
      

Hints,Comments,andSolutionsforExercisesin
ProofsandConfirmations

July13,1999

Thisisaworkinprogress.Commentsandcorrectionsarewelcomeandwillbe
addedwithgratefulattribution.

1.1.5ThisturnedouttobemuchmoredifficultthanIanticipated.Itiseasyto
seethatanysubsetthatcontainsallpermutationmatricescannotcontain
anyASM’swithany−1’s(otherwise,wecanpermutethecolumnssothat
wegeta−1inthefirstcolumn).IbelievethatgivenanyASMwith
atleastone−1,somepowerofitmustfailtobeanASM.Heuristically,
takingpowersincreasesthenumberof−1sand/ormovesthe−1scloser
totheboundary,butIwouldverymuchappreciateasimpleproofthat
anyASMwitha−1inithasapowerthatfailstobeanASM.

1.1.12TheconjectureisthatAn,kcanbeoddifandonlyifn=(4
t
−1)/3,

(4
t

+2)/3,(2·4
t

+1)/3or(2·4
t

+4)/3forsomeintegert≥1.If
n=(4

t
−1)/3,thenAn,kisoddifandonlyifk=(n−1)/2,(n+1)/2,

or(n+3)/2.Ifn=(2·4
t
+1)/3,thenAn,kisoddifandonlyifk=

(n+1)/2.LetA(t)(respectively,B(t))bethesetofvaluesofkfor
whichAn,kisoddwhenn=(4

t
+2)/3(respectively,n=2(4

t
+2)/3).

ThenA(t)={k|k∈A(t−1)orn+1−k∈A(t−1)}(respectively,
B(t)={k|k∈B(t−1)orn+1−k∈B(t−1)}).

nk
11
21,2
32
41,4
52,3,4
61,2,5,6

116
121,4,9,12
2110,11,12
221,2,5,6,17,18,21,22
4322
441,4,9,12,33,36,41,44
8542,43,44
861,2,5,6,17,18,21,22,65,66,69,70,81,82,85,86

17186
1721,4,9,12,33,36,41,44,129,132,137,140,161,164,169,172
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1.1.13Idonothaveaproofforthis.

1.1.14Idonotknowofaslickproof.Itcanbeforcedthroughbyconsideringthe
threecasesthatdependontheresidueclassofnmodulo3,simplifyingthe
rationalproduct,andthendemonstratingthatanarbitraryprimepower
dividesthenumeratoratleastasoftenasitdividesthedenominator.

1.2.2Alltermsontherightcancelexceptthosewithk=1inthedenominator
andwithk=tinthenumerator.

1.2.31085787;90379784;267227532

1.2.5rorbitsofsize1,noorbitsofsize2,r(r−1)orbitsofsize3,(r3)orbits
ofsize6.

1.2.6rorbitsofsize1,noorbitsofsize2,(r
3
−r)/3ofsize3,noorbitsofsize

6.

1.2.91185;151008

1.2.10Theproductinquestionisequalto

(1−q
2
)(1−q

5
)(1−q

8
)(1−q

3·3)(1−q3·4)
(1−q)(1−q4)(1−q7)(1−q3·2)(1−q3·3)

×
(1−q

3·4)(1−q3·6)(1−q3·6)(1−q3·7)(1−q6·5)
(1−q3·3)(1−q3·5)(1−q3·5)(1−q3·6)(1−q6·4)

=
(1+q)(1+q

6
)(1+q

9
)(1+q

15
)(1+q

7
+q

14
)

(1−q4+q8)(1+q5+q10).

1.2.11TheorbitsofB(r,r,r)/S3thatarenotinB(r−1,r−1,r−1)/S3cor-
respondtolatticepoints(r,i,j)with1≤i≤j≤r:

TSPP(r)
TSPP(r−1)

=
r∏
i=1

r∏
j=i

i+j+r−1
i+j+r−2

=
r∏
i=1

i+2r−1
2i+r−2

.

1.2.12

∅,1,
21
1

,
22
21

,
22
22

.

