
         

Second Pro ject for Math 377, fall, 2003

You get to pick your own project. Several possibletopics are described below
or you can come up with your own topic (subject to my approval). At most
two people can jointly author the project report. At most two reports can be
written on the sameproblem (¯rst come,¯rst served: Get the problem you want
before two other people claim it). You may not jointly author with the same
person as on the ¯rst project. Progress rep ort due Monda y, No vember
10, 25% of 2nd pro ject grade: What have you tried? What has worked?
What hasn't worked? What are you going to try next? Final version due
Frida y, Decem ber 12, 75% of 2nd pro ject grade.

1. Wallis's formula (seeAppendix A.1) states that
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Give a completeproof of this identit y, using exercises2, 3, 4, 5, 7 to ¯ll in
the details. Find the product formula for

Z 1

0
(1 ¡ xp)1=q dx

where p and q are arbitrary positive integers.

2. Stirling's formula (seeAppendix A.4) states that

n! = nn e¡ n
p

2¼n eE (n )

where limn !1 E(n) = 0. This error term, E(n), can be approximated
using the series

B2

1 ¢2n
+

B4

3 ¢4n3 +
B6

5 ¢6n5 + ¢¢¢;

where B2k is the 2kth Bernoulli number (seeAppendix A.2). Note that
this is an alternating series.

Prove that jB2m j > 2 ¢(2m)!=(2¼)2m (exercise20 in Appendix A.3), and
then usethis fact to prove that the seriesdiverges.

Although this seriesdiverges,it can be used to get a very closeapproxi-
mation to E(n). For any value of m, we have that

E(n) =
B2

1 ¢2n
+

B4

3 ¢4n3 + ¢¢¢+
B2m

(2m ¡ 1)(2m)n2m ¡ 1 + R(m; n);

whereR(m; n) lies strictly between0 and B2m +2 =(2m + 1)(2m + 2)n2m +1 .
(You don't have to prove this.)
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If we take just the ¯rst two terms of this series,we seethat

10! = 3628799:9714¤ eR (2 ;10) :

It follows that

3628799:9714< 10! < 3628800:0103:

Since10! is an integer, it must equal 3628800.

Is it always possible to use the divergent seriesof Bernoulli numbers to
get an approximation to n! that has an error of lessthan 0.5?

3. Stirling's formula is a special caseof the Euler-Maclaurin formula. If f is
an in¯nitely di®erentiable function, then

nX

i =1

f (i ) =
f (n)

2
+

Z n

0
f (x) dx + C + E(n)

where C is a constant and E(n) is the error term that approaches 0 as
n approaches in¯nit y, and both C and E(n) have speci¯c asymptotic ex-
pansionsin terms of the Bernoulli numbers.

Carefully state and prove the Euler-Maclaurin formula and give examples
that show how it can be used.

4. There are many techniques for acceleratingthe convergenceof an in¯nite
series. One of these, based on Simpson's rule, is described in The Col-
lege Mathematics Journal , volume 28, #5, November 1997. Explain the
method, giving your own examples.

5. What can be said about the values of the derivative of a function when
something is known about the function itself? It is a trivial task to ¯nd a
function that takesarbitrarily large valueswith a derivative that remains
bounded: consider, for example, f (x) = x. It is, however, more usual to
expect that if the function becomeslarge, then sodoesits derivative: con-
sider, for example, f (x) = x2. One di®erencebetween the two examples
is that the ¯rst is uniformly continuous, but the secondis not. Is that the
main di®erence?

If a function f is continuously di®erentiable and uniformly continuous,
does it follow that the derivative f 0 is bounded?

6. A sequencef xn g of real numbers is said to be Cesµaro convergen t to x0

if the sequenceof its averageshas the limit x0; explicitly if

lim
n !1

x1 + x2 + ¢¢¢+ xn

n
= x0:
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If we consider the summation

1 ¡ 1 + 1 ¡ 1 + 1 ¡ 1 + ¢¢¢;

the sequenceof partial sumsis f 1; 0; 1; 0; 1; 0; : : :g. Show that this sequence
is Cesµaro convergent to 1/2.

This is an important and justly famousconcept. The ¯rst theorem of the
subject is that ordinary convergenceimplies Cesµaro convergence.That is:
if limn !1 xn = x0, then the sequencef xn g is Cesµaro convergent to x0.
Prove this theorem.

What is an example of a sequencethat is not Cesµaro convergent? An
easyoneis given by xn = n, but that may be unfair|it is too unbounded.
What is an exampleof a boundedsequencethat is not Cesµaro convergent?
One way to get one is to alternate longer and longer sequencesof 0s and
1s: start with one 0, say, then put several 1s, then many 0s, then very
many 1s, and so on. Replace \several", \many", \v ery many", etc. by
precisevaluesso that the sequenceis not Cesµaro convergent.

We can usethe symbol
xn

C¡ ! x0

to mean that f xn g is Cesµaro convergent to x0. We say that a function f
is Cesµaro contin uous at x = x0 if

xn
C¡ ! x0 implies f (xn ) C¡ ! f (x0):

Note that we have weakened the conclusion, but we have also weakened
the hypothesis. Is every continuous function also Cesµaro continuous? Is
every Cesµaro continuous function also continuous? Is f (x) = x2 Cesµaro
continuous? Is it Cesµaro continuous for any valuesof x?

7. What does
p

2
p

2
p

2
p

2¢¢¢

mean? How large is it? For what valuesof x does

xx x x ¢¢¢

converge?

