitively, the an high weight nodes of a GTG
G contain a spanning subgraph G’ that is an RGG. The mixing time of G corresponds to
the mixing time of G’. There are some extremely long edges in G\G’, but they seem to be
too sparse to aid in mixing. At the same time, we find that the (1 — «) low weight nodes
(with very short edges) do not slow down mixing. For technical reasons, we consider a weight
decay of P[W > x] = O(1/29T). We conjecture that this equivalence continues to hold for
PW > 2] = o(1/z'+1/9).

The rest of the paper is organized as follows. In Section 3, we derive upper and lower



bounds on the maximal weight. Consequently, we find upper and lower bounds on the node
degrees, and show that the number of edges |E(G)| = ©(nlogn). In Section 4 we construct a
family of canonical paths for the GTG and then prove Theorem 2 in Section 5. In Section 6, we
reflect on our results and explain why we believe that our result holds for more slowly decaying
weight distributions. Finally, in A, we exemplify our results with two different weight functions.

w

Our first example is the exponential weight distribution f(w) = e™", with cumulative density

T

function F(z) = 1 — e~ *. Our second example is the Pareto distribution with cumulative

density function F(x) =1 — 277, where z > 1 and v > d > 2.

3 Node weights and node degrees in GTG

In this section, we determine the upper and lower bounds on the maximal weight Wi, in a
geographical threshold graph G = (V(G), E(G)). Subsequently, we derive the upper and lower
bounds on the degrees of the nodes in GTG near the connectivity threshold. Finally, we show

that the number of edges |E(G)| = ©(nlogn) for these connected GTGs.

We adopt the following notation for the remainder of the paper. We have a constant

a € (0,1) and we fix small constants €, v so that
0<e<v/2d (5)

Furthermore, we assume that there is a weight Wy such that if W > Wy then P[W > z] =
O(1/x%*"). For brevity, we will state this as “P[W > x] = O(1/x%*").” Finally, we use x(n)

to denote an arbitrarily slowly increasing function of n, that is k(n) = w(1).

The maximal weight Wi,y satisfies P[Wiax < x| = F(x)", since the weights are indepen-
dently distributed. Consider a continuous weight distribution f(w) with cdf F'(z). Our goal
is to find two thresholds W7y, Ws, such that P[Wyax < Wi| = o(1) and P[Wiax > Wa] = o(1).
We can ‘invert’ F(z) using the quantile function F~!(p) = inf{x € R : p < F(z)}. Define

leF—1<1—“(")> and WQZF—1<1— = )

n nk(n)

We have P[Whax < Wi] = (1 — k(n)/n)" < exp(—k(n)) — 0 and P[Wpax < Wa] = (1 —



1/nk(n))" > exp(—1/k(n)+1/nx(n)?) — 1. In conclusion, the maximal weight Wi,y satisfies

lim P[Wmax S (Wl, WQ)] =1. (6)

n—-+4o0o

See A for concrete examples of the calculation of the bounds on the maximal weight.

Let us determine the upper and lower bounds for the node degrees, keeping in mind that
the weight distribution has finite mean and variance. We consider the GTG around the
connectivity regime, as described in Theorem 1. The next result generalizes Lemma 3 in [16],

which shows that all degrees of RGGs near the connectivity threshold are ©(logn) whp.

Lemma 3 Let G be a connected GTG with threshold function 6, = cn/logn. Whp, the nodes
v € V(Q) satisfy deg(v) € Igpa where

1
Iorg = [cl logn, ¢y F~1 <1 — > log n} , (7)
nk(n)

for any function k(n) = w(1) and for constants

,qu < 2c ) 2Td
co=—1|1—4/— | and cg = —.
c V u Yy c

The minimum degree of a GTG is 2(logn). The maximum degree depends upon the decay
rate of the weight distribution: a slower decay rate results in larger maximum degree. In A,

we calculate Igrq for weight distributions with exponential decay and polynomial decay.
Proof. Using equation (4), we apply the Chernoff bound on the degree deg(v|w) of a node
v with a given weight w:

P [ dea(vfw) < (1~ )Eldeg(vfw)]] < exp(~Eldes(v]w)]s?/2)

Let c3 =1— MZTCd < 1. By having Eldeg(v|w)] = (n — 1)p(w) = %n_l)(w + p)logn and

choosing § =1 — ¢3/(1 + w/p), it follows

P [ deg(v|w) < ¢; log n}

< exp (—”Zd(Hw/u) (1—%)2 (1_711) logn). (8)



Next, we specify conditions such that equation (8) is o(1/n) for all w > 0 and sufficiently

large n. For the sake of simplicity, let us denote x = 1 + w/p > 1, and consider the function

o(z) = 'U—de (1 — C—3>2.

