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For the complex general linear group G =GL(r,C) we investigate the tensor
product module T=(X" I)® (&Y ¥*) of p copies of its natural representation
V=C" and ¢ copies of the dual space V'* of V. We describe the maximal vectors
of T and from that obtain an explicit decomposition of T into its irreducible
G-summands. Knowledge of the maximal vectors allows us to determine the
centralizer algebra ¢ of all transformations on 7" commuting with the action of G,
to construct the irreducible %-representations, and to identify % with a certain

subalgebra #") of the Brauer algebra B!") . ¢ 1994 Academic Press. Inc

INTRODUCTION

Let G denote the general linear group GL(r, C) of r xr invertible com-
plex matrices and let V be the space C" of r x | complex matrices. Then G
acts naturally on V by matrix multiplication making V into a G-module.
The tensor space T= &7 V inherits a G-module structure as does V'*, the
dual space of V. The symmetric group S, on #= {1, .., p} acts on T by
permuting the factors. When r > p, the group algebra C[S,] is the cen-
tralizer algebra End(7T) of all transformations on T commuting with the
action of G, and the associative envelope of G on T is the centralizer
algebra End (7). That fundamental result, commonly referred to as
Schur-Weyl duality, links in a critical way the representation theories of
the general linear and symmetric groups. The projection maps of T onto its
irreducible G-summands are primitive idempotents in C[S,], which are
described in the classical work of Schur [Sci, Sc2] and Weyl [Wey].
These idempotents, or Young symmetrizers as they are often called,
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enabled Weyl to give an explicit decomposition of T into irreducible sum-
mands and to study irreducible representations and invariants of G.

In this paper we investigate the tensor product T=(®" V)@ (®7 V*)
of p copies of V and ¢ copies of the dual space V*. Our starting point is
a result obtained by Stembridge [ Stl, St2] using insertion schemes, which
determines the highest weights of the irreducible G-summands of 7. In
Section 1 we convert Stembridge’s highest weight labels to pairs (z, (m, n))
consisting of a set (m, n)={(m,n), ..(m.n)|1<m<p, p+1<n<
p+¢} and a standard rational tableau t having entries in m‘un‘c
{1, ..., p+q}. This allows us to identify the maximal vectors of T relative
to the Lie algebra ¥ =gl(r, C) of G and to explicitly decompose T into
irreducible 4-summands (hence G-summands) by methods similar to those
in [BBL]. In particular, the group S,x S ,, where 2={p+1, .., p+gq}
acts on T as do certain transformations c¢,,, termed contraction maps
which are defined in Section 2. The algebra .&/ of endomorphisms of T
generated by S ,x S, and the contraction maps lies in the centralizer
algebra ¥ = End ,(T) (also in End(T)). If v, .., v, is the standard basis
for ¥, and v{, ..., v¥ is the dual basis in }'*  then we establish the following:

THEOREMS 2.7, 2.11.  Let (z, (m, n)} consist of a set (m, n)={(m,, n,). ...
(my,n )| V<m,;<p, p+1<n;<p+yq} and a standard rational tubleau
t={(t*,t ), where ©t is a standard tableau with entries in m“ =2 —m and
T is a standard tableau with entries in n' = 2 —n. Assume

lir.ry.n:ul ® ®up®u:+ ]® ®u/’?+q
is the simple tensor whose factors are defined by

{u, if lem
;=

v, if lemandlin the jthrowof 1",

yk ;
ut = v if len
vF o if len“and!linthe jthrowof T~
Then 1, ,=*"y.c, B. .. Where y . is the product y.y, of the

associated Young symmetrizers and c,, , is the product c,, , ---¢,, . of the
contraction maps, is a maximal vector. The vectors t_,, , as k ranges over all
possible values 0, ..., min( p, q) determine a basis for the space of all maximal
vectors of T when r=p+q.

As a result, 7 has the following decomposition:

THEOREM 2.12. [f r=p +gq, then

min{ p.q)

' g!
T=@® Y y —”f’ﬁ—)w‘ v1,).

k=0 [;t.v]éll([v'k.q—fk)k!h('u)h(v
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where V([ u, v),) denotes the finite dimensional irreducible 4-module having
the r-staircase [u, v], as its highest weight; u, v are partitions of p — k, g — k,
respectively ; and h(u), h(v) are the corresponding hook lengths.

It is apparent from this theorem that the decomposition is the “same” for
all r = p + ¢ provided the highest weights of the irreducible summands are
interpreted appropriately. Our description of the maximal vectors and the
decomposition specializes to the classical results [ Scl, Sc2, Wey, BBL] in
the g =0 case. When p =g¢, the tensor space T is isomorphic to the p-fold
tensor product ®” % of the adjoint representation of 4, as VQ® V*x~¥4.
Hanlon [Hanl, Han2] uses the theory of Specht modules for the sym-
metric group S, to construct the maximal vectors in &7 %. Our results
can be shown to reduce to Hanlon’s in this particular situation. As Hanlon
proves in [ Han3], the stable behavior of the decomposition of T= X’ %
as r — oo can be applied to the problem of describing the GL(r, C)-module
structure of the Lie algebra cohomology of gl(r, a) with trivial coefficients
for a a graded associative C-algebra.

The maximal vectors in T of a given weight constitute a module for the
centralizer algebra %, hence also an .&/-module. In Section 3 we give a
specific description of the action of & on the maximal vectors. This allows
us to prove in Section 4 that the space of all maximal vectors in T of a
given weight is an irreducible &/-module. We show that the modules
corresponding to different weights are nonisomorphic. Those results enable
us in Theorem 5.3 and Corollary 5.4 to conclude when r = p + ¢ that (i)
o/ =% =Endg(T) (Compare [Koi, Theorem 1.1].) and (ii) the modules
of maximal vectors form a complete set of representatives for the
isomorphism classes of irreducible .«/-modules. From that information it is
easy to determine the precise dimension of the centralizer algebra when
rzp+gq.

Brauer [Bra] first introduced what are now called the Brauer algebras
(and what we denote A" for f an integer and x an indeterminant) to study
representations and invariants of the orthogonal and symplectic groups.
When x is specialized to the integer r, there is a representation
# —>End,, . (®/C") onto the centralizer algebra of the orthogonal
group O(r,C) acting on the tensor space X/ C’. Therefore in the
orthogonal case, the Brauer algebra plays the role of the group algebra of
the symmetric group in Schur-Weyl duality. We identify the centralizer
algebra ¥ of 4 on T=(X®” V)®(®? V*) with a certain subalgebra ﬂ}},’f,

JRtr .
of the Brauer algebra A, ’Hl, and prove:

THEOREM 5.9. If r>p +q, then as a bimodule for B x4,

min{ p.4)

T=® X ) M, .®W([n.v])

k=0 (uv]ellip-k.gq—kj
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where M, , is the irreducible B ,-module labeled by the pair of partitions
wovand V([u,v],) is as in Theorem 2.12.

1. STANDARD RATIONAL TABLEAUX AND TWO LINE ARRAYS

Let I be complex r-space C’ viewed as r x | matrices, and let v, va, ..., U,
denote the canonical basis of V. The general linear group G=GL(r,C) of
all » xr complex invertible matrices acts naturally on ¥ by matrix multi-
plication making } into a G-module. The dual space V* of V inherits a
G-module structure given by (g-u*)v=u*(g '-v). Let vF, vf, ., v*
denote the dual basis to vy, v,, .., v, in V* We identify v* with the 1 xr
matrix having 1 in 1its jth column and 0 everywhere else. We fix integers
P, q =0 such that p+ ¢ >0 and choose subsets ¥, 2<{1,2, .., p+ ¢} with
[#|=p, |2|=¢, and 20U 2={1,2,.., p+gq}. Then the tensor product
T=T'® - - ®T"*9 where T'=V forie# and T'=V* for ie 2 is also
a G-module where the action is afforded by g-(,®6,® --- ®1¢,,,)=
g 1HL®g 6,®---®g-t,,, for geG and t,e T'. The module T is com-
pletely reducible and its irreducible summands are necessarily rational
G-representations (see [Scl, Sc2]). Let H be the Cartan subgroup of
diagonal matrices in G and let ¢; denote the map which takes a matrix to
its (4, ) entry. An irreducible rational G-module can be indexed by its
highest weight relative to H, which is an integral linear combination
A=24,e, + -~ +2,& whose coefficients satisfy 4,2 14,> --- = 4,. We iden-
tify A with the sequence (4,, 44, .., 4,) € Z" of its coefficients, and following
Stembridge [St2] we say that A is a staircase of height r or simply an
r-staircase. The A, are the parts of .. We adopt the notation V(1) for the
irreducible rational G-module corresponding to the r-staircase 4. For
convenience we collect like parts of an r-staircase. Thus if r=7, then
(4,320, (—2)% —3) is our shorthand for (4,3,3,0, =2, —2, —3).

An r-staircase 4 whose parts are nonnegative determines a partition
{22 - 2u, 20}, The lengrh () of the partition g is the number of
nonzero parts. If [g| ="y, + --- +p,,,=N, then u is a partition of N,
which we signify by writing 4 |- N. We use II(N) to denote the set of all
partitions of N. Corresponding to u is its Young frame or Ferrers diagram
Z (1) having N boxes with g, boxes in the ith row for i=1, ., {u).

Associated to the r-staircase A= (4,,4,...,4,), where 2, 24,2 ... =
A>0and 0> 4,24, , > .. 2 4,, are the two partitions, u={4,> .- >
4,>0} and v={—4,> - 2 —4,>0}, termed the positive and negative
parts of 2. Conversely, any pair of partitions p = {g, > --- 2 pu,,,>0} and
v={v,= - 2v,,>0} determines an r-staircase A= (g, ... tty,> 0, ... 0,
— Vs o —Vi)EZ" for each r=Ilu)+Kv), where the parts have been
separated by r —{(u)— (v) zeros. Thus, in what follows we use the terms
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r-staircase and pair of partitions interchangeably, however, always with the
implicit understanding that r is sufficiently large. We adopt the notation
A=[u, v], to mean that the r-staircase 2 is obtained from the pair of parti-
tions [ 4, v] by stretching them by adding r —#{u)—I(v) zeros, and we
write either V{(4) or V([ 4, v],) for the corresponding irreducible represen-
tation. We use [y, v] € II(N, N') to abbreviate u e [I(N) and ve [I(N’).