8. This is a problem posedby S. Ramanujan. Prove that the following ex-
pressionconvergesand ¯nd its value:

s

1 + 2

r

1 + 3
q

1 + 4
p

1 + ¢¢¢:

Can you generalizewhat is going on here?
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9. Let f an g be a sequencewhosesubsequencesf a2k g, f a2k+1 g, and f a3k g are
convergent.

(a) Prove that the sequencef an g is convergent.

(b) Does the convergenceof any two of these subsequencesimply the
convergenceof the sequencef an g?

(c) What can you say in generalabout when the convergenceof certain
subsequencesimplies (or doesnot necessarilyimply) the convergence
of the original sequences?

10. Prove that for every positive sequencef an g,

lim sup
n !1

a1 + a2 + ¢¢¢+ an + an +1

an
¸ 4:

Find a sequencefor which this lim sup equals4.

11. Assumethat
P 1

n =1 an is a divergent serieswith positive summands. Let
f Sn g be the sequenceof its partial sums.

(a) Prove that
1X

n =1

an

Sn
diverges

and
1X

n =1

an

S2
n

converges:

(b) Still assumingthat
P 1

n =1 an diverges,for what valuesof ® does

1X

n =1

an

S®
n

converge?

(c) If
P 1

n =1 an converges,for what valuesof ® does

1X

n =1

an

S®
n

converge?

12. Give an exampleof a boundedfunction on [0; 1] which achievesneither its
least upper bound nor its greatest lower bound on that inerval. Then give
an exampleof a bounded function on [0; 1] such that given any pair (a; b)
with 0 · a < b · 1, there is no x 2 [a;b] at which the function equalsits
greatest lower bound for the interval [a; b].

13. A function f : R ! R is periodic if there exists a positive number T
(called the period), such that f (x + T) = f (x) for all x 2 R .
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(a) Let f : R → R be a continuous periodic function with two incom-
mensurate periods T1 and T2; that is, T1=T2 is irrational. Prove that
f is a constant function. Give an exampleof a nonconstant periodic
function with two incommensurateperiods.

(b) Show that if f : R → R is nonconstant, periodic, and continuous,
then it hasa smallest positive period. This is called the fundamental
period (e.g. sinx is periodic with period 4¼, but its fundamental
period is 2¼.)

(c) Give an example of a nonconstant periodic function without a fun-
damental period.

(d) Prove that if f : R → R is a periodic function without a fundamental
period, then the set of all periods of f is densein R . This meansthat
given any x ∈ R and any ² > 0, there is a period within ² of x.

(e) Prove that the result of part (b) remains true when the continuit y of
f on R is replacedby continuit y at one point.

14. Suppose that f : (0;∞) → (0;∞) is uniformly continuous. Does this
imply that

lim
x !1

f (x + 1=x)
f (x)

= 1?

15. A real function de¯ned on an open set A ⊆ R is said to be strongly
di®erentiable at a ∈ A if

lim
( x 1 ;x 2 ) ! ( a;a )

x 1 6= x 2

f (x1) − f (x2)
x1 − x2

= f ¤(a):

(a) Show that if f is strongly di®erentiable at a, then it is di®erentiable
at a and f ¤(a) = f 0(a). Show by example that the converse is not
true.

(b) Prove that if f has a continuous derivative at a, then it is strongly
di®erentiable at a.

(c) Does the strong di®erentiabilit y of f at a imply the continuit y of f 0

at this point?

16. We say that a sequenceof functions {f n } de¯ned on a set S converges
continuously on S to the function f if for x ∈ S and for every sequence
{xn } of elements of S converging to x the sequence{f n (xn )} convergesto
f (x).

(a) Prove that if a sequence{f n } convergescontinuously on S to f , then
for every sequence{xn } of elements of S converging to x ∈ S and for
every subsequence{f n k },

lim
k !1

f n k (xk ) = f (x):
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(b) Prove that if {f n } convergescontinuously on S to f , then f is con-
tinuous on S (even if the f n are not themselvescontinuous).

(c) Prove that if {f n } convergesuniformly on S to the continuous func-
tion f , then {f n } convergescontinuously on S. Does the converse
hold?

17. Let f (x) = (x + (1=2) sin(2x)), F (x) = (x + (1=2) sin(2x)) esin x . Both of
these functions approach in¯nit y as x approaches in¯nit y. Their deriva-
tiv esare f 0(x) = 1 + cos(2x) = 2cos2 x and F 0(x) = 2cos2 x esin x + (x +
(1=2) sin(2x)) cosx esin x . The ratio of thesederivatives is

f 0(x)
F 0(x)

=
2cos(x)

2cos(x) esin x + (x + (1=2) sin(2x)) esin x :

As x approaches in¯nit y, the numerator stays bounded between−2 and
+2 while the denominator is always greater than or equal to

e¡ 1 (−2 + (x − 1=2)) ;

which approaches in¯nit y as x approaches in¯nit y, and so

lim
x !1

f 0(x)
F 0(x)

= 0:

This is not equal to the limit of the ratio of f (x)=F(x),

lim
x !1

f (x)
F (x)

= lim
x !1

e¡ sin x ;

which oscillates between e¡ 1 and e and so is unde¯ned as x approaches
in¯nit y. In fact, there is a ° aw in the proof of l'Hospital's rule in the
in¯nite case.Where is that ° aw and what additional assumption must be
made so that we can apply l'Hospital's rule?
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