nin+1
I1+2+%+n= E )

(1+2+3+-+nm)+(1+2+3+--4n)
=nin+1).

(1P +2% 4an?)

(42" 4 etn )+ (1424 4n)

(42" 4 etn )+ (1424 4n)




=

(42" 4 etn )+ (1424 4n)

At n+2-(n=1)+3-(n=2)4--4n-1]

P42 ddn® )4 (1424 40) N

i

(42" 4 etn )+ (1424 4n)

2P+ 2 4 ean? )4 (1424 4 n)




(IZ +27 +---+nz)+(]+2+...+”)

2P+ 2 4 ean? )4 (1424 4 n)

3(]2+22 +'“+”2)+“+2+...+”}

=n(n+1)*.
2
2422 4og gt Mt nln+)
3 6
2n +1
=n{n+1) —|.
e 222

Sums of cubes

Fol Pa2=0 Pe2’e8 =36, 1424374472100, F4.s5° =225

P32 6720142438, 107 2142434 4)7 157 = (14 or5)




o142, 67 =(142+3), 107 =(1+2+3+4)

Sums of cubes

L Pa2i=0, Pa2ted =36, Fa2 43744 =100, Paea5 =225

157 = (14 +5)°

3 _r‘n{n+lj]:

Fa2tsan’ =142+ 4n) =

P42t +3 4t nt =2

=1 1"+2*=17; 1"+2*+3*=98;
11 +2% +3* +4* =354,
*+2*+3* +4* +5* =979,

' +2*+3*+4* +5% + 6% =2275;

(1+x)" = 1

(I+x) = 14x

(14x) = 142x+x°
(1+4x) = 1+3xr+3x7 +2

l+4x+6x" +4x" + x*

o, 3 4 5
I+ 5x+10x~ +10x" +5x" + 2

(1+x)"

(14 x)




(1+x)" = 1

(I+x) = 14x
(14x) = 142x+x°
(14x) = 1+3xr+3x7 +x
lr_l+.=.']4 = l+dx+6x" +4x" +x*
IS
(14x) = 1+5x+10x" +10x" +5x* + 2
(1+x)" = 1
(I+x) = 14x
(14x) = 142x+x°
(14x) = 1+3xr+3x7 +x
lr_l+.=.']4 = l+dx+6x" +4x" +x*
IS
(14x) = 1+5x+10x" +10x" +5x* + 2

HEFONCRRAER

‘”I]+(2]+m+{k—I]+(.l:]+m+(n]_(n+lJ

) & k) \k V) L+t
040 +-+% 0




AR Py e e

0+0 -+ 0

”] !if_.r‘J—ij F=D=2)(j=k+1)

AR Py e e

0+0 -+ 0

”] kf_.r‘J—ij F=Dj=2)(j=k+1)

P+ B(2)+ B(3) + -+ F(n)= Py (n+1)

R = i
o= i _J I
B(j) = EJU*U—?*E
[ . 4T J
= —j(j-Nj-y=tL 4L
P(j) 6_;(_; 1(j-2) 6 2 +3

RU) = Soili-nG-20-3=L- Lol o]




A
Bj) = Sjl-1)=

El
[

+

=]

. L i
] = —j(j- —2)=L
A(f) GJU 0(ji-2) 3

L e

) 1 . . ) 4 3 ”] .
BU) = Spili=Di=20=3= 2o 2s 2= 1

i = R

it = 2R+ R()

7= 6P(j)+ 6P, () + Rj)

Jt = 24R(j)+36R(j)+ 4P () + R(j)

i = R

it = 2B(N+A)

J = 6P(j)+ 6P (j)+ R(j)

J' = 24P(j)+36B( 1)+ 14P (1) + B(j)

E All the coefficients are
positive integers.

Can you find a simple way
of generating them?

Can you discover what they
count?

HP(k,i ) is the House-Painting number

It is the number of ways of painting k houses using
exactly i colors.




= HP{k,kJ(i]+HP(k,k— IJ( d )+

{ k-1

+ HP(k k- 2J{ki2]+---+HP(k‘IJ{f]
jk is the number of ways of painting
k houses when we have j colors to choose
from at each house, and we don' t care
whether or not all the colors are used.

1

HP(k k) =k
2 1

HP(k.1)=1
6 6 1
24 36 14 1

HP(k,i ) is the House-Painting number

ol ol ol ol

HP(k i) = i[HP(k = 1i)+ HP(k—1,i—1)]




HP(k k) =k
HP(k.1)=1

120 240 150 30 1

1
HP(k k=K

HP(k.1)=1

2 1

6 6 1
24 36 14 1
~aty X3
120 240 150 30 1

HP(k k) =k
HP(k.1)=1

2 1
6 6 1
24 36 14 1

~aty X2
120 240 150 30 1




F(l)+ B(2) % B(3) + -+ Be(m) = By (n+1)

J' = 24R,())+36R(j)+14P,(/)+ B ()

F(l)+ B(2) % B(3) + -+ Be(m) = By (n+1)

24P,(j) +36R(j)+ 145 () + R(j)

bl 29 [+ 3 [+ mt = 72

P (2) 4 P(3) 44 Pyn]] =24 Bn+1)
(DB (2)+ R (3) e+ | Py ()| = 36 Py(n+1)

B (2) 4B )+ A ()] =14 B(n+ 1)

#R2)ER GBI #+ R)] = Ao+

F(l)+ B(2) % B(3) + -+ Be(m) = By (n+1)

J' = 24R,())+36R(j)+14P,(/)+ B ()

e 2t 3 s ont o 9

24[F,(1)+ P, (2)+ P,(3)+ -+ Py(n)] =24 B (n+1)
36[P5(1)+ B (2)+ Py(3) +---+ Py(n)| =6 Py(n+1)
[P0+ B(2)+F(3) ++ Bin)] =14 Bn+1)

[R()+ R(2)+ F(3)+-+ A(n)] = PAln+1)

10



1* +2* +3 4.’
=24FR(n+1)+36 Fn+ ) +14 P(n+1)+ P (n+1)

e 2t 3 s ot = 9

24[F,(1)+ P, (2)+ P,(3)+ -+ Py(n)] =24 B (n+1)
36[P5(1)+ B (2)+ Py(3) +---+ Py(n)] = 36 Py(n+1)
[P+ B2)+F(3) ++ Bin)] =14 Bn+1)

[R()+ R(2)+ F(3)+-+ A(n)] = PAln+1)

142 43 5qn?
=24F(n+1)+36 Fn+)+14 P(n+1)+ P (n+1)

= jl[n +n(n=1)n-=2)(n-3)
3
+ ;f_n + Dn(n = 1)(n -2)
+§[n +n(n-1)
+%[n+ Lin

142 43 5qn?
=24F(n+1)+36 Fn+)+14 P(n+1)+ P (n+1)

| PER—
== - =2 - = — 4 —
5[n+ljn[n In=2)(n-3) 5 + >
3 n3 n
+E[n+l_‘mf_n—ljlfn—2) 330
+ Efu +1in(n=1)
3 e !
+%[n+|)n

11