C T

The minimum of ¢(x) is attained at z = c3. Moreover, ¢(z) is strictly decreasing on (0, c3) and
strictly increasing on (c3,400). Because ¢z < 1 and ¢(1) = %(1 —¢3)? = 2, we know that
¢(x) > 2 for x > 1. That is, equation (8) is o(1/n), for n > 3. Thus, the degree distribution

satisfies

P[deg(v) < logn} = /f deg (vjw) < 1 logn]d

= o n_ /f(w)dw) =o(1/n).

The union bound gives the lower bound on degree of the nodes in the graph.

We now obtain the upper bound. Equation (6) ensures F~!' (1 —x(n)/n) < Whpax <
F~1 (1 —1/nk(n)). Moreover, by the continuity of F~!(x), for any e > 0, there is sufficiently
large n = n(e), such that the upper and lower bounds on Wi,y are arbitrarily close 0 <
Wy — W7 <e.

The degree of the node with maximal weight satisfies the binomial distribution Bin(n —

1,(Y4q/0n) (Wiax+ 1)), which is concentrated around its mean (Yg/c)(1—1/n)(Wiax+ 1) logn.
Finally, the union bound gives the upper bound on the degrees. |

We now partition the interval Igpg of equation (7). We use this partition to calculate the

number of edges |E(G)| and again in Section 5 to bound the mixing time.

Define h(z) = (1 — F(x))~!, or equivalently, F(z) = 1 — 1/h(z). This is also equivalent to

hly) = F (1 - 1/).

By assumption we have h(z) = Q(z%*), so that h=!(z) = O (a;l/(d+”)). Our first interval B

contains the low weight nodes:

B={weV(@)|w <F'1-a)}={veV(Q)|Flw,)<1-al. 9)



Next, we partition the an nodes with weights in [FF~1(1 — a), Wiax]- By equation (6), Winax =
F~1(1—1/nk(n)) = h=Y(nk(n)). Let

ag = Wmax

ar = maX{F*1 (1 - a,;_(11+6)) JFTH1 - a)}, for k > 1.

The aj, are only defined until we reach F~(1 — «). Call this final index M. Our partition
consists of the subintervals of the form (ag,ar_1] for 1 < k < M. Note that the indexing of

our endpoints is the reverse of the standard convention.

Lemma 4 The final index satisfies M = o(logn).

Proof. We have ag = Winax = h™(nk(n)) = O ((nk(n))/(@+"). Let 8 = (1+¢)/(d+v) < 1.
By induction, for 0 < k < M,

ap=F~! (1 - a,;£11+e>) =h!(a)F)) =0 (Wrﬁ’;x) -0 ((nﬁ(n))gwdm) ,

By definition, ap; = F~1(1 — a). Let N be the smallest integer such that (ns(n))?" /(@) <
F~1(1 — a). The right hand side is a constant, so M = O(N) = O(loglog(nk(n))) = o(logn).
|

For1 <k <M, let
A ={v e V(G) | w, € (ak,ax—1]} - (10)

The degree of v € Ay with weight w, is
deg(v) = O((1 + wy) logn) = O(ag—1 logn). (11)

We now show that the sizes of the Aj are all concentrated around their means.

Lemma 5 Whp, for all 1 <k < M, we simultaneously have |Ax| = © (n/a; ™).

Proof. We have P[W > a;] = 1/a;"$. Therefore E[|A|] = n/aj*® and E[|Ay]] = n/a, TS —
njats =0 (njaty) for 2 <k < M.

As for the concentration of these values, we consider the most delicate case of A;. We have

Plv € A1] = Plw, > a1] = aa(He) = Wrﬁgfﬁ) := ¢1. We can consider A; as being generated

10



from Bin(n, ¢1). The Chebychev inequality gives

(1+€)/(d+v)
PlJIA1] ~nar| 2 nar] < = =0 (WW) )=o<n—v2>.
nqy n

Similarly, the probability that each remaining |A| is more than twice its mean is O(n~/2).
There are M = o(logn) such sets, so taking a union bound shows that all of them are concen-

trated whp. |

See A for concrete examples of the partition of the nodes according to weight.

Lemma 6 Z]szo a,“=06(1).