1.3.1(a)

4432
4432
333
22
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(b)

55433
55432
5443
333
221

1.3.2(a)
332

21

(b)
54333

321
1

1.3.3(a)30;(b)19+3(6+5+4+3+3+2)+16+3(3+3+2+1+1)+7+3(2+1)
+4=154

1.3.4∑j(3aj,j−2+3(aj,j+1+···+aj,rj−rj+j))
1.3.5Hint:Usethefactthat1−q

a
=(1−q

j
)+q

j
(1−q

a−j).

1.3.9
∏

1≤i≤j≤r

r+i+j−1
2i+j−1

=
r∏
j=1

(r+2j−1)!
(r+j−1)!

r∏
i=1

(3i−2)!
(2i+r−1)!

.

1.3.11Thisisnonsense.Everydescendingplanepartitionsatisfiesthedefinition
ofbeingstripped.

2.1.25;7

2.1.3Itisequaltothenumberofpartitionsofnintoatmosttwoparts.The
largerofthesetwopartscanbeanyintegerthatisgreaterthanorequal
ton/2,andthereare1+bn/2cpossibilities.

2.1.4Thisisthenumberofpartitionsofnintoatmostthreepartswhichis
theintegerclosestto(n+3)

2
/12.Wehavethat

1
(1−q)(1−q2)(1−q3)=

1/6
(1−q)3+

1/4
(1−q)2+

1/4
(1−q2)+

1/3
(1−q3).

Comparingcoefficientsofq
n
,weseethatthedesirednumberisequalto

1
6

(n+2
2

)+
1
4

(n+1
1

)+
1
4
χ(2|n)+

1
3
χ(3|n).

Thegeneralproblemofthenumberofpartitionsofnintoatmostkparts
isdiscussedinexample2,chapter5andexample1,chapter12ofAndrews,
TheTheoryofPartitions.

2.1.93m−2
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2.1.10Firstassumebothsignsarethesame,thenwecanwritetheequalityas

3(j
2
−k

2
)=∓(j−k).

Ifj6=k,thenwecandividebothsidesbyj−ktogetthat3(j+k)=∓1.
Thiscannotbesincethreedividestheleftsidebutnottheright.Ifthe
signsaredifferent,wecanwritetheequalityas3(j

2
−k

2
)=±(j+k).

Sincejandkarepositive,j+kisnotzeroandsowecandividebyit:
3(j−k)=±1.again,thiscannotbe.

2.1.17∞∏
i=1

1−q
d·i

1−qi=
∞∏
i=1

(1+q
i
+q

2i
+···+q

(d−1)i).
2.1.18ThisisFabianFranklin’sproofwhichhediscoveredwhileinSylvester’s

classonpartitiontheory.Givenapartitionλ=(λ1>λ2>···≥λr>0)
intodistinctparts,letσ(λ)bethelargestintegersuchthatλi−1−λi=1
fori≤σ.Ifλ1−λ2>1,thenσ=1.Ifλr≤σ,thenwedeletethepart
λrandaddonetoeachoftherlargestparts.Ifλr>σ,thenwesubtract
onefromeachofthesigmalargestpartsandaddanewpartofsizeσ.
Thisisaninvolutiononthesetofpartitionsofnintodistinctpartsthat
changestheparityofthenumberofparts.Theonlytimeitcannotbe
appliediswhenσ=r=λrorσ=r=λr−1.Theformerisapartition
ofr

2
+r(r−1)/2andthelatterisapartitionofr

2
+r+r(r−1)/2.

2.2.2δ(λ)isthesizeofthelargestsquarethatwillfitinsidethepartition;the
respectivevaluesare3,3,andk.σ(λ)isthenumberofconsecutiveparts,
startingwiththelargest,thatdifferbyexactly1;therespectivevaluesare
2,2,andk.

2.2.317+17+15+1

2.2.7Hint:Inthepartitionwithnomultiplesofd,writethenumberoftimes
eachintegerappearsasasumofpowersofdmutlipliedbycoefficients
thatarelessthanorequaltod−1.

2.2.8Addonetoeachofthepartsinthesecondpartition,subtractonefrom
eachpartinthefirstpartition,andtheninterchangethetwopartitions.

