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Abstract

We study a g-analog @, (n, q) of the partition algebra P.(n). The algebra @, (n, q) arises
as the centralizer algebra of the finite general linear group GL,,(IF,) acting on a vector space
IRZ coming from r-iterations of Harish-Chandra restriction and induction. For n > 2r, we
show that Q,(n,q) has the same semisimple matrix structure as P,(n). We compute the
dimension d,, ,(¢) = dim(ZR;) to be a g-polynomial that specializes as d,, (1) = n" and
dp,-(0) = B(r), the rth Bell number. Our method is to write d,, »(¢) as a sum over integer

sequences which are g-weighted by inverse major index. We then find a basis of IRZ indexed

by n-restricted g-set partitions of {1,...,7} and show that there are d,, (q) of these.

Introduction

The general linear group GL,(C) and the symmetric group S, both act on tensor space V®",
where V' is the natural n dimensional representation of GL,(C) and S, acts by tensor place
permutations. Classical Schur-Weyl duality says that these actions commute and that each
action generates the full centralizer of the other, so that as a (GL,(C), S,)-bimodule the tensor
space has a multiplicity-free decomposition given by V" = @, L(\) ® S, where the L(\) are
irreducible GL,,(C)-modules and the S; are the irreducible S,-modules.

If we restrict GL,(C) to its subgroup of orthogonal matrices O, (C), then the centralizer
algebra is Brauer’s centralizer algebra B,.(n) = Endg, c)(V®"). If we restrict further to the
symmetric groups S,—1 € S, € 0,(C) C GL,(C), then the centralizer algebras are the partition
algebras P.(n) = Endg, (V®") and Pr+%(n) = Endg, ,(V®"). Furthermore, the containments
reverse:

subgroup G C GL,(C) : Sn_1 C S, C 0,C) C GL,(C)
) ! 1
1
2

centralizer algebra Endg(V®"):  P_i(n) 2 P.(n) 2 By(n) 2 CS,.

The Brauer algebras were introduced in 1937 by Richard Brauer. The partition algebras arose
early in the 1990s in the work of Martin [Marl], [Mar2] and later, independently, in the work of
Jones [Jo] (see also [HR]). For r € 3Z-, the partition algebra P,(n) has a basis indexed by the
set partitions of {1,2,...,2r} and a multiplication given by “diagram multiplication.”



If the groups GL,(C) and O, (C) are replaced by their quantum groups U,(gl,,) and Uy(0,),
respectively, then their centralizer algebras become

quantum group : Uq(0p) C Uyl(gl,)

! !

centralizer algebra : BMW,(n,q) 2 Hy(q).

The algebra H,(q) is the Iwahori-Hecke algebra of the symmetric group S,, and its action on
tensor space V& is due to Jimbo [Ji]. The algebra BMW,(n,q) is a g-analog of the Brauer
algebra, called the Birman-Murakami-Wenzl algebra [BW], [Mur]. This leads naturally to
the problem of finding a g-analog of the partition algebra. One might consider replacing the
symmetric group S, with its Iwahori-Hecke algebra H,(q), but H,(q) does not have a Hopf
coproduct allowing it to act on the tensor product representation V. Furthermore, the Hecke
algebra H,,(q) is not found as a subalgebra of Uy(0,,) (in fact, even the containment of Uy (0y,) is
U,(gl,,) is more subtle than O,(C) C GL,(C)).

In this paper, we take a different approach to defining a ¢-partition algebra in which we
replace the underlying tensor space with a module constructed by iterations of restriction and
induction of finite general linear group modules. This approach was first proposed in unpublished
work of T. Halverson and A. Ram and is motivated by the analogous construction of the partition
algebra through restriction and induction of symmetric group modules (see [HR]). A forthcoming
paper by T. Halverson, A. Ram, and N. Thiem will further study the g-partition algebra, and
the analysis of the underlying restriction-induction module found in this paper is essential to
that work.