Proof. We use the general d’Alembert’s convergence criterion: The sum of positive terms
> re o Ck is convergent if there exist a positive integer N and n > 0 such that k > N guarantees
Cr/ck—1 <1—m.

Let bg = F~1(1 — ) and by = h(bp_1)"/(+9) for 1 < k < M. We have b, < ap/_j_; for
0< k<M. It follows that

M 0o 0o
1 1 1 1
S t) sl+) =
kZO ap Ay kzo by, kzo by,
1/b5, br—1\° br—1 ¢
- Ey—
/b5 < by h(by_1)Y/0+9 g

for large k since h(z) > 2977 > x!*¢. Therefore this sum converges to a constant (independent

of n). |

and

Lemma 7 If G is a GTG at the connectivity threshold then the number of edges |E(G)| =
©(nlogn) whp.

Proof. Lemma 3 guarantees that all nodes have degree (logn) whp, so the number of edges

11



|E(G)| = Q(nlogn). As for the upper bound, whp

M M
AEG)] = 3 deg(v) + 3 Y deg(v) = O((|B\ +y |Ak|ak_1) 1ogn)
vEB k=1veEAg k=1
M
= O((an + ; a;;ielak_l) log n) = O(nlogn),
by Lemma 6. |

4 Canonical paths for GTG

We employ canonical paths (as introduced in [25]) to calculate our bound on the mixing time.
In this section, we construct the canonical paths for GG, a connected GTG with threshold
function 6,, = cn/logn. For every ordered pair of nodes u,v € V(G) we choose a canonical

path 7,, between them. We define

1
= max V=, T \u)m(v v
’ e={z,y}eE(G) T(x)P(z,y) v;e (w) (V) Yo
1
= max —_— deg(u) deg(v)|Yuo| , 19
e={e.y}eB(G) 2\E(G)|7§6 g(u) deg(v) | yuo| (12)

where |y, is the length of the canonical path from u to v. As per [25] Proposition 12.1, the

mixing time from node i satisfies
7i(6) < p (logw(i)_1 + log 5_1) , (13)

where § > 0. We will set § = 1/n, so that 7;(1/n) < p (log7(i)~! +logn) .

Let G be a GTG at the connectivity threshold 6, = cn/logn for ¢ < sup,e (o1 aF~1(1 -
«)/4, as per Theorem 1. The proof of this result in [11] establishes the following two facts.
First, a constant fraction of the nodes an have weights greater than F~1(1 — a). We let
H(G) = {i € V(G) | wi > F7Y(1 — a)} denote this set of high weight nodes and let L(G) =
{i € V(G) | wi < F7Y(1 — a)} denote the complementary set of low weight nodes. Second,

12



each high weight node is connected to every node within the critical radius

—_ <1g(‘“”>) " (14)

any

In other words, the induced subgraph on H(G) contains a subgraph G’ that is a connected
RGG. Every vertex in L(G) is adjacent to nodes in H(G), so G is also connected.

We use the connected RGG subgraph G’ to construct our canonical paths. Our construction
for the canonical paths is similar to the one used in [16] to bound the mixing time of RGG.
Compared to that result, our proof addresses a novel technical challenge: all of the degrees
of a RGG are ©(logn), while the degrees of a GTG are heterogeneous. This leads to two
challenges. First, when u,v € L(G), the intermediate nodes on the canonical path ~,, must
all be in H(G). Therefore, we must choose these paths so that the intermediate nodes are
evenly distributed among the high weight nodes. Second, many high weight nodes have degrees
that are w(logn). We must ensure that their contribution to the sum in equation (12) does

not lead to an increase in the mixing time, compared to a RGG.

We now describe the geometric scaffold for our canonical paths, as in [16]. Partition the
unit cube into a toric grid of [k]? small cubes, where k is specified below. A set of canonical
paths for the grid will act as the framework for our canonical paths for the GTG. Intuitively,
we increment the entries (mod k) in succession. So first we increase a; until we achieve by,
then do the same for the second entry, and so on. The canonical path from (ai,as,...,aq) to

(b17b27' . '7bd) is

(a1,a2,...,aq), (a1 4+ 1,a9,...,aq), ..., (b1 —1,a2,...,aq), (b1,a2,...,aq),

(15)
(bl,ag—l—l,...,ad), ey (bl,bz,...,bd—l), (bl,bg,...,bd).

Each path has length at most dk. Note that we always increment the index by +1 (even if
there is a shorter path).