The frame F(4) of A=[u,v], is simply the pair of frames [ F(u),
F(v)], and (1) =%"l(u) +I(v). Our convention is that the rows of the
r-staircase J are labeled by numbering the rows of 4 with 1, 2, ..., /(u) from
top to bottom, and the rows of v with 1, .., {(v) from top to bottom. The
columns of A are indexed by first numbering the columns of u# by 1, 2, ..., g,
from left to right, and then the columns of v by —1, .., —v, from left to
right. Therefore the diagram of 1=(4, 3% 0,(—2)% —3)is

1 /‘l _] —vl

Suppose that A contains a box at position (i, j). If j> 0, and 4 has no box
at position (i, j+ 1) or (i + 1, j), then (i, j) is a corner of A. Similarly, if j <0
and 4 has no box at (i, j—1) or (i+ 1, ), then (i, j) is a corner. In the
above example (1, 4), (3, 3), (1, —3), (3, —2) are corners.

The G-modules which occur when T 1s decomposed into irreducible sum-
mands, or more precisely the r-staircases which label them, have been
described by Stembridge in [Stl, St2]. Since this is the starting point for
our studies of 7T, we briefly review Stembridge’s result.

DErFINITION 1.1. Suppose 4, A’ are r-staircases. If 4, > 4] for each i, then
we say A contains 1A' and write A24. When A24', then |[i/A| =%

A AL
DeFINITION 1.2, Let A=4%A', ., A7*% be a sequence of r-staircases
with 2°=(0,0, ..,0). Then A4 is a (2, 2) up-down r-staircase tableau if

(1) 2 o4 Vand |A/A' "' =1 for each ie #, and
(2) AcA~Vand |A''/A| =1 for each i€ 2.

The shape of A 1s AP+ 4.

THEOREM 1.3 [St2]. The irreducible G-summands of T are in one-to-one
correspondence with the (#,2) up-down r-staircase tableaux A. The

481/166/3-8
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summand corresponding to A is isomorphic to V(A" 1Y), where 27* is the
terminal r-staircase (shape) of A.

We translate this theorem into a different form that gives more explicit
information about the summands. To accomplish this we need the notion of
a rational tableau.

DerFINITION 1.4. Suppose [, v] is a pair of partitions, and let .# and
2 be two disjoint sets of positive integers. A (H", &) rational tableau t of
shape [u, v] is a filling-in of the boxes of x4 with integers from #" and the
boxes of v with integers from . The tableau 7 is said to be standard if the
numbers in g and v strictly increase from left to right across each row and
strictly increase top to bottom down in each column. The set of numbers
in tis .4 (7).

For example, suppose that u = {4, 3°} and v= {3, 2%} are the two parti-
tions, and " ={2,4,6,8,10,12,16,18,19,20} and ¥ ={1,3,5,7,9, 11,
13, 15} the sets of integers. Then the following is a (.f', ¥) standard
rational tableau t of shape [x, v]:

2 4 8 12 1 5 7
T= 6 10 14 , 3 11
18 19 20 9 15

We let 7+ and r~ denote the x4 and v portions of the rational tableau
and write T 7 (X, .¥). When we want to indicate that the underlying
frame of ¢ is the pair [u, v], we write Te J, (X", #). Similarly, we use
e $T(A, L) and 1€ 7, (X, L) for t a standard rational tableau.
Rows and columns of a rational tableau are numbered according to our
convention above.

Now, we describe an algorithm that translates an up-down r-staircase
tableau into a pair consisting of standard rational tableau and a two line
array. A similar translation scheme has been constructed by Sundaram
[Sul, Su2] for dealing with tensor products of the natural representation
of the orthogonal and symplectic groups.

DeFINITION 1.5. Let # and 2 denote disjoint sets with 2 U g2=
{1,..,p+q}. Suppose 7 is a (#, 2) standard rational tableau of shape
[ 4, v], and let (i, j) be a corner in 1. Elimination of (i, j) from 7 produces
an integer xe {1,2,.., p+¢q} and a (2, 2) standard tableau 1’ of shape
[4',v'], where either |g/u'|=1 and v'=v or [v/v'|=1 and u' =u. In the
case that j>0 the procedure consists of the following steps:
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(1) Delete the box at (i, j} from 7, and let x; be the integer it
contained.

(2) If x;,_, is the largest integer in column j— 1 such that x; , <x,,
then insert x, into column j—1 by displacing x,_,.

(3) Insert x,_, into column j—2 by the same rule, displacing x, _,.

(4) Continue this process until an integer x, is displaced from
column 1. Define x to be x, and ¢’ to be the final tableau.

When j <0, elimination is defined analogously, but this time producing a
sequence Xx;, X, ,.., x_, and assigning x the value x .

Insertion, which we introduce next, is a natural adaptation of Schensted
column-insertion, and elimination and insertion are easily seen to be
inverses of one another.

DerINITION 1.6, Let 7’ be a (£, 2) standard rational tableau of shape
[#',v'] and let x be an element of {1, 2, .., p+ ¢} distinct from the entries
of t'. Insertion of x into t' produces a (#, 2) standard rational tableau ¢ of
shape [u, v], where either |u/u'|=1 and v=v" or |v/v'|=1 and pu=u".
When x € 2, insertion is defined as follows:

(1) If x, is the smallest integer in column 1 of 7" * such that x, > x,
then insert x into column 1 by displacing x,; if there is no such x,, adjoin
x to the bottom of column 1.

{2) Insert x, into column 2 of r'* according to the same rule,
displacing x,.

(3) Continue in this way until an integer is adjoined to the bottom
of a (possibly empty) column. Define 7 to be the (#, 2) standard rational
tableau whose left tableau is the resulting modification of 7' * and whose
right tableau is ' .

When x € 2 we define insertion analogously, but with 7'~ in place of ¢'*
and columns —1, —2, .. in place of 1, 2, .., respectively.

DEfFINITION 1.7. Let
a a, - 4
L =
(bl by - bk)
be a 2 x k matrix. Say that L is a (#, 2} two line array provided

(1) a,,a,,..,a;,b,,b,,...,b, are distinct elements of #uZ=
(L2, ., p+4g},
(2) a,<a,< - <ay,
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(3) a,>b, for each i, and
(4) a,e# if and only if b,€ 2, and vice-versa.

Write .47(L) for the set of numbers {a,, a,, .., ax, b,, b, ..., b, }.

ExampLE 1.8. 2 ={1,3,5,7}and 2=1{2,4,6,8,10},then L= (%] ])
is a (2, 2) two line array.

Now we have the necessary tools to reformulate Theorem 1.3.

Suppose A =4% ' ., A?* 7 is a (2, 2) up-down r-staircase tableau of
shape A7*9=[u,v],. The following algorithm U operates on A to produce
a (2, 2) standard rational tableau 7 of shape [y, v] and a (2, Z) two line
array L:

(1) [Initially set 7 to be the empty (£, 2) standard rational tableau of
shape [0, 9] and L to be the empty (%, 2) two line array.

(2) Assume ', 4% ., A"! have been processed, yielding corre-
sponding values of r and L. If A’ is constructed from A"~ ' by adding a box,
adjoin a box containing i to 7 at the same position. Otherwise A’ is
obtained from A‘~! by deleting a corner. In this case, use elimination to
remove the corresponding corner from 7. If x is the number produced by
the elimination, add / and x to the right end of L with ¢ in the first row
and x in the second. In either case the shape of t is 4°,

(3) The final values of z and L are the result of the procedure.

ExaMmpPLE 19. Let #={1,3,5} and 2= {2, 4}. Displayed below are a
sample A and the corresponding values for 7 and L.

A° Al A? A A rs

4:[0,0],, [{1},0],. [{. {17, [{1}.0],. [0.0],. [{1}.0],

oo Lo [V [} o [
S0 O B e

Remark. 1t is easy to see that 4 (7). 4 (L)=0 and A (7)u .t (L) =
{1,2,.., p+gq)} for the r and L produced by algorithm 2. We can use
insertion to define an inverse procedure B. Algorithm B consists of p + g
steps which are numbered from p+¢ to 1| and which produce the
r-staircases A7+, 477471 2! successively. It begins by setting A7*Y =
(g, v],, where [, v] 1s the shape of z. If at the ith step the number i
appears in 7, then we remove the box containing it, and the shape of the
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resulting tableau gives the corresponding r-staircase A'~'. If instead i
appears in the top row of L, then the number in the bottom row is the
result of an elimination. We insert that number into the tableau, and the
shape of the result of the insertion is the r-staircase A'~' For example,
suppose that #={2,4,7,8} and 2={1, 3,5, 6}, and assume

[ j } wi o(} %)

Then

by i 3 it
P, e, P,

A=10,91, [0, {11, ({1}, {1}, ({1}, {2}2, [{1%).(2}],

,{()

is a8 i it

r——— e, et e

(O 23, COL (33, T{) 33, [{7). {200

Procedure B may produce at some step a staircase A’ for which /(1) > r.
However, if 7 and L are the result of 2, this will not happen. If we assume
that r > p + ¢, again there is no problem with the lengths, and in that case
algorithm U determines a bijection between the (£, 2) up-down r-staircase
tableaux and the pairs (7, L) having the following characteristics:

(1.10) (1) tis a (#, 2) standard rational tableau of shape [z, v],
(2) Lisa (%, %) two line array,
(3) A (t)yn . A(L)=9, and
(4) (Yo (Ly={1,2, ., p+gq}.