The paper is organized as follows:

1. In Section 1, we describe the construction of a g-partition algebra @, (n, ¢) as the centralizer
of the general linear GL,,(F,) over a finite field F, having g elements. For n > 2r, Q,(n, q)
is the centralizer of GL,(F,) acting a vector space IRy, consisting of 7 iterations of Harish-
Chandra restriction and induction. At ¢ = 1, we have ZR| = V%" and we think of the
symmetric group S, as the ¢ — 1 limit of GL,(IF,;). We show that Q,(n,q) and P.(n,q)
each have dimension equal to the Bell number B(2r), and that for n > 2r they have the
same matrix block structure as semisimple algebras.

2. In Section 2, we combinatorially study the dimension of of IR]; . We show that
dim(ZR;) = dn (g ZST€ lln—1]---[n—£+1], (0.1)

where S(r, £) is a Stirling number of the second kind and [j] = (¢ —1)/(¢—1) is a g-integer.
The g-polynomial d,, ,(¢) that appears in this formula has the property that d, (1) = n"
and d, »(0) = B(r), the rth Bell number or number of partitions of {1,...,r} into subsets.
Thus d,(¢q) is a g-analog of both n" and B(r), and it interpolates between the two as
q ranges through 0 < ¢ < 1. Our method is to write the dimension as a g-weighted
sum over sequences a = (ay,...,a,), where each sequence is weighted by an analog of the
inverse major index imaj(a). This is done in Proposition 2.3. We then use a Schensted
bijection (see (2.1)) and the decomposition of ZR; as a (GLn(F), Q-(n, ¢))-bimodule to
prove formula (0.1).



3. In Section 3, we define (n-restricted) g-set partitions of {1, ..., 7}, and we show that d, »(q)
enumerates these objects. We study the module TR and find a basis for it that is indexed
by these g-weighted set partitions of {1,...,r}.
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1 A ¢-Partition Algebra

View S,,_1 C S, under the natural embedding. The n-dimensional permutation module V for
S, is isomorphic to the induced module, V = Indgz_l(]ln,l) = CS, ®s, , 1,1, where 1,,_;
is the trivial S,,_1-module. In [HR], Halverson and Ram emphasize viewing tensor products of
Sp-modules via restriction and induction and the “tensor identity,”

IndgjklReSSL1 (W) =« WeV
g ®Sn—1 w = gm ® (g ®Sn_1 ]ln—].)7

(1.1)

where W is any S, module, w € W, g € S,_1. For r € Z>( define,

IR} =Indy" Resy” - Indd" Resq" (1), (1.2)

2r functors

and
1
IR;JFQ = ResgzillndgzilResszil . ~Ind§271Resszil(]1n), (1.3)

2r + 1 functors
Then, by induction, V®" = TR’ and therefore the partition algebra satisfies, for n > 2r,

P.(n) = Endg,(V®") ~ Endg, (ZRY),

(n) = Bnds, ,(V¥7) = Ends, ,(ZR;"). (14)

P 1
Key to the decomposition of ZR] into irreducible symmetric group modules are the restriction
and induction rules

Resg" | @ and Indg" (SH_, @ (1.5)

pu=X—0 A=p+0

where S} is the irreducible S,, module labeled by the partition A - n, SP_, is the irreducible
Sp—1 module labeled by the partition u F (n — 1), and A — O and p + O denote adding and
removing a box from the partition, respectively.

One can view the symmetric group S, as the ¢ — 1 limit of the general linear group G,, =
GL,,(IF4) over the finite field F,. Indeed, if B is the Borel subgroup of upper triangular matrices
in GL,,(F,), then

(GL(8,)/B| = [n][n — 1] - 2][1).



where [n] = 14 ¢+ ...¢" is a g-analog of n so that [n][n — 1]---[2][1] is a g-analog of nl!.
Furthermore, the irreducible unipotent representations of G,, are denoted G7 and labeled by
partitions A F n (see, for example, [Mac, §4.3]).

