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Our problems with Calculus I:

*Most of the students taking it (~75%) had taken
calculus in high school

*For most students (~70%), it was a terminal class in
calculus

*Only ~4% of those taking Calculus | would eventually
take a junior/senior-level math class

*Only ~4% of our math majors took Calculus |.

*The dominant clientele were Biology or Economics
majors, it did not meet their needs.



CRAFTY Curriculum
Foundations Project:
Voices of the Partner Disciplines

Biology: “Statistics, modeling and graphical
representation should take priority over
calculus.”



Biology can afford to require two math
courses. What their students really need
are

Multivariate statistics

Fundamental functions as models of types of
behavior (e.g., sine to model periodicity)

Derivatives and partial derivatives as descriptions of
rates of growth

Exponential growth and decay

Ability to read and make sense of differential
equations and systems of differential equations

*Some linear algebra



Biology can afford to require two math
courses. What their students really need
are

Multivariate statistics

Applied Calculus

Fundamental functions as models of types of
behavior (e.g., sine to model periodicity)

Derivatives and partial derivatives as descriptions of
rates of growth

Exponential growth and decay

*Ability to read and make sense of differential
equations and systems of differential equations

*Some linear algebra




B 10 *

1] X 0
The graph of the function Yy = 80 @1 ! Ec‘f IS shown
above. The graph also contains the tangent line at the point x = 4.
Use the formula to find the exact coordinates of the indicated
point and the slope of the tangent line (do not simply estimate the

values from the plot). Show the work that leads to your
conclusion.



2.

A table of valuesfor f, g, f', and g' isgiven below. If h(x) = f(g(X),
find h'(1). Show your work.

X t(x) 9(x) () g'(x)
1 2 2 3 6
2 1 8 1 7
3 5 2 7 9




Cafe Mac sellslattes for p dollars. In your work study job,
you see that the number of lattes sold each day depends on
the price according to some unknown function f, q = f(p)
(the number of lattes sold, q, is afunction of the price p).
The current price of alatte is $2.50, and you have estimated
that

f(2.50) =40 and f '(2.50) = £20.

The revenue R(p) is the product of the price p and the
guantity sold:

R(p) = paf(p)
Determine R'(2.50).



4 Graph of y = f(x)

Let a(2) be the area accumulation function, a(z) = JZ f(x)dx,

where the graph of y = f(x) is shown above. °

a) Finda(2) and a'(2).

b) Findall valuesof zintheopeninterval 0<z< 6 at which a(z)
attains alocal maximum. Justify your answer.

c) Findthevalue of zat which a(z) attains the global maximum
over theclosedinterval 0! z! 6. What isthe value of a(z) at
this point?



The rate at which a drug leaves the bloodstream and passes to the

urine is proportional to the quantity of the drug in the blood at
that time.

a) Write adifferential equation for the quantity, Q, of the drug in
the blood after t hours.

b) Supposethat, if aninitial dose Q, isinjected directly into the
blood, 40% is left in the blood 2 hours later. Also, suppose that
the patient is given 50 mg initially. In terms of aformula, what
IS the solution to the equation you gavein (1.)?

c) How much of thisdrug isin the patient's body after 6 hours?



Below are the differential equations for an S-1-R model!:

dS
— = —0.1081,
dt
dl
— =0.1081 - 0.301.
dt
a) Explain what the constant 0.10 represents in terms of this
problem
b) Explain what the constant 0.30 represents in terms of this
problem

c) For S=20and| = 10, calculate the vector that represents
the phase arrow in the phase plane



Turn the following system of equations into a vector equation and
Into amatrix equation. Do not solve the equations.

X + X, +X, =3
2X, +2X, + 2X; — X, = =2
3%, —X; +X, =5



7.

Turn the following system of equations into a vector equation and
Into amatrix equation. Do not solve the equations.

X1+ X2 +X4:3
2X, +2X, + 2%, 1 X, =12
3%, I X, +X,=5

Find theliney = mx + b that best fits the data points (2,3), (3,5),
o (3 (2) (1)
5|=m| 3|+bh|1
\6) 4] Y




7.

Turn the following system of equations into a vector equation and
Into amatrix equation. Do not solve the equations.

X + X, +X, =3

2X, +2X, + 2%, 1 X, =12

3%, ' X, +X,=5
Find the liney = mx + b that best fits the data points (2,3), (3,5),
(4’6)'/3\ (2) (1) (2) 1)
5|=m|3|+b|1|+r, r-|3|=r-{1]=0
\6) 4 D 4L




8.

b)

This exercise is about vector projections and residuals.

Suppose that a vector is projected onto the subspace defined by the
vector (2,88,1,5). One of the three vectors given below isthe
residual; circleiit.
(1,2,3,0, (2,B1,E2,B11), (5,0,B1,E0).
We are going to use the following two vectors to reach a target
vector,
(2,88,1,5) and (1,B1,1,B1).

Even without knowing what is the target vector, you can say something

d)

about the residuals. Which of the following vectors could be the
residual? Circle all that apply:

(1,1,0,1), (1,B1,E8B,B1), (2,7,7,2)
Explain why if one of the spanning vectorsis(1,B1,1,B81), then the
sum of the first and third coordinates in the residual vector must
equal the sum of the second and fourth coordinates.
|s the vector (1,3) in the plane spanned by (3,0) and (ER,1)? Give
full justification for your answer.



9.

Y ou are working on a project to improve
outcomes in schools. You have

two policy controls. (1) the class size
and (2) the salaries you pay to teachers ¢ .
(which affects the incentive that qualified
people have to become and remain .
teachers). In addition to improving the
school outcome, you have to deal with
legislators who want to spend aslittle
money as pOSSI b| e, 20 30 40 50 60 70 80

Salary (1000s)

20

\
| N\\

The graph shows two functions:

[Black] The total expenditure for any combination of class size and teacher
salary.

[Red] The average standardized test score in the district. The expenditure
function is straightforward since it's easy to calculate how many teachers the
district needs to support any given class size. The test-score function is more
speculative.



Does this graph of test-score function |
follow conventional wisdom, namely that *
test scores should go up asclass size gets _
smaller or as teacher salary goes up?
Justify your answer in terms of the
features of the graph.

30
]

Class Size

20

Using the graph, estimate at the point
(Salary=40, Class Size=15) the values of
the two partial derivatives,

10

. . 20 30 40 50 60 70 80
I Expenditure ! Expenditure
Salary (1000s)

| Salary ! Class size

Y ou should give numbers for each derivative (though they will have to be
approximate). For simplicity, just treat Salary as values like 40, 50, E  without
worrying about the $1000s.



Write down the gradient of the
Expenditure function at the point
(Salary =40, Class Size =15%).

Class Size

The legidature iswilling to spend $20
million per year. Sticking to this
budget, they propose to set teacher
salary at $30 thousand per year and
classsize at 15 kids per class. Istherea
better arrangement of salary and class
size that sticks to the same budget?
Explain why or why not and indicate
what you think would be the best
arrangement.
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A civic action group, Citizensfor
Better Education," wants the legislature
to increase the school funding level to
$30 million. Another group, " People
For the Arts," says the extra $10 million
would be better spent on extra-
curricular cultural activities. Both o
groups say that their initiatives would
Improve test scores. In order to e -
compare the two claims, you need to

Class Size

calculate the schools' efficiency for 0w w0 0 ® 0
Improved test scores. dollars per point Salary (1000s}

Increase in test score. Using the graph,

estimate this cost when total

expenditures are $30 million. Give a

numerical value and explain how you

did the calculation.
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