Thus, algorithm U enables us to label the irreducible summands of 7 with
the pairs (7, L) satisfying (1.10). However, if a pair (7, L) gives a staircase
28 with I(2")>r at some step i when the inverse algorithm B is applied to
(7, L), then the irreducible summand corresponding to (7, L) does not
occur in the decomposition. To summarize we have:

THEOREM 1.11. The irreducible G-summands of T are in one-to-one
correspondence with the pairs (1, L) which satisfy (1.10) and which
correspond to (#, 2) up-down r-staircase tableaux. The summand corre-
sponding to (t, L) is isomorphic to V([ u,v],), where [y, v] is the shape
of t. In particular when r 2 p+q, the irreducible G-summands of T are in
one-to-one correspondence with the pairs (t, L) satisfying (1.10).
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2. THE DECOMPOSITION OF (&7 F}® (X7 V'¥)

In this section we use the result of Theorem 1.11 to gain explicit informa-
tion about the tensor product T=T'®T*® --- ® T"*9, where each T’
equals V or F* and there are p copies of V' and ¢ of V* Because the
tensor products with p copies of ¥ and ¢ copies of V'* are all isomorphic,
there is no loss in generality in assuming that #=1{1,2, ., p} and 2=
{p+1,p+2,.., p+q}. and so for ease in notation, we do so throughout
the remainder of the work. Thus, we write T=(® "’ I ® (&4 V'*). Every
finite dimensional module for G=GL(r, C) is also a module for its Lie
algebra ¥ =gi(r, C), and irreducible G-modules are irreducible ¥-modules
and vice versa. (See, for example, { M].) It is easier in certain arguments
to adopt the point of view that we are working with modules for the Lie
algebra %, and so henceforth we will regard T as a %-module. To split T
into irreducible 4-modules we define two kinds of transformations on T:
symmetrizers which involve permutations of the factors in &” V" and in
XY V* and contractions which use the dual pairing between V and V*.

Let S, be the group of permutations on # = {1, .., p} and S, the group
of permutations on 2={p+1,..,p+gq}. Then S,xS,=S, ,, where
S,._, is the group of permutations on Zu2={1,2,.,p+gq}. For
o€ S, xS, define

o ® - Qu,Quy, @ - @upy.,)
= *
=1 @ o QU1 OUT ) E ®u:*'(p+q)’

where w,e Vifor i=1, ., pand u*eV* for j=p+1, ., p+q. Note that ¢
never interchanges factors in X7 V with factors in Q¢ V'*. Moreover, the
action of S ,x S, commutes with the action of ¢4 (and also G) on T.

For | <m<p and p+ 1 <n<p+ q the contraction map c,, , is the linear
transformation on 7 defined by

Cm.n(ul® ®up®u:+l® ®u:+q)

=u:(um> Z H1® ®unl~l®vj® ®up®u;+l® ®u:71

j=1

) % *
@@ - Quy,

(where the v,, v} are elements of the canonical bases.) Using the fact that
> _yv;,®vr spans a trivial module for ¥ and G (compare [ BBL, p. 19]),
it is easy to check that c,, , commutes with the actions of both % and G,
and ¢, (R (R V*) = (R ' V)®(®* ' V*).

The following useful properties are readily verified. (See [ BBL, Lemma
2.18].)
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LemMa 2.1, (a} oc,, ,=Copmyom0 for all mnand all 6e S ,x S ,.
(B) €1 sCpppp=CpruCiy for all distinct k, I, m, n.

(C) (‘2 = rCﬂl‘Pl'

mon

(d) crmCr,=cCr{m n)y=(m n)c,, for all distinct I, m, n.

(€)  ChomCim=Comlk 1)={k D)c,,, for all distinct k, I, m.

To denote products of k disjoint contractions we introduce the following
notation. Suppose m =(m,,...,m,;) and n=(n,, .., n,) are ordered subsets
of # and 2, respectively, and let (m, n)={(m,, n,). ., (m,,n,)}. Let
P(0)=40, and for k= 1 define

Plky={(m,n)|ms#, nc 2, and |m| =k = n|}

and

min( p.q)

P= |y P

For (m, n)e P(k), the corresponding k-contraction Coron is given by

c if k=1,

Cry,r} = Cnn.m Ty my
and

Coo=id if k=0

Suppose that ¥ €2 and <2, and let t=[t", 7" ]Je 7 (A, ¥) To
T we associate two subgroups in the group § ., which we view as a sub-
group of both S, and S, xS ,. The first is the row group #.. consisting of
all permutations in S, which transform each entry of t* to an entry in the
same row, while the second is the column group €,. of t* or group of per-
mutations in S, moving only the entries of t* within each column. Using
these subgroups, we construct the following element in the group algebra
C[S,xS,1:

(22) s,*=< )3 sgn(M)( > ¢)= Y. sen(y)yy.

1 EGH Vet GeR+
}'E'ﬂr-#
Similarly for - we associate #,- and 4,- in S,€S5,c5,xS,, and
construct s.- € C{S ,xS,].
There exist integers a,heZ* such that s2, =as,. and s?. =bhs,. (see
[ Wey, p. 121]), so that v.. =(1/a)s,- and y, =(1l/b)s,. are commuting
idempotents. The Young symmetrizer for 7 i1s the idempotent y, =y, . y, .
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We say the row group of v is #,=#,. x #,- and the column group is
%.=%,. x%6,-, which are subgroups of S, xS ,. Then

yt=(1/ab)( > sgn(W)( ) V/)=(1/ab) Y. sen(y)py.
ye€ e, e A
re®:

When 7 and 1’ are two standard rational tableaux in .7 (', .¥) having
same underlying frame, we introduce an order which compares the entries
of T and . We start at the left end of the first rows of t* and ¢'* and
move from left to right. If the first nonzero difference m —m' is positive for
corresponding entries m in 7+ and m' in 7' *, then we say 7> t'. If all the
corresponding entries in the first rows are equal, then we move to the
second rows, etc. If t* and ' are identical, then we proceed with 7~ and
7'~ in the same fashion. With respect to this order we have the following
lemma which is an immediate consequence of [ BBL, Proposition 2.3] and
the commutativity of y,.- and y,..

LEMMA 23. Let 1,7'e ST( X, L) be two standard rational tableaux
associated to the same frame. If t>1', then y_.y,=0.

In Theorem 1.11 we have seen that the irreducible summands of T are
in one-to-one correspondence with pairs (7, L) composed of a standard
rational tableau v and a two line array

a, a, - a
S
which satisfy (1.10). Each pair a;, b, consists of an element m, of 2 and an
element n, of 2. Thus we can identify L with (m,n)e P(k), where
m=(m,,.,m;) and n={n,, .., n,). Since the entries in t and L are dis-
joint, we have t€ ¥ 7 (m°, n°), where m©, n are the complements of m, n in
2 and 2, respectively. Let y. be the Young symmetrizer associated to t and
c,.» the k-contraction map corresponding to (m, n). Our next goal is to
exhibit a maximal vector in T corresponding to each pair (y,, ¢, ).

A maximal vector t for % is a common eigenvector for the Cartan sub-
algebra .# of diagonal matrices and is annihilated by the strictly upper tri-
angular matrices in %. Let ¢, denote the projection of a matrix onto its (J, i)
entry as before. Then the weight of each basis vector v, relative to # is ¢,
and the weight of v* is —¢;. Moreover, if r=0v, ® --- ®v,-ﬂ®v;';”® e ®
vk, . the weight of ris n,e,+ --- +n,¢,, where 5, is the number of v, equal
to v, minus the number of v} equal to v*. Consequently, the weights of the
simple tensors in 7T are integral combinations of ¢,, ..., ¢,. Each irreducible
4-module possesses a unique maximal vector up to scalar multiple whose
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weight A,¢; + --- + A,¢, determines an r-staircase A= {4, > -.- > 1,}. Since
an irreducible module is generated by any nonzero vector, in particular its
maximal vector, locating the maximal vectors in T enables us to find its
irreducible summands.

DEeFINITION 24, Asumme (m, n)e P(k) for some k, and suppose
1e 7, (m°, n°), where [u, vl1ell(p—k,g—k). For r 2max{{{u), {v)),

/8%
ﬂr.g:.tlzlll@  Qu,Quy @ - uy,,
is the simple tensor whose factors are defined by

{vl if kem
U, =

v, if kem® and k in the jth row of 77,
v} if ken
uf = . .
v¥ if ken®and k in the jth row of 77,

def
and Lomn =" ¥eC Bemn

tCnnn

ExaMmpLE. Suppose p=3 and g=4, and let (m, n)={(1,6)} and

2 4 | 7

RN |

[ E ]

Then §,,.,=0,®0, ®@v, Qv Qv v} @v}¥, y,.» =1/2(id —(2 3)), and

ve-=1/3((1d — (4 5))(id + (4 7))). Calculation of ¢, ,=y.Cp B0,
shows

4
1 s
tr,m,r):i Z (Ui®vl®v2®v:®vr71®l’l*®v:k
i=1

-0, ®1,Qv} | VRV uF
+0,®0,Q00, v ROV v}
—0,@0,R0, @ v, QuFv))

THEOREM 2.5. For (m,n)e P(k),te T, (m°, n°), and all r > max({{u), {(v)),

lomn= Vi CmaBoma 15 @ maximal vector of T=(R"V)® (R’ V*).
Moreover, relative to ¥ the weight of ., 5 pi& + - + fynbuu —
Vi €r —ivy 41— 00— Vi€,

To prove Theorem 2.5 we require the following lemma:

LEMMA 26. Let 1=1,® --- ®t,,,€T and suppose t is a rational
tableau. If (k )€€, for k#land if 1, =1, then 3 _, sgn(y)y1=0.
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Proof. 3. . sen(y)yt=3 ., sga(plk D) plk D= =3 .. sgn(y)ye. |

Proof of Theorem 2.5. Let =8, .. Then yf=pg for all y € Z,, and
for y € 4, we have yf = if and only if y =id. Thus, when ¢_, , is expressed
as a linear combination of simple tensors, the coefficient of f§ is the order
of # ., and therefore r_, ,#0. Since the weights of v, and v} sum to
zero, the weight of ¢, is the same as that of B, which 1is
ey + o F g — Vi qm 1 — -0 — V&, by the way # is defined.
To prove that 1, is maximal, it suffices to show that it is annihilated by
x,=E,,, forj=1,.,r—1, since the matrix units x,= E, , , generate the
subalgebra of strictly upper triangular matrices. Now x;.-v,,,=v, and
x;-v¥F=—vk , while x;-v, =0 for k#j+1 and x;- v} =0 for /# . The
vector 3._, v;®uv¥ spans a trivial %-submodule, hence is annihilated by
each x,. Thus, x,-¢, =0 or x;-c, B is a sum of simple tensors each
having exactly one v,,, changed to v, or one v¥ changed to —u}, , in a
noncontracted slot of ¢,,,f. For such a simple tensor 1, we argue that
v.1=0. Since t is a standard tableau, if v, , | is changed to v, in slot &, there
must be a v, in some slot /#k, where (k ) is in the column group %..
Likewise, if v}* is changed to —v¥, , in slot &, there must be a ¢}, | in slot
[#k, where (k [) is in the column group %,. Thus, by Lemma 2.6,
Dica. sEn(pppr=3__. sgn(y)yt=0 for each ¥ in the row group #..
Hence x;-y.c, B=ylx,; ¢, . B)=0. 1}

We now address the question of linear independence of these maximal

vectors.