We view G—1 C G, as a Levi subgroup with blocks of size 1 and n — 1 (see Section 3.3).
Under Harish-Chandra restriction Resf and induction Indf (see Section 3.3) these modules satisfy
exactly the same rules as (1.5), namely (see [Mac, §4.3]),

Resfg» (Gh)= €P Ghy and Indfg" (G4 )= € G). (1.6)
u=x—0 A=p+0

For r € Z>¢ define,

IR, = Indfgz_lResfgz_l . Indgz_lResgz_l (1g,), (1.7)

2r functors

and
1
TRy ? =ResGr IndS" ResGr ---IndS" ResGr (1g,). (1.8)

2r+1 Emctors

Then, for integers n > 2r, define

QT(”?CJ) = EHdGn(IRZ),

r4i
Q,11(n,q) :

Endg, ,(ZR4 ?). (1.9)

1
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Equation (1.9) completely defines @, (n, ¢) as an algebra of endomorphisms, however considerable
work needs to be done to find a natural set of generators for @Q,(n,q) and the relations that
they satisfy. This will be the subject of a forthcoming paper by T. Halverson, A. Ram, and N.
Thiem. The analysis in this paper will be foundational to that work.

The Bratteli diagram B, is a graph that encodes the decomposition of ZR;. Let B, have
vertices organized into levels indexed by r € %Zzo such that the vertices on level r are labeled
by the set of integer partitions A], defined by

A:L = {A:(}\l,,At)l_n‘)\2++>\t§r}7
r+%

1.10
A ? = {p=(u,e ) F(n=1) [ pa - <7} (1.10)

1

There is an edge in B,, from X\ € A], to p € A:LJFE or u € A,Tl_% if and only if A = p+ 0. For
example, the Bratteli diagram B¢, for 0 < r < 3, is shown in Figure 1. The edges in 25,, describe
the restriction and induction rules in (1.5) and (1.6). Since A2 contains only the partition (n),
which labels the trivial G,, or S,-module, the Bratteli diagram has the property that the vertices
on level r label the irreducible G; modules which appear in ZRj or, equivalently, the irreducible
Sy, modules which appear in ZR". Furthermore, the number of paths from the top of the diagram
to A € A7 is the multiplicity of G7 in TR;,. The number of these paths is also indicated below
each vertex in Figure 1.

From double-centralizer theory (see for example [HR, Theorem 5.4]) we have the following
properties which justify calling @Q,(n,q) a g-analog of the partition algebra P.(n). These re-
sults follow from the fact that the decomposition of ZR; as a G, module is the same as the
decomposition of ZR] as an S,-module. We assume r,n € Z>o and n > 2r,
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Figure 1: The Bratteli diagram B¢ for 0 < r < 3. The rows contain the partitions in Ag, the
paths from the top of the diagram to A € Aj are the r-vacillating tableaux of shape A, and the

number of paths to A is m;}. The label on vertex \ is m}.




1. The irreducible representations of P,(n) and Q,(n,q) are each indexed by the partitions in
A7 . These are the partitions which label the irreducible S,, and G,, modules which appear
in IR} and IRy, respectively.

2. As bimodules for (S, P-(n)) and (Gp, Qr(n,q)), we have

IR} = P SyeP) and IR, = P GroQ), (1.11)
AEAT AEAL

where P} and Q) are irreducible P,(n) and Q,(n, q)-modules, respectively.

3. m} = dim(P}) = dim(Q}) equals the multiplicity of S} in ZR" (or, equivalently, the
multiplicity of G} in IRy). The value of m;* can be computed by counting paths to A in
the Bratteli diagram. Each of these paths is a sequence of partitions obtained by iteratively
removing and adding a box; these are called r-vacillating tableaux of shape A (see Section

2) and they are also studied in [CDDSY] and [HL].