2.2.9Ifthereisa0inthesecondpartition,weremoveitandtheninterchange
thepartitions.Ifthereisno0inthesecondpartition,weappenda0to
thefirstpartitionandtheninterchangethem.

2.2.10ThisistheJacobitripleproductidentitywithqreplacedbyq
4

andthen
x=−q−1

.

2.2.11ThisistheJacobitripleproductidentitywithqreplacedbyq
m

and
thenx=−q−a.
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2.2.12

g(x/q)=g(x)
(1−x)(1−x

2
q−1

)
(1−x−1)(1−x−2q)=g(x)x

3
q−1

.

g(x−1
)=g(x)

1−x
1−x−1=g(x)(−x).

2.2.13Usingthefirstequalityandthenthesecond:b1=b−2=−b1.Fromthe
secondequality:b−1=−b0.

2.2.15Equation(2.13)simplifiesto

−2q−2
∞∏
k=1

(1+q
k
)(1−q

2k−1
)=−2q−2

b0

∞∏
k=1

(1−q
k
).

2.3.2No.

2.3.4Takingthederivativeofthegeneratingfunction,weget
∞∑
n=1

pO(n)q
n−1

=
∞∏
m=1

1
1−q2m−1

∞∑
m=1

(2m−1)q
2m−2

1−q2m−1

=
∞∏
m=1

1
1−q2m−1

∞∑
m=1

∑
t≥0

q
(2m−1)(t+1)−1

=q−1(∞∑
n=1

pO(n)q
n)(∞∑

d=1

σodd(d)q
d).

2.3.6Exercises2.3.4and2.3.5implythat

σodd(n)=npO(n)−
n−1 ∑
j=1

σodd(j)pO(n−j),

σalt(n)=npD(n)−
n−1 ∑
j=1

σalt(j)pD(n−j).

Theproofisthenbyinduction,usingthefactthatpO(n)=pD(n).

Toprovethisdirectly,writej=2
a
·iwhereiisodd,thenσodd(j)=σ(i).

Ontheotherhand

σalt(j)=∑
k|i

a∑
r=0

2
r
k(−1)

1+2
a−r/k

=(a−1 ∑
r=0

−2
r
σ(i))+2

a
σ(i)

=σ(i).
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2.3.7∞∑
n=1

nak(n)x
n

=k(∞∑
n=1

ak(n)x
n)(1

1−x−
6x

6

1−x6).

Wehavethatak(n)=0forn<k,ak(k)=1,andforn>k:

ak(n)=
k

n−k

n−k ∑
j=1

bjak(n−j)

wherebj=1if6doesnotdividejandbj=−5if6dividesj.

2.3.11Giventhepowerseries1+∑∞r=1brq
r
,leta1=b1.Thecoefficientofq

0

andq
1

agreeinthepowerserieswiththoseintheexpansionof(1−q)−b1.
Assumethatwehavefounduniqueintegersa1,...,aj−1suchthatthe
coefficientsofq

0
,q

1
,...,q

j−1
intheexpansionof∏j−1

i=1(1−q
i
)−aiagree

withthoseinthepowerseries,andletcjbethecoefficientofq
j

inthe
expansionofthisproduct.thecoefficientcjisaninteger.Letaj=bj−cj.
Checkthatthecoefficientofq

j
in∏j

i=1(1−q
i
)−aiisequaltobj.

2.3.14(a)




0010
10−11
0100
0010




2.3.15Itisthesumoverallrows,exceptthebottomrow,ofthenumberof
integersinthatrowthatdonotappearintherowbelow.

2.3.18MTn({1,i})=MTn−1(i).

2.4.7

det((xi+j

j

))=
n∏
i=1

xi+1
in+1−idet((xi+2)(xi+3)···(xi+j)).

Thedeterminantontherightisanalternatingpolynomialinthexiof
totaldegreen(n−1)/2andsoitisequaltotheVandermondeproduct
timesaconstantwhichmustbe(−1)(

n
2).

det((xi+j

j

))=(−1)(
n
2)

n∏
i=1

xi+1
in+1−i∏

1≤i<j≤n
(xi−xj).