THEOREM 2.7. The following are linearly independent sets of maximal
vectors for the listed values of r:

omn=YCpuBopn | (1, 0) € Plk), T€ ST (5, 1),
T shape [p, v e Il(p—k, q—k)}
for all rzl(u)y+v)+k,
{temn=YConBemnl (i, m) € Pk), e ST (m¢, 1)}
Jorall rzp+q—k,

{tw,_{l =Vl (M n)EP 1€ ST (" n°)}
Jorall rzp+y.
Proof. Vectors having different numbers of contractions are linearly

independent because those vectors have different weights. Similarly if the
rational tableaux have different shapes, then the maximal vectors have
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different weights and are linearly independent. Thus, it suffices to prove the
first assertion and the remainder will follow. Suppose

(28 ) Z Z ar,l_y,rg erQl,{zﬁr,ly,lj = 0

(nunye Ptk) te s 7, (m.nt)

If k=1, then among the simple tensors summing up to ¢, . f,,, , there is
a unique tensor &, having v, . ; as the m,th factor and v}, , ; as the
n,th factor for each j=1,...k. If k=0, we set &_,, =448, 44 We nOLE
that {u)+k<(p—k)+k<r, so the vectors v, , ; and v}, , ; have their
indices in proper range. We also observe that /(u)+k <r—1I(v)+ 1, since
r2 )+ 1(v)+1 by assumption. Thus the factors v,,,,; and v¥,, ., for
j=1, .., k are distinct from all the factors in f§ Then for every k it
follows that

(29) Z Z ang:,y yrér‘gl.pzo’

(m.n)e Plk) te 97, (im0

T.aLn’

The simple tensors in (2.9) corresponding to different choices of (m, n) are
linearly independent, as the factors v,,,.; and v}, ; are sufficient to
distinguish them. Thus, for any (m, n) € P(k),

(210) Z ar,r_n,g yrér.rg,g:O'

TE STy A 0ty

If some a,,,,# 0, then we may choose 1" minimal with that property. By

Lemma 2.3 7> 1’ implies that y .y =0. Thus applying y, to (2.10), we
obtain

0= ar‘,ry,y Yol ér'.gy.y = ar',ry.y yr‘ér’.m.y'

Since £, appears in ¢, with coefficient equal to the order of the
row group of 7', then a =0. Hence no such 7’ exists, and a_,, , =0 for

all 7 and all (m,n). §

tv.mn

Hanlon [Hanl, Han2] has used the theory of Specht modules for the
symmetric group to describe the maximal vectors in the tensor product
X" % of the adjoint representation of 4. Since V® V* =% as ¥-modules,
Hanlon’s results [ Han2, Theorems 4.12 and 4.13] could be recast to give
the maximal vectors in (@7 V)® (X7 V*)= @7(V® V*) and their inde-
pendence for r sufficiently large. The approach adopted above allows us to
treat the case of arbitrary p and ¢ uniformly and reduces to a somewhat
easier (though equivalent) description of the maximal vectors in the p=g¢
case. The maximal vectors for the ¢ =0 case have been constructed in
[BBL, Theorem 2.33 and Lemma 2.39].
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Combining Theorems 2.5 and 2.7 we have

THEOREM 2.11. Assume r=p+q and let U(9) denote the universal
enveloping algebra of 4 =gl(r, C). Then

T=® Y Y o .,

(m,n)e P re ST (m n") B

= @ Z Z jll(g) ytcry.[tﬁr.ry,[r

tm.n)e P te ST (m 0
is the decomposition of T into irreducible 4-modules.

Theorem 2.11 can be phrased in the language of partitions. In doing so,
it 1s convenient to use the notion of the hook length of a partition
n={mn 2= - 2mn,, >0} e I(N). The hook length, h{i, j), of the (i, j) box
of #(n) is defined by A(i, j)=n,+n*—i— j+ 1, where n} is the number
of boxes in the jth column of n. The expression x,— i counts the number
of boxes in the ith row of #(n) to the right of (i, j), while n* — j counts
the number of boxes in the jth column of #(n) below (i, j). Therefore,
h(i, j) 1s simply the number of boxes to the right and below (7, j) plus 1 to
include the (i, j)th box. The hook length of n, h(n), is the product over all
(i, j) of the hook lengths A(i, j). The number of standard tableaux having
underlying frame .#(m) is given by the expression N!/h(7) (see [FRT] or
[, p. 77]). For ease of notation we adopt the convention that A(#)=1. We
now have necessary ingredients for restating Theorem 2.11.

THEOREM 2.12. If r=p+q, then

T:@)mugq: 5 _plat Vilu vl
~ KUh(uy h(v) 200

k=0 [uv]ellip—k.q k)

where V([ u, v],) denotes the finite dimensional irreducible §-module with
highest weight A=y e, + - + 00,0 — Vinr w1 — - — V1€, COrre-
sponding to the r-staircase A=[pu,v],.

Proof. By Theorem 2.11 the irreducible summands are in one-to-one
correspondence with the pairs (t, (m, n)), where (m, n)e P(k) for some k
and 7€ .7 (m*, n°), and the summand corresponding to (z,(m,n)) is
isomorphic to V([ u, v],), where [g, v] e lI(p—k, g—k) 1s the shape of .
For a fixed k with 0 <k <min{p, ¢), the number of distinct pairs (m, n)e
Piky is () k!, where k! counts the number of different ways to pair k&
objects with k other objects. For 1€ .7 (m°, n°), the entries in t* and in
t~ are distinct. Thus, the number of standard rational tableaux t of shape
[, v]elip—k,q—k)is the product of the number of standard tableaux
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t* of shape puell(p—k), which is (p—k)/h(u), with the number of
standard tableaux t~ of shape ve II(g — k), which is (g —k)!/h(v). There-
fore, we have

min{ p.q) p q (p_k)' (q_k)'
=2 2, e e

k=0 [uvlelp—koq—k)

1

1

mm(zp,qi Z p ‘ q |
T V([u, v],). |
k=0 [;1,v]sn(p—k,qfk)k"h(lu) II(V)

For [u,v]ell(p—k, g—k), let z, , denote the multiplicity of V([ x4, v],)
in the decomposition of 7T into irreducible ¥-modules, and let

der (PN(9Y,,(p—K)(g—k)  plq!
(213) ’""*“’(k)(k)"! u) RO kUh(R) (V)

Then by Theorem 212, z, ,.=m, , for all [u,v]ell(p—k,q—k) when
r=p+q, and the decomposition of (®” V)@ (&7 V*}) is the same for all
gl(r, C) with r>p+q provided the pairs of partitions (r-staircases) are
interpreted appropriately. Without the rank assumption r > p + ¢ we have

THEOREM 2.14 (Compare [St2], Proposition 4.8). For all [u,v]e
(p—k,q—k), z,,<m,, Moreover, z, ,=m,, if and only if
rzlp)+1v)+k. In particular, if rzp+q—k, then z, =m,, for all
[u.v]ell(p—k,qg—k)

Proof. By Theorem 1.11 the irreducible summands of 7 isomorphic to
V([ ¢, v],) are in one-to-one correspondence with the pairs (7,L) or
(7, (m, n)) having t of shape [ 4, v] and corresponding to r-staircases. Our
calculations in the proof of Theorem 2.12 show that the number of those
pairs in which 7z has shape [y, v] is m, . Thus, z, ,<m, . If r=lu)+
K(v) + k, then by Theorem 2.7 the maximal vectors

{tf_lll,tlz yrcr_n_rjﬁr,ry,g ' (m’ ,J)EP(k)’ TE.(/)J%-(I_HC, ch)v

tshape [u, vle(p—k,q—k)}

are linearly independent. Thus, =, ,=m, , for all r = l(u) +I(v)+ k. To see
that the rank restriction is necessary let [u, v]ell(p —k, g —k) with r<
)+ l(v)+ k. Note that if k=0, then r <{(u)+ /(v) and [y, v], is not an
r-staircase, so we may assume that k>0 Let ¥ ={I1,.,|x|}, L=
{p+1,...p+|vl}, and suppose 1€ ST, (K, £). Let L be the following
two line array.

L_(p+q—k+l p+g—k+2 - p+g-—1 p+q>
p p—1 o ul+20 4]
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Then for 0<j<k—1, step p+¢—j of algorithm B applied to (z, L)
inserts |u|+j+ 1 into t*. Since each entry of the bottom row of L is
greater than the largest entry of ¢!, and the entries in the bottom row
increase from right to left, steps p+ ¢, ..., p + ¢ —k + 1 of algorithm B result
in a rational tableau having a total of {u)+/(v)+k>r rows. This does
not correspond to an r-staircase. Thus (t, L) does not index an irreducible
%-submodule of 7. |

Remark. We present an example below to illustrate the stability of the
decomposition for all r = p + ¢ and to show how the result can be modified
for small values of r in accordance with Theorems 1.11 and 2.14. Here it is
notationally somewhat easier to revert to the r-staircase notation, so that
the summand V([ {3}, {1°}],) corresponding to the pair of partitions
[{3}, {17} ] will be denoted ¥(3,0" * (—1)%).

ExampLE 2.15. Consider T=(®* V)®(® > V*) for 4 =gl(r, C). Then
by Theorem 2.12 we have for r2p+¢=>5

T=V(3,007% —2)® V3,0 (—1))
@212, 1,073, —2)@2W1(2, 1,074, (—1)%)
@V, 04 —2y@ V17,075, (—1)%)
@6V(2,0" % —1@6M(12,0 % —1)@®6V(1,0" ).