4. By general Wedderburn theory, dim(F(n)) = > ycpr dim(P})? = 2 oNeAr dim(Q))? =
dim(Q,(n, q)). It follows that dim(P,(n)) = dim(Q,(n, q)) equals the number of set parti-
tions of {1,2,...,2r} which is the Bell number B(2r).

5. For r € Z~, there is a natural chain of embeddings

Qr,% (na Q) g QT (’I’L, q) g Qr+% (’I’L, q)a
The restriction rule for @, _1(n,q) € Qr(n,q) is given by the Bratteli diagram. Namely,
2

(n,q)
,% (n7Q)

by an edge in B,,. This same rule holds if Q,(n,q) is replaced by P, (n).

the module fo ~, is a component of Resgr (Q)) if and only if v and A are connected
2 T

Since restriction from S, to S, _1 preserves the dimension of an S,-module, and induction
from S,_1 to S, increases the dimension by a factor of n, we have that dim(ZR]) = n".
This is to be expected, since ZR] = V®" and dim(V) = n. The dimension of the irreducible
symmetric group modules are dim(S))) = f2, the number of standard Young tableaux of shape
A (given by the hook formula). The dimensions of the irreducible partition algebra modules are
dim(P2) = m;, the number of r-vacillating tableau of shape A. Computing dimensions on both

sides of the first equation in (1.11) gives the identity

n" =Y fam. (1.12)
AFn
A combinatorial proof of (1.12) is given in [HL] by defining a Schensted-like insertion/deletion
process to find a bijection
{(a17 SRR aT‘)} A {(P7 Q)}

between integer sequences (ai,...,a,) with a; € {1,...,n} and pairs (P,Q), where P is a
standard Young tableau of shape A - n and @ is an r-vacillating tableau of shape A F n. If we
compute the dimensions on each side of the second equation in (1.11) we get

dnr(q) = dim(IRY) = Y fr(e)my, (1.13)
A

where now f;(¢) = dim(G?) is the well-known g-analog of f;, given by the g-hook formula and
dnr(q) is a g-polynomial which satisfies d,, (1) = n". In Section 2, we compute this dimension
explicitly by carrying the g-weights from f*(q) across the Schensted insertion.



2 Combinatorial Computation of d, ,(q)

This section gives a purely combinatorial derivation of the formula for the ¢g-polynomial d,, ().

In Section 3, we give a basis of ZR;, and we count the elements of the basis to give another proof
that dim(ZRy) = dnr(q)-

2.1 The Delete-Insert Schensted Algorithm

For n,r € Z~q, define

{1,...,n}7":{(a,1,...,ar) ‘ aj€{1,...,n} }

This set has cardinality n”. For a partition A - n, a standard tableau of shape A is a filling of the

boxes of the Young diagram of A with integers 1,...,n such that the rows increase left-to-right
and the columns increase top-to-bottom. As in [HL] we define an algorithm that maps sequences
in {1,...,n}" to standard tableaux. Let a = (aj,az...,a,) and recursively define P; and P, 1

2

for 0 <i<r, by

Py = [az[ = [n]

jdt ]
PH% = Pi—1J—>ai, 0<i<r—1, (2.1)
RSK .
‘P’L-‘rl — _PZ.+%<—CL“ 0§Z<T_].,

where this notation means that we first remove the letter a; from P; using Schiitzenberger’s jeu-

de-taquin to get a tableau P, and then we reinsert a; into P, 1 using Robinson-Schensted-
2

11,
Knuth row insertion to 0btain2 Pitq. See [Sta2, A1.2,7.11] for the definitions of jeu-de-taquin
and RSK insertion. Example 1 provides an example of the application of this algorithm.