3.1.1ConjugatetheFerrersgraph.
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3.1.3Usingtherecursiveformula,wehavethat

f(q,m)=1−[m−1
1

]−qm−1[m−1
0

]
+[m−1

2

]+q
m−2[m−1

1

]−···+(−1)
m
q
0[m−2
m−2

]
=

m∑
j=1

(−1)
j−1

(1−q
m−j)[m−1

m−j

]

=
m∑
j=1

(−1)
j−1

(1−q
m−1

)[m−2
j−1

]
=(1−q

m−1
)f(q,m−2).

3.1.4Notethatα
k

=1.

3.1.5α
j2+j

=α
j2+j(k+1)

amdthesuminG(α)canbetakenoveranysetof
residuesmodulok.

3.1.6α
[(k+1)/2]2

=α
(k−1)2/4

=α
1+3+···+k−2

.

3.1.10Notethattheconditionsshouldread“positivefork≡±1(mod8)
andnegativefork≡±3(mod8).”Thesignoftheproductispositiveif
thereareanevennumberofintegersjintheinterval(k/4,(k−1)/2]and
negativeifthereareanoddnumberofintegersinthisinterval.

3.1.13Forj=2,thisidentityis
[n+2

2

]=q
2[n2][2n

0

]+[n0][2n−1
1

],
(1−q

n+1
)(1−q

n+2
)

(1−q)(1−q2)=q
2(1−q

n
)(1−q

n−1
)

(1−q)(1−q2)+
(1−q

2n−1
)

(1−q)
.

3.1.19Thecoefficientofx
i
isthegeneratingfunctionforpartitionsintoexactly

iparts,allofwhicharelessthanorequalton.Ifwesubtract1fromeach
oftheseparts,weareleftwiththegeneratingfunctionforpartitionsinto
atmostiparts,eachofwhichis≤n−1,andthisgeneratingfunctionis [n+i−1

i].Itfollowsthat

1
(xq;q)n

=
n∑
i=0

[n+i−1
i

]qixi.
3.1.20

i∏
j=1

(1−q
n−i+j)=

i∏
j=1

(−q
n−i+j)(1−q−n+i−j).

7



     

Itfollowsthat
[ni]qi(i−1)/2

(−x)
i
=

(q
n−i+1

;q)i
(q:q)i

q
i(i−1)/2

(−x)
i
=

(q−n;q)i
(q;q)i

(xq
n
)
i
.

Notethatifi>n,thenoneofthefactorsin(q−n;q)iis1−1=0.

3.1.21

limn→∞[ni]=limn→∞

(q
n−i+1

;q)i
(q;q)i

=
1

(q;q)i
.

3.2.1maj(11001010100)=2+5+7+9=23.I(01101011001)=2+3+5+5=
15.I(11001010100)=2+2+3+4+5+5=21.

3.2.4Weproceedbyinductiononthenumberofvariables.Theprevious
exe4rciseestablishedthisresultfork=2.Assumethatitiscorrectup
k−1,k≥3.Letσbeasequencewithmiis,1≤i<k,andletλbeapar-
titionintoatmostmkpartslessthanorequaltoM=m1+···=mk−1.
Wemustestablishaone-to-onecorrespondencebetweenthesetofpairs
(σ,λ)andandthesetofsequences,τ,withmiis,1≤i≤k,suchthat
maj(σ)+|λ|=maj(τ).Itthenfollowsthat

∑
τ

q
maj(τ)

=∑
σ

q
maj(σ)∑

λ

q|λ|

=[m1+···+mk−1

m1,...,mk−1

][M+mk

mk

]
=[m1+···+mk

m1,...,mk

].
Webeginwiththelargestpartinλ=(λ1≥λ2≥···≥λmk≥0).If
theentryinσinpositionλ1−1islessthanorequaltothenextentry,
theninsertkaftertheentryinpositionλ1−1.Otherwise,insertkinthe
firstpositiontotheleftwhereitdoesnotfallinsideapre-existingdescent.
Notethatwhereverweputthisfirstk,wehaveincreasedthemajorindex
byλ1.