The first three lines on the right side correspond to the case k =0, the next
two terms to k=1, and the final term to & =2. Now when r < p + ¢ we can
apply Theorems 1.11 and 2.14 to determine the decomposition. Every pair
(7, (m,n)) in Theorem 2.11, which when converted to an up-down
r-staircase tableau produces a staircase which is too long, must be removed
from the sum. When k£ =0, we see that the sixth summand must be omitted
for r =4, the fourth through the sixth for r = 3, and the second through the
sixth for r = 2. By Theorem 2.14 the remaining summands in the first three
rows have the same multiplicities as in the stable case (r = 5). When k =1,

1
the summand corresponding to 7= 4 and (m, n)={(3,5)
ponding [ ) ] {(3.5)}

(or L =(3)) must be deleted if r =3 because in the conversion process the
staircase A*= (1% —1) is produced when the number 3 is inserted into r.

Similarly the summands corresponding to r=[| 1 l 3 H 4 |:|

and (r_n,y)={(2,5)},r=[[ L] o2 || 4 U and (m,n)=1{(3.5)},
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and all 7 of shape [ {1°}, {1} ] must be removed when r = 2. Finally, when
k=2, the summand associated to the pair 7 =[ 1 ,ﬂ], (m, n)=
{(3,4),(2,5)} is omitted for r=2. Thus, we have

T=WV3,0% -2)® V3,0, (- 1)) @21(2.1,0, —=2)
(r=4) @212, 1, (- 1)) V(1 —2)
@®6V(2,0%, —1H®6V(12,0, —1Y@®6¥(1,0%)
T=V(3,0, -2)® V3, (-1))@2V2, 1, —2)
@6V(2,0, -1)@®SV(1%, —1H@6¥(1,07)
(r=2) T=V(3, -2)@4V(2, —1)@®5V(1,0).

The results in the low rank cases could also be derived from the modifica-
tion rules which appear in [Ki].

3. THE ACTION OF S ,x S, AND ¢,
ON THE SPACE M, , OF MAXIMAL VECTORS

For the Lie algebra ¥ =gl(r,C) and the ¥-module T=(X’ V®
(9 V*), the centralizer algebra of % on T is the set

¢=End (T)={¢eEnd (T) | d(x-t)=x-¢(¢) for all xe % and 1T}

of linear transformations on 7 which commute with 4. Since % consists of
all %-module endomorphisms of 7, the projection maps of 7T onto its
irreducible ¥-summands lie in %. As we have seen in Section 2, the per-
mutations in S ,x .S, and the contraction maps c,,, commute with 4, so
the group algebra C[S, xS ,] and the algebra generated by all contrac-
tions lie in 4. We define .«/ to be the subalgebra of ¥ generated by S, x S,
and the set {c,,,|l<m<pand p+1<n<p+gq}. In Section 5 we will
show that .o/ =%

In this section we investigate the action of .« on T and, in particular, on
the maximal vectors in 7 of a given weight. In Section | we proved that the
pairs {7, (m, n)) index the irreducible %-summands of 7. Fix [u,v]e
Il(p—k,q—k) for some k=0, .., min(p, ¢g) and let M, , be the C-vector
space spanned by the maximal vectors of weight A=p,e, + - +
Hi€u = Vin€r vy 1 — =+ — V1€, Then we set

B, ,={t | (m, n)e Pk} and te 7, (m, n°)}

v .mon ZRURLL
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is a basis for M, , provided r > {(u) + /(v} + k by Theorem 2.7. When r>
Kp)+Kv)+k we call B, , the standard basis of M, ,, and we refer to the
elements of B, , as standard basis elements. The action of € on T preserves
weights and the property of being a maximal vector, so M, , is a module
for € and hence for /. In Section 4 we show that M, , is an irreducible
o/-module and that M, , =M, , if and only if u'=u and v' =v. Here we
obtain explicit information about the action of &/ on B, ,.

Assume 0€S,xS,, (m, n)e P(k), and 1€ LT (m°, n°). Then o acts on
m and n by 0 - m=(a(m,), .., 0(m;)) and o -n=(a(n,), .., o(n,)). We define
o -7 to be the rational tableau obtained by applying ¢ to the entries of .
The tableau o -7 need not be standard. However, from Definition 2.4 we
have

(31) aﬂr,lll,!l:ﬁd>‘!‘ﬂ-l_'l,ﬂ-l_l'

Therefore if ¢_,, ,€ B, ,,

= =1 —
(32) 0",‘,7,,‘{.—0}’,0 acrl,‘gﬁr,rﬂ,g_yo-‘rca-ry,a»{tﬂa-r.d-gn,a-p

=1t

G-T,g-mag-n’

LemMMa 3.3. The action of S, xS, on B, , is transitive.

Proof. Assume ¢t , and¢. . . arein B,,. Since the entries of r and
the elements of m and »n form a partition of U %, we can define
oeS,xS,byolm)=m, 6(n)=n;, and 6-r=1" Then by (3.2), 01_,, , =
te . as desired. | o

The next lemma describes the action of the contractions on the vectors

omn’

LEMMA 34. Assume (m, n) = {(m, n)), .., (my, n,)} € P(k) and let

te J (m, n°). Then the contraction map c,, acts on the vector t . as
Jfollows:
0 if (i)aem, ben,
r’l.l!l.ll lfv (ii) (a’ b) e (r_rlﬁ U)’
O.[I‘I!l‘ll = tr.g;_o-p;./br g = (n:n,)
if ()a=m;, b=n,, and i#j,
¢, w=
Lo U’t.qr.n = {n R TN f‘()r g = (m,a)
if (iv)aem* and b=n,,
GIY.IJI.H = rﬂ'f. m.o-n .f()r ag= (nih)

if (v)a=m, and ben".

Proof. The proof involves liberal use of the relations in Lemma 2.1. We
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illustrate by presenting the argument for (iv) and leave the rest to the
reader.

(iv) We may suppose that b=n,. For each ye%_ and ¢ € #,, the
permutation (y) ~' fixes m, and n,. For notational convenience, let p =y
and g =(am,). Then

Cu,mpcgt.qﬂr.rp,y =PCo Y arm Comymy * C’"kv"kﬂr‘ry.'j
= P(/) - l(a)ml) C'_n_yﬂr.r_}_l.[l

=0PCpy im0 ka,n/.ﬂr,ry,y = apcry,gﬂr,ry.g'

Therefore,
ca.n] tr,ry,f] = Z Sgn(}’) J;“//C,l,‘{,ﬂz,ry‘p]
e A,
ye€;
oY —1
=0 Z Sgn(/) }dja a‘ry,gﬁr.l_ﬂ,lj

Y e Hy
yEe6:

=ayfai]CU-'",noﬂr.nl‘n:ta<rvarm. n' l
In both (3.2) and Lemma 3.4 it is possible that ¢ - 7 is not standard, and
thus ¢, __ ., ., is not a standard basis element. At the end of this section
we present column permutation relations and Garnir relations that enable
us to rewrite 7 . ., ,., as a C-linear combination of the standard basis
B, ,, where [y, v] is the shape of r. However, before tackling that, we
observe that Lemmas 2.1 and 3.4 can be extended by induction to yield the

following results for k-contractions:

LEMMA 3.5. Suppose that (a, b) and (m, n) are in P(k). Then either
(1) CobComn=Ci s where ze.o/, iem®, and jen®, or
(1) ¢, ,¢C,., =rec,, =rc,c for some seZ* u{0}, where
6eS,xS,is such that c -.m=a, c-n=>b, and o fixes (m*na®)u(n°nb°)
pointwise.

COROLLARY 3.6. Suppose that (a,b) and (m,n) are in P(k). Then for
1€.7 (mS, n) one of the following holds:
(1) c,
(1) Cyplepmn="1"1, . up for some seZ* U {0}, where aeS xS, is
such that ¢ -m=a, 6-n=>5, and o fixes (m° na®) v (n N b°) pointwise.

~ ~
i
T~

Proof. Ifc,,c, ,=zc,,;, where iem® and jen®, then by Lemma 3.4(i),
Cg,{;’r_,l,vgzz i,jtr,,ﬂ,[,=z Z sgn(y) y'//c(rw)’](l).{}‘dl)'](jlcgt.yﬂr.ry.nzo'
Y
ye€:

481;166/3-9
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If this is not the case, then by Lemma 3.5

_ ' R N -1
Cq.!)tr,ry,n - C({,bcrll,Ll } rlBr,Ql,lj =r (q‘bo-yra Uﬂr.ry.g

— pS il —_ Y

=r'C, 1 Ve Boca =rt

gT.amon a-tab?

to give the desired conclusion. |

COROLLARY 3.7. Assume that (m,n)e P(k) and (m',n')e P(k'), where
k'>k Let [p,v]eH(p—k,q—k) for some k=0, .., min(p, q) and suppose

that ve 7, (m°, n%). Then c,, .1, ,=0, and hence c,. . (M, )=(0).
Proof. Suppose for some (m, n) there exists te.Z, (mF n°) with

Cor. A tomn?0. Let (r_n’,n’)=(g',b')U(a b), where (a,b)eP(k) and

(a',b')e P(k' —k). Then since c,. #0, we are in case (ii}) of

m ," ( nin

Corollary 3.6, and

Copor =CapCaplomn=""Capl

n'.n'tomn @b otab

for some se Z* u {0} and some o€ S, xS, with 6-7€.7, (a, b°). Now
(a’, b') is disjoint from (g, b), so by Lemma 3,4( b€ oty capr=0, which is
a contradiction. | o o

We now turn to the problem of writing 7, , for te .7, .(mF, n°) in terms
of the standard basis B, ,. The Young symmetrizers y.. and y.- commute
and have disjoint entries. Therefore, we can reduce our considerations to
the case that { is a tableau of shape = for = a partition of some integer N,
and here the Garnir relations can be applied.

We begin by focussing our attention on columns i and i+ 1 of {, which
we assume are as displayed below:

i i+l
a; by

.. a-"l
(= 0o,
b,

aS:

We further suppose that
(i) X={a,, .., a,} is a subset of the set of entries {a,, .., a
ith column of ¢;

(i) Y={b,,..,b,} is asubset of the set {b,, ..., b,,} of entries in the
(i+ 1)st column of { for some ;= §,;

} in the

52
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(ii) {p,, .., px} determines a complete set of coset representatives
for Sy xS, in S,y

Then a Garnir element corresponding to X and Y is g :Z,’Ll sgn(p,)p;.

LEMMA 3.8. Suppose that n -~ N and let { be a tableau of shape n whose
set of entries is L.

(1) If 'y is in the column group of {, then y.=sgn(y)yy, =sgn(y) y, ;7.
(it) (Garnir relation) If g is a Garnir element, then g - y.=0. Thus,
y:=g8'y;, where g'= —(g—id).