For 0 < i < k, let A be the partition shape of the tableau P; and let A+3) be the partition
shape of PH_% The final tableau P, = P, that results from the insertion of a = (a1,...,a,)

is the insertion tableau. It is a standard Young tableaux of shape A = A("). The sequence of
shapes that arise along the way,

Ou = ((n) — A0 A AW A0 — A) :

is the recording tableau of the sequence. The recording tableaux that appear in this process are
uniquely described by the following properties:

1. MO = (n),

2. For0 <i<r—1, A+3) ig a partition of n — 1 that is obtained from A\®) by deleting a
box,

3. For 1 <i <7, A is a partition of n that is obtained from AG=3) by adding a box.

If A = A("), then a tableau satisfying these properties is called a r-wvacillating tableau of shape
A. See [HL] and [CDDSY]. The partition shapes that appear in the ¢th step in the process of
inserting a € {1,...n}" are in the set

A = A= ) bn | At AN <L)
o (2.2)
A2 = {)\:(Al,...,)\t)l—n—l|)\2+"-+>\t§£}~



The r-vacillating tableau also appear in the Bratteli diagram 28,, shown in Figure 1 for n = 6
and 0 < r < 3. The paths from the top of the diagram to A on level r are the r-vacillating
tableaux of shape \, and m; is the number of r-vacillating tableaux of shape A\. When r > 2n,
the number is independent of n. We refer to these paths as “tableaux” since they determine
paths in the Bratteli diagram in the same way that standard Young tableaux determine paths
in Young’s lattice.

We let ai(Pa, Qq) denote the “delete-insert” process defined in (2.1), which associates each
a € {1,...,n}" with a pair (P,,Q,) consisting of a standard tableau P, and an r-vacillating
tableaux @, each of shape A € A7. In [HL] this algorithm is shown to be invertible and thus
provides a bijection

r DI P is a standard tableau of shape A
{Lesm) —>)\|€—A|T { (P.Q) ‘ Q is a r-vacillating tableau of shape \ [~ (2.3)
This gives a combinatorial proof of the identity
n" = Z fam), (2.4)

AEAT,
where f? is the number of standard tableaux of shape A (given by the hook formula), and m;
is the number of r-vacillating tableaux of shape A.

2.2 Delete/Insertion and Major Index

We now show that the bijection (2.1) carries the backsteps associated to integer sequences to
the descent set on standard tableaux. We first map sequences in {1,...,n}" to permutations in
Sy, using following surjection

{1,...,n}" — S,

2.5

a=(ay,...,a;) — wg=RT(,2,...,n,a1,...,a,) (2.5)

where RT(1,2,...,n,a1,...,a,) is the permutation consisting of the rightmost occurrence of
each integer in {1,...,n}. For example,

a=(2,1,3,1,6,4,6,3,4) +— w,=RT(1,2,3,4,5,6,2,1,3,1,6,4,6,3,4) = (5,2,1,6,3,4).
Alternatively, we can produce w, = (b1, b, ..., b,) iteratively using the following algorithm.

(1) w(O) = (1727"'7n)7

(i+1) 4 i (4) ; : (4)
w is obtalne(.i from w by‘deletlng (a), from w L <i<r (2.6)
and then appending a; to the right of w'",

(3)  we=w.

Applying this algorithm to a = (2,1, 3,1,6,4,6,3,4), for example, yields the same w, as above:

w® = (1,2,3,4,5,6) w® = (4,5,2,3,1,6)
w(l) — (1737475767 2) w(6) = (57 2’ 3’ 1767 4)
’LU(2) = (374757672? 1) w(7) = (5’ 27 1767 47 3)
w® = (4,5,6,2,1,3) w® = (5,2,1,6,3,4)
w® = (4,5,6,2,3,1) we = (5,2,1,6,3,4).



It is clear that the processes defined in (2.5) and (2.6) yield the same result since the elements
of a are cycled to the right end of of w, in the order that they appear in a..