While there are k2¢ canonical paths, each edge appears in no more than k¢! paths.
Indeed, any path that includes the edge from (i1, ...4,...4q4) to (i1,...9+1,...44) must start
at (l,... 1, jis1s- - -5 Ja) and end at (j1,...5:—1,1;,...,1)) for some ly,...l; and I, ... 1. This

results in t choices for l,...,l; and d —t + 1 choices for Ij,...1}.

Before constructing the canonical paths for our GTG, we must prove two lemmas. Tile

13



[0,1]¢ into cubes S; with side length 1/k = (¢'logn/n)"/* = ©(rconn), Where we state the
conditions on constant ¢’ later. We have a [k]? grid, whose cubes each have volume ¢’ logn/n.

Let H(S;) and L(S;) denote the high weight and low weight nodes in S;, respectively.

Lemma 8 There exist constants By, 81 > 0 such that whp every cube S satisfies Bylogn <
|L(S)| < p1logn and fologn < |H(S)| < 51 logn.

Proof. This proof is similar to the proof of Theorem 3 in [11], and will use the same notation.
Let B; = |H(S;)| and R; = |L(S;)|. In expectation, there are E[B;] = ac’logn high weight
nodes within S;. Using the lower and upper tail Chernoff bounds [15], it follows

2
exp (—%E[B,]) ,
2

P[B; < (1 - 01)E[B;]]

IN

Fixing 62 € [0, 1], we take 6; = d2/+/1 + d2, and thus §; € [0, 1]. The number of high weighted
nodes B; within the cube S; satisfies

52
P[B; € (1-01,1+0)E[B]] > 1-2exp (-5
[B; € ( 01,1+ 62) E[Bi]] > exp ( 2(1 4 92)

= 1— 2nfac’5§/(1+62)'

E[Bi]>

By the union bound it follows:

P > (1- 2n_aaag/<1+a2>)”/ (logn)

N{Bic—o1+5)EB]}

%

Taking the limit of the last expression as n — +oo, for ¢ > (1 + d3)/ad3, we obtain the

concentration on B;, for each cube S;:

lim P
n—00 )

1

ﬂ{Bi €(1—101,1462) ac’logn}] =1.

The concentration on the number of low weight nodes R;, within each cube S;, follows anal-

ogously to the previous analysis. In expectation, there are E[R;] = (1 — a)c’ logn low weight
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nodes within S;. Hence by the Chernoff tail bounds and the union bound we have:

lim P

n—oo

ﬂ{Ri €(1—61,1+02)(1— a)c’logn}] =1.

(2

Finally, we can guarantee the concentration of both the high and low weight nodes by taking

/ 1482 1402 3
d > max{ bl (=) }, that is,

L+0 if  €(0,1/2)

S aég’

- (11_+j)25§, if o €[1/2,1).

(16)

So the lemma holds with 8y = (1 — d2/+/1 + 82) min{a, 1—a} and 81 = (1 + d2) max{a, 1—a}.
|

Two cubes are adjacent if they share a (d — 1)-dimensional boundary.

Lemma 9 Let S;,S; be adjacent cubes. The number of edges between H(S;) and H(S;) is
Q(log? n) provided that ¢ < (d + 3)~%? min{sup,¢(/2,1)(1 — z)F~1(x), SUPze(0,1/2] rF~1(2)}.

See A for explicit calculation of the constant ¢ for two example weight distributions.

Proof. Consider any high weight node v € H(S;) and any high weight node v € H(S}),
with the weights w, and w,, respectively. The distance r,, between u and v is at most
Vd+3(c logn/n)Y/4. Indeed, the furthest points in two adjacent d-dimensional unit cubes
are at distance v/d + 3 by the d-dimensional Pythagorean theorem.

Consider the connectivity relation

Wy + Wy Fll-a)+F'(1-a) 2F'(l-a) n
rd, T (d+3)¥2clogn/n (d+3)4/2¢ logn’

High weight nodes u, v are connected with probability one if (w, + w,)/rd, > 0, = en/logn,

which is guaranteed if 2F~1(1 — a)/((d 4+ 3)%2¢/) > ¢. Using equation (16), we require

_ 2 o2 aF~ 11— a), if € (0,1/2)
C>
(d+3)4214+62 | 1-a)F1(1-a), ifac[l/2,1).
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Since 0z € (0,1) is arbitrary, with supg,e(o,1) 95 /(1+d2) = 1/2, the conditions combine to give

c < (d+3)_d/2min{ sup aF'(1—a), sup (1—a)F_1(1—a)}
a€e(0,1/2) a€l1/2,1)

