
1

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0 : y = sin
!1 x,

k = 1: y =
du

1! u20

x

" =
1

2

1

1! u
+

1

1+ u

$
%&

'
()0

x

" du

=
1

2
! ln 1! x( ) + ln 1+ x( )( )

=
1

2
ln

1+ x

1! x

$
%&

'
()

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0 : y = sin
!1 x,

k = 1: y =
du

1! u20

x

" =
1

2

1

1! u
+

1

1+ u

$
%&

'
()0

x

" du

=
1

2
! ln 1! x( ) + ln 1+ x( )( )

=
1

2
ln

1+ x

1! x

$
%&

'
()



2

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0 : y = sin
!1 x,

k = 1: y =
du

1! u20

x

" =
1

2

1

1! u
+

1

1+ u

$
%&

'
()0

x

" du

=
1

2
! ln 1! x( ) + ln 1+ x( )( )

=
1

2
ln

1+ x

1! x

$
%&

'
()

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0 : y = sin
!1 x,

k = 1: y =
du

1! u20

x

" =
1

2

1

1! u
+

1

1+ u

$
%&

'
()0

x

" du

=
1

2
! ln 1! x( ) + ln 1+ x( )( )

=
1

2
ln

1+ x

1! x

$
%&

'
()

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0 : y = sin
!1 x,

k = 1: y =
du

1! u20

x

" =
1

2

1

1! u
+

1

1+ u

$
%&

'
()0

x

" du

=
1

2
! ln 1! x( ) + ln 1+ x( )( )

=
1

2
ln

1+ x

1! x

$
%&

'
()

  x = sin y,



3

  x = sin y,

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0: y = sin!1 x,

k = 1: y =
du

1! u20

x

" =
1
2

1
1! u

+
1

1+ u

$
%&

'
()0

x

" du

=
1
2

! ln 1! x( ) + ln 1+ x( )( )

=
1
2

ln
1+ x

1! x

$
%&

'
()

ln
1+ x

1! x
"
#$

%
&'
= 2y,

1+ x

1! x
= e

2y
,

1+ x = e
2y ! xe2y ,

x 1+ e
2y( ) = e2y !1,

x =
e
2y !1
e
2y
+1

=
e
y ! e! y

e
y
+ e

! y = tanh y

  

x = sin y,

x =
e

y
! e

! y

e
y
+ e

! y
= tanh y

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

k = 0 : y = sin
!1 x,

k = 1: y =
du

1! u20

x

" =
1

2

1

1! u
+

1

1+ u

$
%&

'
()0

x

" du

=
1

2
! ln 1! x( ) + ln 1+ x( )( )

=
1

2
ln

1+ x

1! x

$
%&

'
()

k = 0, period = 2π

k = 1, period = πi

0 < k < 1, period = ?

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

0 < k < 1, x = sn y,k( ) Jacobi (1829): sinus amplitudinus

real period: 4K = 4
du

1! u2( ) 1! k 2u2( )0

1

"

imaginary period: 2K ' = 2
du

u2 !1( ) 1! 1! k 2( )u2( )0

1

"

k = 0, K = π/2, K´ = ∞

k = 1, K = ∞, K´ = π/2



4

  

y =
du

1! u2( ) 1! k 2u2( )0

x

" , k = sin # / 2( )

0 < k < 1, x = sn y,k( ) Jacobi (1829): sinus amplitudinus

real period: 4K = 4
du

1! u2( ) 1! k 2u2( )0

1

"

imaginary period: 2K ' = 2
du

u2 !1( ) 1! 1! k 2( )u2( )0

1

"

k = 0, K = π/2, K´ = ∞

k = 1, K = ∞, K´ = π/2

dn u,k( ) = 1! k
2
sn

2
u,k( ),

cn u,k( )

dn u,k( )
= sn u + K ,k( ),

cn u + K( ) = ! 1! k
2 sn u

dn u
,

dn u + K( ) =
1! k

2

dn u

dn u,0( ) = 1,

cosu = sin u + ! / 2( ),

cos u + ! / 2( ) = " sinu,

sn
2
u + cn

2
u = 1,

k
2
sn

2
u + dn

2
u = 1,



5



6



7



8

Equal area in equal
time if and only if the
change in velocity is
directed along the
radial line.