The backsteps (see for example [Lo]) in a permutation w = (wy, we,...,wy,) € Sy, are
BS(w) = { i ‘ i+ 1is to the left of i in w = (wy,wa,...,wy,) }. (2.7)
The descent set in w € S, is defined by Des(w) = Des(wi,wa,...,wy) = { i | w; > wit1 },

and it is easy to check that BS(w) = Des(w™!). For example if w = (5,2,1,6,3,4) then
BS(w) = Des(w™') = {1,4}. If P is a standard tableau, then the descent set of P is

Des(P)={i| i+ 1isin a lower row than ¢ in P }. (2.8)
1]2]5]6

For example Des | [53T71oTol | = {2,3,6,7}. See Example 1 for an illustration of the following
4[8

proposition.

Proposition 2.1. Ifa € {1,...,n}" and aﬂ(Pa, Qa), where Py, is a standard tableau of shape
A€ A} and Qg is an r-vacillating tableau, then

BS(wg) = Des(Py,).

Proof. The proof is by induction on the length r of a = (a1, ...,a,). If r =0, then w = () and

Py =[i]z] = [n]- In this case, wq = (1,2,...,n) has BS(w,) = 0 = Des(P,).

Now let r > 0 and (al,...,ar_l)g(Pr_l,QT_l). Then P, = (Pr—1 3de ar) RoK a,, and

by induction Des(P,—1) = BS(w(q,,.. a,_,))- By (2.6), the permutation w,, ., is the same as
W(ay,....ar_y) €Xcept that it has a, moved to the the rightmost position. Since a, is now to the
right of both a, — 1 and a, + 1, and this is the only changed made, we know that

(a) (ar —1,a,) is not a backstep in wg,
(b) (ar,a,+ 1) is a backstep in w,, and

(c) all other (4,7 + 1) relationships are the same in w, as they were in w,, 4. _,)-

These same relationships happen in P:

(a’) When a, is deleted from P._; (via jeu-de-taquin) and then reinserted (via RSK), it ends
up in the first row of P. Thus (a, — 1, a,) is not a descent in P.

(b’) If a, + 1 was in the first row of P,_; then a, bumps it to a lower row. Otherwise, it was
already in a lower row, and either way (a,,a, + 1) is a descent in P.

(¢’) Whenever i gets bumped into the next row, if ¢ + 1 is in that row, ¢ will bump 7+ 1 into a
lower row. So if (4,74 1) is a descent it will remain a descent. If (i,7+ 1) is not a descent,
then we must consider the case when ¢ + 1 gets bumped lower than ¢. This only happens
if ¢ and i+ 1 are in the same row. But in this case a number that might bump i + 1 would
have to be lower than ¢ 4+ 1 and thus lower than 7. So it might potentially bump ¢ but it
would not bump 7 + 1.

It follows by induction that Des(P,) = BS(w,), as desired. O



The inverse major index imaj of a permutation w € S, is the sum of the backsteps in w,
and the major index maj of a standard tableau P is the sum of the descents in P. That is,

imaj(w) = Z i and maj(P) = Z . (2.9)

1€BS(w) i€Des(P)

Note that the major index of w is maj(w) = 3 ;c pey(w) i» and imaj(w) = maj(w1). Let ¢ be
an indeterminate (in Section 3 we will specialize ¢ to be a prime power). For A F n, a g-analog
of the hook number f,;\ is given by

2a) = g™, (2.10)
T

where the sum is over all standard tableaux T of shape A. Then f)(q) is the dimension of the
irreducible unipotent GL,,(F,)-module labeled by A and it is also given by the g-hook formula
(see [Mac, I1V.6.7]).

Corollary 2.2. For all n,r € Z~g, we have

Z zma] Wa) z Z qma](P Z f/\

a€{l,....,n}" AEAL (P,Q) AEAT

where (P,Q) ranges over all pairs consisting of a standard tableau P of shape \ and an r-
vacillating tableau Q of shape X, and w, is defined in (2.5).