Oncewehaveplacedthej−1stkintothesequenceinsuchawaythat
itincreasesthemajorindexbyλj−1,weplacedthenextkasfollows.If
λj−j≥0,thenwefindthefirstnon-descenttotheleftofthelastplaced
kwhereinsertingakincreasesthetotalmajorindexbyexactlyλj.Note
thatsuchapositionalwaysexistsbecauseplacingthekintheposition
totheleftoftheentryimmediatelytotheleftofthelastkwillincrease
themajorindexbyexactlyλj−1ifithasnotbeenplacedinsideapre-
existingdescent.Ifthiswouldputitinsideapre-existingdescent,then
puttingthisnewkinthefirstpositiontoleftofthatpositionthatisnot
apre-existingdescentwillincreasethemajorindexbyexactlyλj−1.We

8



      

nowkeepmovingtotheleftuntiltheamountthatweincreasethemajor
indexisexactlyλj.

Ifλj>j,thenweplacethejthkinsidetheλjthdescentascountedfrom
theright.Thisincreasesthemajorindexbyexactlyλj.

Toreversethisbijection,wereadthewordfromrighttoleft,removing
thoseksthatsitinsidedescentsandkeepingtrackoftheamountbywhich
themajorindexdecreaseswitheachremoval.Thenwereadthewordfrom
lefttoright,removingallremainingksandkeepingtrackoftheamount
bywhichthemajorindexdecreases.

3.2.5Oneproofistoassigntoeachpermutationσthecompanion,σ′,obtained
byinterchaningtheimagesof1and2:I(σ′)=I(σ)±1.Anotheristo
setq=−1inequation(3.20).

3.2.6Theinversionnumberofapermutationofnlettersisequaltothenumber
ofpositionstotherightofn(whichequalsthenumberoftranspositions
requiredtomoventothelastpositionontheright)plustheinversion
numberofthewordinn−1lettersobtainedbyremovingthatn.

3.2.7Chooseanytwoofthenpositionsinthesequence.thereare(n2)such
choices.Inexactlyhalfofthepermutations,n!/2permutations,thesetwo
positionscontribute1totheinversionnumber.

3.2.9Ifk∈ri+1−ri,thenthereisa1inrowi+1,columnk.Theset
[[k−1]]−ri+1isthesubsetof{1,...,k−1}forwhichthesecolumnshave
more1sthan−1sintherowsbelowi+1.Ifk∈ri−ri+1,thenthereis
a−1inrowi+1,columnk.

3.2.11Nothingisknownaboutthesepolynomials.Theyappeartobemono-
tonic.

3.2.12Seepage193forwhatisknownaboutthesepolynomialsink,and
exercises6.1.3and6.1.4forsomeconjectures.

3.2.14(1+q)
n(n−1)/2

(seeexercise3.5.9).

3.2.15Foreachproductofentriesthatis−1,therearetwouniquelydefined
productsthatare+1:Ifthereisa+1tothenortheastofa−1,thenthere
isa+1directlysouthofthat−1andanother+1directlywest;ifthere
isa−1northeastofa+1,thenthereisanother+1directlynorthofthat
−1andanother+1directlyeast.

3.3.1

∏
(i,j,k)∈B(r,s,t)

1−q
i+j+k−2

1−qi+j+k−1=∏
1≤i≤r
1≤j≤s

1−q
i+j+t−1

1−qi+j−1−→
∞∏

i,j=1

1
1−qi+j−1.

9



     

Thereareareexactlykrepresentationsofk+1asasumoftwopositive
integers(countingorder).

3.3.3Letσ′agreewithσexceptthatsigma′(i)=σ(i+1)abdsigma′(i+1)=
σ(i).thenwehave

f(σ)−f(σ′)=i(i−sigma(i))+(i+1)(i+1−σ(i+1))−i(i−sigma(i+1))−(i+1)(i+1−σ(i))=σ(i)−σ(i+1).