Proof. Part (1) follows from the fact that for a permutation v,
we=yyy ly= v, ¢y, while (ii) is well-known (see [P] or [JK], for
example). ||

Remark 39. Associated to { in 7,(%), the set of all tableaux of shape
n with entries in %, is the Specht polynomial §({) obtained by replacing
each entry j with the indeterminant x; and then taking the product over all
the differences of the entries in the columns. Thus, for

4 8 S X4 Xg X5
(=] 3 ] we have X4 x| \
6 Xg

and f({) =(x; — x3) (x4 — x ) (X3 — X )(xg — x,). The Z-span S™ of all Specht
polynomials corresponding to tableaux in Z.(#) is the Specht module
labeled by n for S, where the action is given by of({) =f(a - {). The poly-
nomials corresponding to standard tableaux form a basis for € [P,
Theorem 1.1]. Thus, there is a unique expression f({)=Y!_, x,f({,)=
Zf=|’(,’f(wi'C)=( 5=|Kiwi) f(¢), where , (=%(eST(¥) and
w,e S, for each i. Moreover, as Peel shows, the element g="'¥'!_ | k.0, €
Z[S.] can be achieved by repeated applications of column permutations
and Garnir relations. The argument in [P, Sect. 2] proves that the Specht
module S™ 1s isomorphic as a S -module to the left ideal Z[ S, ] y, with
f(o{) = af({) mapping to ay. =y, .0. Thus by the isomorphism, y. has a
unique expression: y.=3!_ | kw;y.=%!_,Kk;y.w; Where w, (=
(e ST (L) for each i and g=3'k,w,eZ[S,] can be derived using
column permutations and Garnir relations. (See also [JK, Sects.7.2
and 8.1].)

Remark 3.10. If r€.7, (m°, n°), then Remark 3.9 can be applied to
y.-€C[S, ] and y, eC[S,.] to produce a unique expression:
y.=Y'!k,y,w, where each rational tableau 1,=w,; -t is standard,
ye=ay.=3'k,y.w, and g=Y'x,w,€Z[S,.xS,] can be obtained from

column permutations and Garnir relations.
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CoroLLARY 3.11. If ted, (m" n), then there is a unique expression:

FIRaRLL
i
trvryvy: Z Kftr,.'y.’l’

i=1
where 1,=w,- 1€ SF, (m°, n°), for each i, t_, =gt = ! Kl s and
g=Y'k,w,€Z[S, . xS] can be obtained from column permutations and
Garnir relations. i
Proof. By Remark 3.10 we may assume that there exists a unique
expression: y, =¥'_ | kv, @, where 1,=""w, 1€ £7, (m, n) and kx,e Z
for every i. Then since w, €S, xS, we have

m*

! {
IT,LN.IJ = J"rcry‘gﬂr.ry.g = Z Ki.yt,wl(.rll,pjﬁr‘lll.{l = Z Ki.vn Crl:.yw:ﬁrvry,g

i=1 i=1

{ /

= Z Kiyr,cm,{lﬂr,.tlwz Z Kitr:"l'-'_" l

i=1 i=1

ExaMPLE 3.12. Suppose T=(R:V)®(®YV*), where g=2. Let
k=2 and suppose (m, n)={(1,n,),(3, n,)}. Assume t€.7, (mF, n°) and

7 4 8
5 2

6

which is nonstandard. For simplicity take 7~ to be standard. To rewrite
! .. @ a linear combination of standard basis elements perform the
following steps:

(a) First rearrange the entries in the first two columns of { =%+ so
that the resulting tableau has strictly increasing columns. Thus by (1),

Yo=—2 456 Tyy,= —p; (2 4)(5 6 7), where

AN

4

G=24H56T7)(=

(:O\M

(b} Apply (ii) to {, by taking X={5,6,7} and Y={2}. A Garnir
element corresponding to X and Y is given by g=1d —(2 5)+(2 6 5)—
(27 6 5). Thus, gy; =0, and it follows that

Yo =(25)y,—(265)y, +(2765)y,
=2 5) =y (26 S)+ (276 5),
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where 2 5 8—-|
GL=25)4=] 6 4 ,
7
2 8
(=(265)-,=] 3 4
7
2 7 8
L=(2765):5=] 5 | 4 |
6

(c) Correct the tableaux {, and {, by permuting the entries in the
second column and applying (i). This gives y, = —(4 6) y. = — y.(4 6)
and y, = —(4 T)y, = —y.(4 7), where

2 4 8
=4 6)-5=| 5 | 6 ,

7

2 4 8
L=(A ) L=| 5 | 7

6

{d) Standardize {, by first interchanging the entries in the second
column using (1): Vo =—(45)y,= -y (45) where

2 4 8
(=(45):0=| 6 | 5
;

{e) Next correct {, by applying the Garnir relations once again, this
time with X'={6,7} and Y={4,5} and

g=id—(56)+(4 56)+(576)+(4 6)(57)—(4 57 6).
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Use gy. =0, to deduce
Yo, =(56)y.—(456)y, —(5§76)y., —(46{57)y,+(4576)y,
=y (5 6) =y (456)—y (57 6)—y,(46)5T)+y,.(4576),

where,
2 4 8
G=(56)-C,=| 5 6
L7
2 S 8
Lo=(456)(=| 4 | 6
7
2] 4 s
Lio=(576)-3=| 5 7
6
2 6 8
n=@6)57){,=| 4 7
S
and
2 5 8
{12=(4576)-(;=]| 4 7
6

Thus since {s={; and {, = {,,. it follows that

Vo= =y (2456 7)
=12 502 4) 56 T)+ (2 65)(24)56T7)
—y,(2765024)567)
¥, (2456T)+p(246T)—y (247)
Yo (4502456 7)—y (46)(2467)+y (47)(247)
=y, (2567 -y (26 N+p (27

i

Il
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Y (56256 T) =y (456)(2567)—1.(576)2567)
465 TH2S 6 T)+y, (457 6)(2567)

— 326 T +y.(27)

~ 3,26 )4 5)— v, (2 TH4 6 5)+ p; (2 T4 5).

— 3

Note that {; for i=9, 11,12 is a standard tableau. Moreover, ali the

permutations involved in the above calculation belong to S, ., so they

commute with ¢, . Thus if 1, = [{;, t Jfor i=9, 11, 12, the expression for

{.mn as a linear combination of elements of B, is given by 7, =
14 +1

Ty mn TN T2.mm°

4. THE IRREDUCIBILITY OF THE .&/-MODULE M, ,

In this section we prove that the .o/-module M, for [u,v]e
II(p — k, g — k) is irreducible whenever M, # (0), and that M. .and M,
are isomorphic as .o/-modules if and only if p'=y and v'=v. To prove
irreducibility, we begin by introducing a bilinear form on 7. The standard
bases {v,,...v,} of V and {v¥, .., v¥*} of V* are orthonormal relative to
the bilinear forms (v,, v,)=4,,, and (0¥, v¥)=4, ;. We extend these forms

to obtain a bilinear form (-, ) on T defined by
i ® -+ Qu,@uy, | ® - Qufy (oW, ® - @w,@upy, | ® - @wy, >
=(uy, wy)lug, wy) -, Wk, owk )k, owh ).

The basis 4 of T of simple tensors is orthonormal relative to the form
(oo =X, 4a,8eT, we define reT by i=%, ,a,p, where a,
denotes the complex conjugate of a,. Then for all nonzero re T, (¢, 7) is
a posttive real number, and we have the following:

LEMMA 4.1 (Compare [BBL, Lemma 2.19(ii)]. For each | <m<p and
p+1<n<p+y,

<(.I".Il [‘ ll> = <” (.Ill.llu>
Jor all t,ueT.

THEOREM 4.2 (Compare [BBL, Theorem 2.20]). Assume T,=%'T=
(R VIR V*). For | <k <min(p, ¢) let

TA d:er Z (.I!I.ll( T)

(m.nye Ptk)

When k <min(p, q) suppose that T, is the subspace of all vectors in T,
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which are annihilated by all Coonts where (m',n'ye Ptk +1). Then
T.=T.,®T,,, for 0<k<min(p,q)—1, and

T= TO@ T] @ ot @ Tmin(p.q)fl @ Tmintp.q)
is an orthogonal decomposition of T into subspaces.

Proof. The mapping ¢t — ¢ commutes with each contraction mapping, so
te T, implies that /e T. Since (¢, {» >0 for all nonzero ¢, the form is non-
degenerate on each 7,. Now T, , is a subspace of T, on which the form
is nondegenerate. We claim that (T, ,,)*=T,, where (T, ,,)* is the
orthogonal complement of 7T,,, in T,. Indeed, if reT, and
(m,n)e P(k + 1), then by Lemma 4.1 and Lemma 2.1(b)

(e, () =Lc,, (1), uy=0

for all ueT, to show that re(T,,,)*. Conversely, if te(T,,,)" and
(m,n)e P(k+1), then

0=Ct.¢c,,  (u)) =<c, A1) up,

for all u, and by the nondegeneracy of the form, te7T,. Hence
T,=T,®T,,,, and we have the orthogonal decomposition

T= T()@T,=‘TU@T|@T2:
= To@ T] P D Tmn\(p.q) @ Tmin”)_q), |

LEMMA 4.3. Suppose [u,v]elllp—k,q—k) for some 0<k<
min(p, q), and assume r=Np)+ vy +k. Then M, , =T,, and M, = 7.
when k <min(p, q).

Proof. Ift , . €B, . thent ,  =c, . v.f.,,€T Thus M, <T, for

all k=0,1,..,min{p,¢). Now assume that k <min(p, q). For each
e w€Pk+1), ¢, (M, )=(0) by Corollary 3.7. Therefore, M, , < T, as

asserted. ||

mton

COROLLARY 4.4. Suppose [p,v]elllp—k,q—k) for some 0<k<
min( p, q) and assume r={u)+Iv)+k If OstveM then there exists
(m, n)e P(k) so that ¢,, v#0.