Proof. The first equality follows immediately from the fact that the delete-insert bijection (2.3)
pairs a € {1,...n}" with {(P,,Qa)} and carries ¢"% (%a) to ¢™¥(P). The second equality follows
from (2.10) and from the fact that m; equals the number of r-vacillating tableaux @ of shape
A O

Example 1. The following table illustrates the process of delete-inserting the sequence a =
(3,5,2,3,2) € {1,...,6}° to produce a pair (P,,Q,) of shape A = (2,2,1,1). The reader should

10



observe that at each step in this process the backsteps in w, equal the descents in P,.

’ i \ a; \ P, \ a \ W \ BS(w,) = Des(P,) ‘
0 12[3]4]5]6] 0 (1,2,3,4,5,6) 0
jdt
b |3 | GRhfEE 3
RSK
1 1[2[3]5]6] 3 (3) (1,2,4,5,6,3) {3}
4
13| 5 | [AT2]3]6] %5
2 21375 5] 35 | (1,24,6,3,5) (3,5}
6
2% 2 | [1]3]5] %9
416
3 T2T5] E9 3,52 |(1,4,6,3,5,2) {2,3,5}
316
4
35 | 3 |[12]5] %3
416
4 112 3| @3 (3757273) (17476757273) {315}
415
6
a2 T RN
415
6]
5 T3 B9 13,5,2,3,2) | (1,4,6,5,3,2) {2,3,5}
35
=
6

11



2.3 Set Partitions and Major Index

For an integer ¢ > 0, define

. qi—l i—1 i—2

so that [i],—1 = i. Recall that the Stirling number S(r,¢) is the number of set partitions of a
set of size r into ¢ subsets. We now compute the sum that appears in Corollary 2.2.

Proposition 2.3. For r,n € Z~g,

o gD =N S On)n — 1] n— £+ 1].
(=1

ae{l,...,n}"

Proof. We begin by classifying the permutations w, that appear in the sum. For each sequence
a=(a,...,a;) € {1,...,n}" we define shape(a) to be the set partition of {1,...,r} given by
the rule,

i~ jin shape(a) if and only if a; = a; in a.

We also let
Dypt={w=(wy,...,wp) €Sy | w1 <wz <...<wyt},

be a distinct set of minimal-length coset representatives of S, /S;, where we naturally embed
Sy € S,, as the permutations of {1,...,¢}. From this construction, we immediately have,

if  shape(a) has ¢ parts then w, € Dy, ,—s.
For example, if n =6, r =10, and a = (2,1,3,1,6,2,6,1,3,1), then

a=(21,3,1,6,26,1,31) =  w,=(45,26,31)€ Dga,

¢ = 4 distinct entries n—{=2 (=4
shape(a) = shape(2,1,3,1,6,2,6,1,3,1) = {1,6} U{2,4,8,10} U {3,9} U {5,7}.
€:4‘garts

Note that the number of possible parts ¢ in shape(a) is bounded both by the number r of
subscripts and the number n of possible choices of a;.

For a fixed set partition K with £ parts and a fixed permutation w € D, ,,_, we can easily
reconstruct the unique sequence a € {1,...,n}" with ¢ distinct entries such that shape(a) = K
and w, = w. Thus, if we let P! be the set partitions of {1,...,r} with ¢ parts, then

min(r,n) min(n,r)
PRI DED DEED DI et D DI DD D
ae{l,....,n}" =1 KePpt af{l,(-»-),n}r =1 KePLwEDyn ¢
shape(a
min(n,k)
Y s Y g
=1 ’U}GDn7n_g

where the last equality comes from the fact that the Stirling number S(r, ) is the number of
partitions of {1,...,7} into ¢ parts.
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To finish the proof of the proposition, we will show that

S ¢ =nn 1]t 41, 0<t<n (2.12)
’LUeDn,t
The shape of a permutation w is the composition p = (u1,...,ue) of n where p; is the first

position ¢ where w; > w;41, (1 + po is the next position ¢ where w; > w;11 and so on. The sum
in (2.12) is over all partitions whose shape p satisfies p1; > ¢. An inversion in a permutation w is
a pair (i, j) such that ¢ < j and w; > w; and inv(w) is the number of inversions in w. Foata and
Schiitzenberger [FS] (see also [Lo, Theorem 11.4.4]) prove that the number of permutations of
shape p having m inversions equals the number of permutations of shape p having m backsteps.