Therefore,fissuchafunction.Sinceeverypermutationcanbebuiltfrom
adjacenttranspositions,suchafunctionisunique.

3.4.5LetA=(aij)
n
i,j=1andanj=∑t

k=1a
(k)
nj.Then

detA=∑
σ∈Sn

(−1)I(σ)
n∏
i=1

aiσ(i)

=∑
σ∈Sn

(−1)I(σ)(n−1 ∏
i=1

aiσ(i)

)(t ∑
k=1

a
(k)
nσ(n)

)

=
t ∑

k=1

∑
σ∈Sn

(−1)I(σ)
n∏
i=1

a
(k)
iσ(i)

=
t ∑

k=1

detAk.

3.4.6Letj−kbethey-co-ordinateofthefirstpointonthepaththattouches
thelinex=r−1.

3.4.7Sameproofasexercise3.4.6,butinsteadofjustcountingthenumberof
latticepaths,keeptrackofthepartitionthateachlatticepathencodes.

3.5.14−2−5
135
2−111


−→(75

738

)−→(77).

3.5.3theproofexactlyfollowsthatoftheorem3.12exceptthatM
?

iscon-
structedbyreplacingthelastn−mcolumnsofM

C
bythelastn−m

columnsoftheidentitymatrix.

3.5.6

∣∣xn−i j∣∣λ=

∏
1<i<j≤n

(xi+λxj)·x1···xn−1·∏
1≤i<j<n

(xi+λxj)

10



    

+λ∏
1<i<j≤n

(xi+λxj)·x2···xn·∏
1≤i<j<n

(xi+λxj)


÷


x2···xn−1·∏

1<i<j<n

(xi+λxj)


=∏

1≤i<j<n
(xi+λxj)∏

1<i<n

(xi+λxn)(x1+λxn).

3.5.7IfBij=1andthereareno−1sdirectlybelowit,thenjappearsn−i+1
timesinthemonotonetriangle.IfBij=1andBkj=−1withBrj=0for
i<r<k,thenjappearsk−itimesinthemonotonetriangleandthen
disappearsasyoureaddownsuccessiverows.Therefore∑i(n−i)Bijis
onelessthanthenumberoftimesjappears.

4.1.17+6+6+5+1+1+1+1+1precedesand7+6+6+4+4+1+1
follows.

4.1.2Usingthegeneratingfunctions,enisthecoefficientoft
n

in(1+t)
m

,which
is(mn),andhnisthecoefficientoft

n
in(1−t)−m,whichis(m+n−1

n).
4.1.3Thisfollowsfromthefactthateverypermutationisacompositionof

adjacenttranspositionsandanadjacenttranspositionchangestheparity
oftheinversionnumber.

4.1.5Invertthematrix


1461224
012512
00126
00014
00001


.

4.1.6Usethegeneratingfunctionandtheresultofexercise3.1.19onpage83.

4.1.7UsethegeneratingfunctionandTheorem3.3onpage78.

4.1.8Equation(4.6)isProposition4.2withλequaltok1s.Toproveequation
(4.7),expandonthefirstrowanduseinduction:

det(e1−i+j)=e1hn−1−e2hn−2+···+(−1)
n−1

enh0.

Itfollowsfromthegeneratingfunctionsthatforn≥1:

e0hn−e1hn−1+e2hn−2−···+(−1)
n
enh0=0.

4.1.9Notecorrection:Lastterminthedisplayedsummationshouldbe(−1)
b
ha+b+1.

Useequation(4.4)andexpandonthefirstrow.
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4.2.216

4.2.5Weencodeeachcolumnofthesemistandardtableauasalatticepath.
Latticepathsarenowpermittedtotouchatvertices,butmaynotshare
edges.theproofproceedsexactlyasintheproofofTheorem4.3,except
thatweswitchthetailsoftwopathsthatshareacommonedge.

4.2.6Letxi=q
n+1−isothatanxiinagivensquareoftheYoungdiagram

representsastackofn+1−icubesabovethatposition.thentakethe
limitasn→∞.

4.2.7Letxi=q
2n+1−2i

.
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