Proof. If k=0, then ¢, ,=c,,=1d suffices. Otherwise, assume k>0
and veM,, with ¢, ,v=0 for all (m n)e P(k). Then by Lemma 4.3,
veM, T, =T, ,and M, T, when k <min(p, g). Since by assump-

oy =

v

m.n

tion ¢, ,v=0 for all (m, n)e P(k), and since veT,_,, it follows that
veT._,. Therefore, ve T, nT, ,=(0) when k<min(p,q), giving us
the desired conclusion ©=0 in that case. If k=min(p, g), then
V€ Tmincpgy O Tominpan 1 =(0) to again show v=0. |

THEOREM 4.5. Let [u,v]elllp—k,q—k) for some 0 <k <min(p, q).
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Then M, , is irreducible as an <o -module (and hence as a €-module} for all
rzlp)+Uv)+k. In particular when r>=p+gq, M, is irreducible for all
such pairs [ u, v] of partitions.

Proof. Suppose O0#veM,, We argue that &v=M,,. Since B,,

spans M, ., there is an expression for v,

(46) v= Z ar‘ 1,ylr.r_n,g’

tm,n)e Plk)
1€ ST, Ani,nc)

where a € C. By Corollary 44, there exists (m',n')e P(k) so that

Tm.n

¢, .t#0. From Corollary 3.6 we conclude that for each (m, n)e P(k)

n'.n’

either ¢, . =0orc,  t ,.,="1, . for some seZ* v {0} and

m'on' trmn m'on o,

some 68 ,xS, with ¢- 7€ !“(( m')<, (g) ) The integer s and the per-
mutation g that arise depend on (m,n), so we write ¢, . .¢ =

m'.n'trmn

S”1.’l
A PR Then
(4.7) 0#c, Y . pinlon, oot €V,
tm.n)e Plk)
Te STyt nc)
where
5, 1 — ySm,
-~ d=Bf {r ""'"ar_ry,;}’ if C 'tr‘r_n,n =r nra,l,_n o'
f,'_?l,{l —_—
0’ lf Cm n tr moan 0

The rational tableaux d",n 7 in (4.7) are not necessarily standard. We
therefore apply Corollary 3.11 to write each ¢, o @8 @ C-linear com-
bination of elements in B, ,. Then, after groupmg coefficients, we obtain

(4.8) 0#c y bty €AV,

T€ LT, ') (0 )F)

n'.n’

where b, e C.

All of the rational tableaux in (4.8) are standard and have the same set
of entries. Let 7" be minimal in the linear ordering of standard rational
tableaux of shape [u,v] such that b.#0. Then by Lemma 2.3,
0# y.Cppv=bot, . €Av. Since §,xS, acts transitively on B, , by
Lemma 3.3, 1t follows that B, = Thus M = /v, to show that M, ,
1s irreducible. |

To prove that M, . and M, , are nonisomorphic for distinct pairs
[, v'] and [ », v] we make use of a partial ordering on pairs of partitions
that is derived from the dominance ordering on partitions. Suppose that =
and g are partitions of N, and define a partial ordering by

n%gc:»(Z 7rk><(z gk) for all i.
k=1

k=1
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When 7 < ¢ we say that ¢ dominates n and call < the dominance order. The
dominance order is stronger than the standard lexicographic order <. In
fact, 7 <X implies = <g, but the other implication need not hold. For
example, when N =6, then {3?} <{4, 1%} in the lexicographic order, but
they are not comparable in the dominance order.

LEMMA 4.9 (Compare [JK]). Suppose n and ¢ are partitions of N, and
{, and {, are tableaux of shape n and ¢ respectively having the same set of
entries. If (a b)¢ %, for every (a bye #_, then n<o.

CoroLLARY 4.10.  Suppose n and ¢ are partitions of N, and {, and {  are
tableaux of shape 7 and @ respectively with the same set of entries. Then
Ve ¥, #0 implies < o.

Proof. Assume y . y. #0 and let (a b)e A . If (a b)e €, . then

Yoy =Wlabhy, =y a by )=—y, r..

which contradicts y. v #0. Therefore (a b)¢%_ , and by Lemma 4.9
n<e |

We can extend the dominance partial order to pairs [ 4/, v'] and [, v]
of partitions having |u'| = |¢| and |v'| = |v| by defining

(W V1< [pv]=u' <p and v <.

LemMa 4.11. Suppose [p',v'] and [p,v] are pairs of partitions in
HHp—k,q—k) for some k=0,. mmn(p,q) If (mn)ePk) and
1€ T, . (m°, n°), then

[/1’* ‘,y,] % [ll, V] [nzpl’l.(’S —Vfcly.rj( M/I_ v) =0.

Proof. Suppose that [u',v']K [, v] and there exists (m', n')e P(k)
and '€ 7, ((m')", (n')°), such that y.c,, 7. . #0 Then we are in case

(ii) of Corollary 3.6, and there exists c€ S, x S, such that y.c,, ¢

'y, .. where seZ*u{0} and 1"=0-1'€7, (m" n).  Since
Vel = Ve ¥VerCp wBer mn» We Deed to consider the product of Young sym-
MELrizers, y, Vo= Voo Yoo Voo Voo f yoo voe 20 and 3,y #0, then by
Corollary 4.10, [ ¢, v' 1 <[ u, v], which is a contradiction. Thus, one of the
products must be zero, and the lemma is proved. |

THEOREM 4.12.  Assume rzmax(lu)+Iv)+k WY +IVY+K') and
suppose [ ' V' 1elllp—k',q—k'yand [u,v]el(p—k,q—k) are pairs of
partitions for k, k'€ {0, .., min(p, ¢)}. Then M,. . =M, , as .«/-modules if
and only if (' =p and v =v.
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Proof. Assume that M, =M, and [g',v']1#[u.v]. Let
¢: M,,—~ M, . be an o/-module |somorphism. Suppose first that k' #k.
Without loss of generality, let k <k’, and let (m', n')e P(k'). Then by
Corollary 3.7, ¢, (M, ) =(0), which implies

m'.n’

(0) :¢( ' (M;z v)) m n' (d)(M,,v)) =CQ:‘.5:‘(M/4'.V')'

However, if € ¥7,. ((m’)“, (n')°), then 7. . is a standard basis element

of M., with ¢, .t v p=7 t,m - #0, to give a contradiction.

Thus, we can reduce to the case where k' =k. Since [x',v']# [y, v],
either [u', v/} [p, v] or [, v]X[#',v'], and without loss of generality
we may assume [u', V' ]X[xv]. Let (mn)ePlk) and let

te L7, . (m€, n°). By Lemma 4.11, we have

#ov

0 = ¢( )'r(‘ry,:l(M;l,v)) = _VTCWJJ((]S( M;l. \)) = yr(l’l’-{’( M,u'.v')'

. , ok
But ¢ is a nonzero element of M, ., and y.c, t p,=""1 ,,,70.

ToLn

Again we reach a contradiction, so we must have ' =y and v =v. |

5. THE CENTRALIZER ALGEBRA

We prove that the algebra o/ generated by S, xS, and the contraction
maps is the full centralizer algebra ¥ =End (T) whenever r=zp+gq.
Recently Koike [ Koi] gave a proof of this fact based on the fundamental
theorem of invariant theory. The argument we present here, which was
done independently, is an application of the results in Section 4 on the
modules M, ,. We then identify o/ =% with a subalgebra A, of the
Brauer algebra and give the decomposition of T as a #!/, x 4-bimodule.

We assume that [u, v] e Il{p — k, g — k) for some k = O .. min(p, ¢g) and
let W,, be the ¥-submodule of T spanned by the maximal vectors of

weight A=p &, 4+ - + 2,080 = Vi Er — i+ 1 — Y1€,, that 18

W= Y Y UGN, 0

(m.n)e Ptk) te .7, {m.n)

Then W, is the [p, v]-isotypic component of T. Since % preserves weights
and commutes with the action of 4, W, is a $-module and hence an
«/-module.

Assume that r=p+g¢, and let m, ,=(p!q")/(k' h(p) h(v))=dim M,

as in (2.13). Write n, ,=*"dim_ V([ 4, v],). Then as a ¥-module,

"y

W,.=® Z V([av]).

i=1]
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The C-vector space M, ,® V([ u, v],) is a €-module with action ¢(1®v) =
ct@vuforal ce¥, teM,,, and ve V([ u,v],). It is a #(%)-module where
the action is given by u(t®v)=1t®uv for all ue¥(¥), teM, . and
ve Vifu,v],).

Lemma 5.1, As a ¥ @U(G)-module, W, =M, ® V([u,v],) when
rzp+tgq.

Proof. Let v* be the unique (up to scalar multiple) maximal vector of
V(Lu,v],). Then for ue#(¥), the map u-t_,  —u-v* is a %(%)-module
isomorphism between #(%)-¢_, , and V([ u, v],). We can define a linear
transformation ¢: W, ,—» M, . ® V([ p, v],) by

¢ ( Z Z U tr.'l'.’])
)

(mn)e Pk} te ST, (mt on¢

= Z Z tr,ry.y®ur,ry,g'v+’

(tm.n)e Ptk) 1€ STy dmb nt)

where Uy n € UG). It 1s evident that ¢ respects both the 1 ® #(%)-action

and % ® l-action and takes a basis onto a basis, so ¢ is a module
isomorphism of the required type. |

COROLLARY 5.2. When r=p+q, the tensor product T decomposes into
irreducible o/ -modules (and irreducible €-modules) as follows,

min{ p.¢)

TE @ Z Z n;t.vMﬂ.V‘

k=0 [uv]ellip—k,q—k)
and thus o/ and € are semisimple algebras.

Proof. As a %-module (and thus as an .o/-module) M, ®
Vlp. vl =@ X M, .. Therefore,

i=1

min( p,q)
I'= @ Z Z u/ﬂ.v
k=0 [puviellip -k.y k)
min{ p.g)
=@ X > M, ®V([uv],)

k=0 (uvlelllp  k.gq-—k)

"%y (e%m.)

k=0 ([uvlellp -k g-k) i=1

I

min{p.q)

@ Z Z Ry . Mu.v-

k=0 [uvleflip-k q k)

I
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Any element of the Jacobson radical Rad(%¢) or Rad(./) is zero on all
irreducible modules and hence on 7. As ¥ and ./ are defined as algebras
of transformations on 7, they must then be semisimple. ]

THEOREM 53. Ifrzp+yq, then &/ =%.