= (d+3)_d/2min{ sup (1 —xz)F~1(z), sup :):F_l(x)}.
z€(1/2,1) z€(0,1/2]

We now employ a randomized procedure for choosing canonical paths. This procedure
guarantees that no edge appears in more than O(k%t!) = O(r %) = O((n/logn)d+D/4)
canonical paths. Let us denote cubes as S(ay,...,aq) for 1 < a; < k, where (ay,...,aq) is the
location in the d-dimensional grid. By Lemma 8, we have both fplogn < |L(S(a1,...,aq))| <
B1logn and fylogn < |H(S(a1,...,aq))| < pilogn for some constants By, B1 > 0. For each
cube S = S(ay,...,aq), evenly partition L(S) into sets L;(S), for 1 < i < fylogn. Each set
has size at most [51/Py] whp. Assign each set of low weight nodes to a distinct high weight
node h; € H(S). e a distinct high weight node h; € H(S) for 1 < i < fylogn. The high
weight node h; is the high weight representative for the nodes in L;(S). The key outcome of

this assignment is that each h € H(S) represents a constant number of low weight nodes whp.

Consider any ordered pair of nodes (z,y). Let = € S(ai,...,aq) and y € S(by,...,bq).
We choose a canonical path from x to y as follows. We use the toric grid to identify the
sequence of cubes in the canonical path. Taking equation (15) as our framework, we consider
cubes S(ay,ag,...,aq), S(a1 + 1,az2,...,aq), ..., S(b1,a2,...,aq), S(b1,a2 +1,...,aq), ...,
S(b1,ba,...,bq). For brevity, call these cubes Sy, S1,...,S;. If x is a low weight node, then
set xo to be the high weight representative for x. If x is a high weight node, set xg = =x.
For 1 < ¢ < ¢, choose z; to be a random high weight node in S;. Set z; = y if y is a high

weight node, otherwise using the high weight representative for y. Our canonical (z,y) path is

T, To,x1,...,T, Y. If 1o =x or z; =y, we remove the repeated node from the path. We have
max |yuw| <dk+2=0 ((n/ 1ogn)1/d) (17)
u,weV(Q)

and furthermore, we can bound how often each edge appears in a canonical path.

Lemma 10 Every edge in G appears in at most O((n/logn) /%) canonical paths whyp.

Proof. Let Z,, denote the number of times the edge xy is chosen. If both x and y are low
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weight nodes then Z,, = 0 (we always move to a high weight node from a low weight node).
When zx is low weight and y is high weight, then the edge xy can only be used when x and y
are in the same cube. In this case, the edge zy can only be chosen when the canonical path

has  as one of its endpoints. Therefore Z,, < 2(n —1).

Now suppose that both x and y are high weight nodes. The edge zy is only used if z, y are
in the same cube or in adjacent cubes. First, we consider high weight z, y in the same cube S.
The edge xy will be used only by paths between L;(S) U {x} and L;(S) U {y}. If one or both
is not a high weight representative, then this edge will be used even fewer times. Therefore
Zy < (14 [B1/Bo])? = O(1) whp.

Consider z € S and y € T in adjacent cubes S, T. Let Pyy = {Vuw | Y € Yuo }- We consider
four cases, according to the locations of u and v. If u € S and v € T then just as in the

previous case, whp there are at most (1 + [31/80])? = O(1) such paths.

The total number of paths 7,, with u € S and v ¢ T is O(n). Indeed, x must be the high
weight representative of u, which gives 1 + [81/80] = O(1) choices for u, and there are O(n)
end nodes for paths that start in S;. Similarly, the total number of paths with u ¢ S and
veTis On).

The remaining case is when u ¢ S and v ¢ S. Let Z;, denote the number of times the

edge xy is chosen as the random edge from S to T' for some canonical path. Let
P(S,T) = {Vuv | Yuw traverses from S to T" and u ¢ S andv ¢ T'}.

Then whp

N 1 B ? —d—1
E[Z:/By] - ZP(JZ?/ € 'Yuv) < rcocrllnl(/Bl 1Ogn)272 - <> Tconn -
'YquP(S,T) (BO log n) BU

—d—l)'

Indeed, the number of canonical paths for the toric grid which pass from S to T is O(r;5n

Each edge between cubes corresponds to at most (1 logn)? toric paths in the GTG. Since both
x and y are internal nodes of these paths, they were each chosen uniformly and independently

with probability at most 1/(5plogn).
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Using the Chernoff bound for this binomial distribution,

772
P (|2, —ElZ,,)| = nEIZ,,]] < 2exp (- TEIZ,))
772 Biv2 —a-1
QGXP ( - ?(%) Tconn )

B n* P12 n (d+1)/d\ _ n
= 26Xp< ?(%) (m) ) = o(1/e").