Proof. The decomposition of T as a #(%)-module into irreducible
summands is given by

T=@m':§:’ s (e 3 Y we,,)

[pvlefltp  k.g k) tm,ye Plk) te ST, it ont)

2. 4)

min( 7
) y m, Vi, v],),
k=

0 [uv]ellip-k, g k)

2
S>

where m,, .= (p!q!)/(k! h(u) h(v)) is the multiplicity of ([, v],)in T as
in Theorem 2.12. It follows from [R, (4.6)] that

min( p.q)

C=d Y Y m,, (C),
k

=0 [uvlellip—k q—k)
where M, (C) is the algebra of m, ,xm, , matrices with entries in C.
Therefore since .« < 6,
. . . 2
dim, « <dim_ % = Y me .
{uvlelflip—k.q k)

On the other hand, .o/ is semisimple and so by the Wedderburn-Artin
theorem

S =@ Y M, (C),
4

where £ runs over all isomorphism classes of irreducible .o/-modules, and
d: is the dimension of the corresponding irreducible /-module. We have
produced a set of pairwise nonisomorphic irreducible .«/-modules, namely

the M, , for [u,v]ell(p—k, g —k). Hence,
min{ p.gq)
dimc :d 2 2 Z (dlmc M/A,v)z
k=0 (pv]elllp—k g—k)
min(p,q) N .
=Y y m’  =dim_%.

k=0 [puv])ellip—k q-k)

Consequently, &/ =% as claimed. ||



562 BENKART ET AL.

COROLLARY 54. When r=p+gq, the set {M, | [pu. v]ell(p—k,q—k),
k=0,..,min(p, q)} is a complete set of representatives for the isomorphism
classes of irreducible modules of o/ =% =End ,(T), and

min( p.q)

2 2
(55) dim End(T)= ) (p—k)'(g—k)! (p) (q> (k) =(p+q)
k=0 k k

Proof. Only the last statement needs to be verified, and for that we
have
mind p.g)
(56) dim End(T)= Y Y (dim; M, ,)?
k=0 [puvlelllp -k g -k)

min(p,q)

= __L'i'__>
EO [,,,V]E,,‘;z,:,k_,,,,k, <k’ h(u) h(v)
_min(l’.q) (p—k)'>2>
kgo <ﬂ FZ/;— k ( hip)

IR Y AN LAY
X(FZ< ) ))(k) <k) (k)™

The irreducible modules for the symmetric group §, , on p —k letters are
labeled by the partitions 4 of p—k and have a basis indexed by the
standard tableaux of shape u. Thus, the dimension of the irreducible
module labeled by u is (p—k)!/h(y). (See the discussion at the end of
Section 2.) Since these are inequivalent modules, and the group algebra
CL[S,_«] is semisimple, it follows that (p—k)!'=% ,((p—k)!/h(u)).
Substituting that expression into (5.6) gives the first equality of (5.5). Now
for the second we observe that comparing the coefficients of x” on both
sides of (1 +x)7 (1 +x)¥=(1+x)""9 gives

EGLE -0

which implies

min( p.g) p 2 q 2
dim End (T) = Y (p—k)!(q—k)!( ) ( ) (k1)?
o k k
min{p.q) p q p+q
=plq! ( )( )=p!q!( )=(p+q)! 1
EO kJ\k p

Let O,=0(r,C) be the orthogonal group, which we view as the
group of isometries with respect to a symmetric, nondegenerate bilinear
form b(-,-) on V=C" Then O, acts naturally on T/'=®'V
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Assume {v¥, .., v*} <V is the dual basis with respect to (-, -) so that
blv,, v*) =4, ;. The action of GL(r, C) on V* when restricted to O, is the
same as the O, -action on V if we identify v* with v, using the form.
Therefore, T=(XR* V)R (®¢V*)=Tr*? as O,-representations. Since
4 =Endg,, c(T)SEnd,(T), it is natural to look for a copy of the cen-
tralizer algebra 4 inside of End,, (7).

In [ Bra], Brauer showed that there is a homomorphism from the Brauer
algebra #}" onto the centralizer algebra End T/} for any f = 1. To define
the Brauer algebra, we say that an f-diagram i1s a graph on 2f vertices and
f edges such that each vertex is incident to precisely one edge. We view
f-diagrams as having their vertices arranged in 2 rows of f points, one
above the other. For example,

/7(—\. > P
4= \ /< and df/\l\
L R Lk

are 7-diagrams. Let #(d) and b(d) denote respectively the top row and the
bottom row of the f-diagram d. Edges joining vertices within each row are
said to be horizontal, while edges joining vertices in the #(d) with vertices
in b(d) are said to be vertical. For a parameter xeC, let 329'/"" be the
C-vector space spanned by the f-diagrams. To describe multiplication in
A7, let d, and d, be f-diagrams. Place d, above d, and identify vertices
in b(d,}) with the corresponding vertices in #{d,). The resulting graph con-
sists of f/ paths whose endpoints are in #(d,) v b(d,) along with a certain
number y of cycles which are adjacent to only vertices in the middle row.
Let d be the f-diagram whose edges are the paths in this graph. Then the
product of d, and d, is d,d,=x"d For example, the product of the
7-diagrams shown above is

TS D

S L E
AN

ke

In general this product is not commutative, but #;* is an associative
algebra whose identity element is the diagram having each vertex in the top
row connected to the corresponding vertex in the bottom row. The papers
[Wen, HW1, HW4] have studied #*' extensively.

We say that a (p, g)-diagram is a (p + q)-diagram with a vertical wall
between the pth and (p + 1)st vertices of each row such that vertical edges



564 BENKART ET AL.

never cross the wall and horizontal edges always begin and end on
opposite sides of the wall. For example,

W
is a (4, 5)-diagram. We define #4,", to be C-span of the (p, g)-diagrams

under the induced multiplication. It is not hard to see that %’;‘J is closed

under the product of (p, ¢)-diagrams and is thus a subalgebra of 4,") .

The dimension of #,') is obtained by counting the diagrams with &
horizontal edges in each row and then summing over k. Thus

) min{ p.q) p 2 q 2 s
(57) dim. A= S (k> (k) (k1) (p—K)! (g—K) = (p+ ),
k=0

where the last equality follows from (5.5). We number the vertices in each
row of a (p,q)-diagram from left to right with 12,.,p+¢ For
I<ig<p—landp+1<j<p+qg—1, let

i+l IR
and for l<m<pand p+1<n<p+q, let
dn"" B I I I I I I I ] [ .

One can check that these diagrams generate all of 4", and that the
diagram with only vertical edges generate the subalgebra C[ ¥, x.%,]. In
fact, each permutation o€ ¥, x ., is identified with the diagram 4, that
has the ith vertex in b(d,) connected to the a(i)th vertex in #(d,).

Using the invariant theory of O,, Brauer [Bra] defined a representation
¢: 4\ — End,,(T”) of the Brauer algebra onto the centralizer O, on T/,
The homomorphism can be described explicitly on f-diagrams. Let d be an

f-diagram and define ¢(d) to be the matrix whose (i, ;) entry for
i=iy,..,i,and j=j,, .., j,is determined by the following rules:

(1} Label the vertices in #(d) from left to right with v, , v,,, ..., v, and

the vertices in b(d) from left to right with vj’.'l‘, u,* iy v}f.

(2) The (i, j)-entry of ¢(d) is the product of the values b(u, w) over
all the edges ¢ of d, where u and w are the labels on the vertices of ¢.



TENSOR PRODUCT REPRESENTATIONS 565

If we restrict the representation ¢ 2"’ 4~ Endo(T) to the subalgebra
4, we obtain a representation ¢ J"' —»Endo(T) It is not hard to
check that ¢(d =o0e¥,x%,, where o acts on T by place permutation,
and that ¢(d n) = Counn Where ¢, is the contraction map. Therefore
& A\))= o =¥, and comparing dimensions we have:

THEOREM 58. When r=p+q, B,, =€ =Endg,, (7).

Using the invariant theory of GL(r, C), Koike [ Koi] proves that .o/ =%
for all positive integers r, and thus, we have that ¢ maps B :, onto ¥ for
all r and is an isomorphism when r2p+¢.

Since the actions of #;) and % commute, the vector space 7 can be
regarded as a bimodule for %, x ¥, where the action is given by
(b,x)-t=bx-t=xb-t, for be#, and xe% Using the proof of
Corollary 5.2, i.e., Schur-Weyl duality, we obtain:

THEOREM 59. If r>p+gq, then as a bimodule for B\ x4,

min{ p.q)

@ % M, @ V([uv],),

k=0 [uvlellip—k, g—k)

T

(13

where M, , is the irreducible B\ ;-module labeled by the pair of partitions

[, v] and V([ u,v],) is as in Theorem 2.12.

Concluding Remarks. Weyl [ Wey] showed that ¢ is an isomorphism
when [r/2]2p+4q. Later Brown [Brol, Bro2] proved that ¢ is an
isomorphism whenever r>=p+g¢. This is a necessary restriction, for if
r=p+gq—1, the element y—zos(,“ sgn(o)o lies in the kernel of ¢ (and
also of ¢). Indeed, when r <p + ¢, every simple tensor v, ® - v, ,, has
at least two subscripts that are the same. Then by the argument n
Lemma 2.6, y(v; ® -- ®v,pw): .

The fact that the expression in (5.5) equals (p + ¢)! was pointed out to
the authors by S. Okada after he received a copy of our manuscript. Using
our algorithms 2 and B of Section 1, Okada has found a Robinson-
Schensted type correspondence which affords a bijective proof of the fact
that dim % =(p +¢)!, a result which was also proved by Kosuda. Sub-
sequently, Kosuda [Kos] has defined a quantum deformation H,, (g} of
% to describe the centralizer of mixed tensor representations of the quan-
tum general linear group #,(gl(r, C)). Halverson [Hal] has computed
irreducible characters of and given branching rules for both 2! and
H', (q) and has described H,, (q) as a C(qg)-algebra defined on (m, #; q)-
diagrams. Leduc [L] has constructed a 2-parameter C(z, q)-algebra
o, (=, q) which is related to H, (g) and to % in the same way that the

481/166,3-10
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Birman-Wenzl-Murakami algebra is related to the centralizer algebra of
the quantum orthogonal group and to the Brauer algebra. Thus, when
z—>q’, 4, ,(z,q) becomes H' (g) and when ¢— 1, &, ,(z, q) becomes

m.n nin
JRr)
'Jm,n .
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