IN

The union bound now gives

P [Auy (|z’ - E[Z; I 2 nE[Z;,])]
< Z]p Z Z,]| > nE[ZL,)] < nPo(1/e") — 0.

Therefore whp, every edge between high weight nodes in adjacent cubes is used by (1 +
Nrat = ©((n/ logn)@+1)/4) canonical paths. In this case, E[Z,,] = O((n/logn)@/d). 0

5 The mixing time for GTG

In this section, we prove that the mixing time for a d-dimensional GTG near the threshold for
connectivity is O(n%%(logn)(@=2/4) when P[W > z] = O(1/2z%") for v > 0.

We have |E(G)| = ©(nlogn) and max, ,cv () [Yuw| = O((n/ log n)"/%) by Lemma 7 and
equation (17), respectively. Substituting these values into equation (12) yields

1
<
p=0 <n(d1)/d(logn)(d+1)/d> < (e CB(G Vzaedeg u) deg(v ) (18)
Fix an edge e = {x,y} between high weight nodes in adjacent cubes, and define o(e) =

D use deg(u) deg(v). Suppose that these high weight cubes differ in the kth coordinate.
Specifically, the cubes containing = and y are indexed by (ji,...,Jk—1,Jk;s Jk+1s---Ja) and
(J1s-- s Jk—1,Jk + 1, Jk+1, - - -5 Ja), respectively. If e € 7y, then u must be in an initial cube in-
dexed by (i1,...,1k-1, %k, Jk+1s- - -, Jjd), While v must be in a target cube indexed by (j1, ..., jr—1, lks lk+1, - - -, Ld)-
Let U; C [0,1]% correspond to the set of initial cubes, and let Us C [0,1]¢ correspond to the
set of target cubes. The volumes of these subsets are vol(U;) = (n/logn)*/¢/(n/logn) =
(logn/n)4=8)/d and vol(Us) = (n/logn)@=—k+1/d/(n/logn) = (logn/n)F=D/d Let Vi (re-
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spectively V5) be the set of nodes in Uy (respectively Us).

In order to bound o (e) we use the partition of the vertices into the sets B and Aj, Ag, ... Ay
as defined in equations (9) and (10). We consider canonical paths containing e that run between

every possible pair of sets in this partition. The following three technical lemmas require the

weight decay of P[IW > 2] = O(1/z%+).

Lemma 11 For any T € {B, A1, As,... Am}, let Z; = [T NV;| fori = 1,2. Then E[Z;] =
|T|vol(U;) and there exists a constant C' > 0 (depending on T and i) such that

P[|Z —E[Z]| > E[Z]] = O (exp(—CnV/Qd(d+”))) .

In other words, the probability that Z; # ©(E[Z;]) decays at a super-polynomial rate.

Proof. We prove this concentration for Z = Ajp; N Vi, which is the most delicate case.
The other cases follow similarly. First, by the independence of weights and location, we have
|Apr N V4| ~ Bin(|Ap|,vol(Uy)). Furthermore, by Lemma 5, [Ay| = ©(n/ay;<,). Therefore
Ay NVi ~ Bin(C'n/a}fe,, (logn/n)(@=*)/4) for some C’ > 0. The expected value is

C'n (logn (d—k)/d C'n [logn (d—k)/d
E[Z] - Lte Z 1+4+€
Apr—1 n Wines n
S C'n (log n)l/d
= (nk(n))Fa/(d+y) pld-1)/d
> Oipl/d=0+9/6+r) — (nu/Zd(dJru)) (19)

since € < v/2d by equation (5) and k(n) grows arbitrarily slowly. Using the binomial Chernoff
bound (cf [24], Corollary 2.3), we have

P(|Z - E[Z]] > E[Z]] < 2exp <—;E[Z]> -0 (exp(_cnv/2d<d+u>))

for some constant C' > 0. [ ]

For T1, Ty € {B, A1, Aa, ... Ay}, let A(Th,T5) denote the number of canonical paths from
T1 NVy to 15 N Vo that use edge e.
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Lemma 12 For T1,T, € {B, A1, As, ... Ayp}, we have

E[\(T1,Ty)] = © <E[|T1 NV - E[|TaN V2H>

log2 n

and there exists a constant K (depending on Ty, Ts) such that

P [\(T1, Ty) — EIN(T, T3)]| > E[NTy, T3)]] = O (exp(—KnV/2d<d+”>)) .

Proof. The proof is similar to the previous one. For ¢ = 1,2, let Z; = T; NV}, so that
|Z;| = ©(E[Z;]) by Lemma 11. The distribution for A\(Ty,T3) is Bin(|Z1||Z2|, K'/log?n) for
some K’ > 0, and |Z;| = ©(E[Z;]) for i = 1,2 by Lemma 11.
Furthermore, | Z;| = Q(n*/?44+v)) by equation (19). Therefore E[\(T},T)] = Q(n*/U4¥) /log? n) =

w(n?/?d+v))  The binomial Chernoff bound gives

PN T) - ENTL Tl > BNTLT]) < 2exp (3BT )

— 0 (exp(_anx/2d(d+z/))>

for some constant K > 0. [ |

The previous two lemmas show that these quantities are tightly concentrated around their
means. A union bound shows that whp these quantities are concentrated for all candidate
edges simultaneously. Indeed, there are O(d - (n/logn)'/4) choices for adjacent cubes used in
canonical paths, with ©(log? n) edges running between each pair. Recall that M = o(logn)
by Lemma 4. For a fixed choice of adjacent cubes, there are 2(M + 1) = o(logn) choices for
T in Lemma 11. Our union bound for these event involves O((n/logn)'/?logn) terms, each
decaying at a super-polynomial rate. Therefore, all these events are concentrated whp. As for
Lemma 12, there are (M + 1)? = o(log® n) choices for (T1,Ts) for each pair of adjacent cubes.
This union bound is taken over all relevant edges between high adjacent cubes. The number
of addends in this union bound is O((n/logn)/%(log? n)(log?n)). Again, the concentrations
from Lemma 12 are super-polynomial, so the union bound shows that all these quantities are

concentrated simultaneously whp.

Lemma 13 Our choice of canonical paths gives p = O ((Iog n)2/d).
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Proof. Weboundo(e) =3, - deg(u)deg(v). First consider the contributions from canon-
ical paths from BN V; to BN Va. Let o(B, B) denote the contribution of paths between low
weight nodes to o(e).

Recall that if v € B then deg(v) = ©(logn). By Lemmas 12, and 11, we have whp

A B
log

( logn —k)/d <logn>(k1)/d>
n
n

0 <n (d+1)/d(1og ) (d-1)/4 ) '

Elo(B,B)] = O( - (log? n)) =0 (|IBNW|-|BnV)

I
Q

We consider the contribution of paths between high weight nodes by using the partition
Ay, Aa, ..., Ay specified in equation (10). Let o(A,, As) denote the contribution to o(e) for
paths from A, to As. Recall that, as per equation (11), if v € Ay, then deg(v) = O(ax—1logn).
Arguing similarly to the calculation above, the contribution to o(e) from paths between nodes

in A, and Ag, where 0 < r,s < M, is whp

o(A,As) = O <W - ayag log? n)
log“n

_ 0 n logn (d=k)fd logn (k=1)/d
= a;+€ o aé""ﬁ n ArQg

o (n(d+1)/d(10g n)(d—l)/d)

€€
a?“as

Next we consider the paths between low weight and high weight nodes: whp

B, A,
o(B,As) = O M-asloan
log?n

( <logn)(d_k)/d n (logn>(k_1)/d )
= O n . 17-"-6 e Qg
n as n

o (n(d—i-l)/d(lOg n)(d—l)/d)

€
aS

and similarly, o(A,, B) = O (n(d+1)/d(log n)(d_l)/d/af,) . Putting these estimates together, whp
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every edge e between cubes satisfies

M M M
ole) = o(B,B)+ > (0(B,A5)+0(A;,B)+> > oA, A)
j=1 7j=1k=1
Mo M Mo
(d+1)/d (d-1)/d -
O { n D/ togm) (14237~ 4 3TN0 )
i=1 ¢  j=1k=1 J K
TRy
_ (d+1)/d (d-1)/d - -
= Ofn (logn) <1+22a?+<2a€.> )
=1 ! j=1 "7
- o(n<d+1>/d(1ogn)<d—1>/d)
where the last equality follows from Lemma 6.
Finally, by equation (18) we have whp p = O ((n/ log n)z/d) . |

Proof of Theorem 2. Equation (13) gives 7,(6) < p (logm(x)~! +logd~'). The previ-
ous lemma ensures that p = O((n/logn)?%). Meanwhile, we have 7(x) = deg(z)/2|E(G)| =
Q(logn/(nlogn)) = Q(1/n) by Lemma 3 and Lemma 7. In summary, 7,(8) = O(n*?(logn)(@=2)/4)
for 6 =1/n. n

6 Conclusion

We have shown that if the weight distribution of a d-dimensional GTG satisfies P[W > x] =
O(1/x%), then its mixing time is O(n?/d(logn)(?=2/4). This matches the known bounds
for RGG. Our proof uses a spanning subgraph among the an high weight nodes to create
a scaffold for canonical paths. In constructing these paths, our proof treats all high weight
nodes identically, ignoring the particularly large reach of the highest weight nodes. We did
try to take advantage of these hub nodes, but found that they were to sparse to leverage for

canonical paths.

One might wonder whether this is a shortcoming of the method of canonical paths, rather
than a reflection on the characteristics of GTG. However, initial investigations using conduc-
tance to bound mixing (as in [4]) suggests the same conclusion. Of course, using conductance

introduces its own set of technical challenges due to the heterogeneous nature of the degrees.

For technical reasons, we assumed that the weight distribution decayed as P[W > z] =
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1/z7V. We believe that the equivalence of mixing for GTG and RGG extends to weight

distributions with slower decay. In particular, we conjecture that these mixing time of a GTG
with weight decay P[W > z] = O(1/27) matches that of RGG when v > 1 + 1/d, and that
GTG mixes faster when 1 <y <1+ 1/d.
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Characteristics of GTG for example weight distributions

We describe the relevant characteristics of GTGs for two different weight distributions: expo-

nential decay and polynomial decay.

A.1 Exponential Weight Distribution

Our first example is the exponential weight distribution f(w) = e~ with cumulative density

function F(x) = 1 — e~®. Inverting the cdf gives F~(z) = —log(1 — ).
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We first discuss the weights and degrees of the nodes in the GTG, as described in Section

3. As per equation (6), the maximum weight satisfies
Winax € logn — (n), log n + £(n)
whp. Lemma 3 guarantees that whp all the node degrees are in the interval

Ire = [©(logn), O(log? n)].

Next, we partition the interval Igrg. By equation (9), the cutoff for low weight nodes is
F~Y(1 - a) = loga~!. We partition the high weight nodes into disjoint subsets as specified
in equation (10). Note that F~! (1 —2~(+9)) = log(z!*¢) = ©(logz). Therefore, ignoring

leading constants, the sequence of endpoints (in descending order) is
( log n,loglog n,logloglogn,..., log(M) n)

where M < log* n, where the iterative logarithm function log* n is the number of iterations of

the log function required to obtain a result less than 1.

Finally, we calculate upper bound on the constant ¢ required by Lemma 9 in Section 4.

For the exponential distribution, taking ¢ < ((d 4+ 3)%2e)~! is sufficient.

A.2 Pareto Weight Distribution

We now give a parallel characterization of our second example: a Pareto distribution with
cumulative density function F(z) = 1 — 277 where v > d > 2. Inverting this cdf gives

Flz)=(1—-z)" Y.

We consider our results concerning node weights and node degrees. We have

Winax € [(”) " , (nn(n))l/V]

K(n)
whp by equation (6). By Lemma 3, whp all the node degrees are in

Iere = [B(logn), ©((n r(n))"/ 7 logn)].
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We separate the low weight nodes from the high weight nodes using the weight cutoff F~!(1 —
o) = a~'/7. Next, we partition the high weight nodes as per equation (10). Note that

F-1 (1 — x*(Hf)) = z(+9/7 Tt follows that our sequence of endpoints is
(nr(m)"7, ()7, (na(n)* /7, (nk(n) )

where 8 = (14 ¢€)/v < 1. Here M is the smallest integer such that (nn(n))ﬁM/“Y < F71(1 -

a) = a~ /7. The latter requirement is equivalent to the condition M > (loglog(nk(n)) —
loglog(a™))/log(87).
Finally, we calculate an upper bound on the constant ¢ required by Lemma 9 in Section 4.

Since F~(x) = (1 — )"/, by Lemma 9 it follows ¢ < ((d 4 3)%/220—1/7)~1,

27