Thus,
Z qimaj(w) _ Z qmv(w). (213)
wWEDn ¢ wEDn ¢

Now, our coset representatives D, ; for S,/S; are chosen with minimal length, so if u € Dy,
and v € Sy, then inv(uv) = inv(u) + inv(v). Thus,

n]| — Z qmv(w) _ Z Z qmv(uv) _ Z qmv(u) Z qinv(v) _ Z qinv(u) [t]'

SESy UEDn, ¢t VES UEDn ¢ vESt UEDn ¢

where the first and last equalities come from the well-known result of MacMahon (see [Stal, Cor
1.3.10]) that > g ¢ () = [n]!. Equation (2.12) follows by dividing by [t]! and replacing inv
with imayj. O

For n,r € Z~, define,
dny(q) =D S, Onln—1]---[n—£+1]. (2.14)
(=1

The first few values of dy, »(q), for increasing r, are given by

dn,O(Q) = 17

dn,1(q) = [n],

dn,2(q) = [n]([n — 1] + 1),

dn,3(q) = [n](1 +3[n — 1] + [n —1][n — 2]),

dna(q) = [nJ(1 + 7[n = 1] +6[n —1][n = 2] + [n — 1][n — 2][n — 3]).
When ¢ = 0, we have [jlq—0 = 1, so d,,»(0) = >_j_,S(r,£), which equals the rth Bell number
B(r) if n > r and which is the number of set partitions of {1,...,r} into at most n subsets
if n < r. When ¢ = 1 the sum in Proposition 2.3 shows that d, (1) equals the cardinality of
{1,...,n}", so d,»(1) = n". These polynomials are tantalizingly close to those in the following

identity of Garsia and Remmel [GR, 1.17]
S S Gl =1 [ —r+1] = [,

where S(r,¢;q) is a g-analog of the Stirling number S(r,¢). Like dy, (¢), these Garsia-Remmel
polynomials specialize at ¢ =1 to n”, but they are different at ¢ = 0, since [n]"|;—0 = 1.
The next Corollary follows immediately from Corollary 2.2 and Proposition 2.3.
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Corollary 2.4. For n,r € Z~g, we have

dns(@) =Y S OM]n—1]--In—e+1 = Y fa)m.
(=1

AEAT

3 A Basis for the TR Module for GL,(F,)

In this section we construct a module ZRj for the finite general linear group GLy,(F;) using r
iterations of Harish-Chandra restriction and induction. We find a basis for ZR;, that is indexed
by ¢-set partitions of {1,...,7}. It is easy to see that the number of these is the polynomial
dn,r(q) which appeared in Section 2, and so dim(ZRy,) = dp»(q). The module IRy is the defining
space for the g-partition algebra, which will be analyzed in a subsequent paper by T. Halverson,
A. Ram, and N. Thiem.

3.1 A family of g-analogues to set partitions

Let
ZZZ{(kl,kz,...,k‘r)EZT|0§k51,k‘2,...,k¢T§n—1},

which we can think of as a configuration of boxes stacked into an (n — 1) x r rectangle. That
is, (k1,k2,...,k,) denotes the collection of boxes with k; boxes stacked in the jth column. For
example,

n—1=>5 s (1,4,2,0;27572)'

Let
Prxr = {(k1, ke, ..., ky) € Z;, | k1 =0,k;j = h implies k; = h — 1 for some i < j}.
We have a surjection

r
Zn nxr

Kook where kf = 0 and &} = min {kj, max{k} + 1, k3 +1,...,k}_; + 1} },

which sends

We will refer to k* as the x-height of k.
There is a bijection,

P Set p%%rtitions of {1,2,...,r}
with at most n parts
k= (ki,kay.... k) +— K,
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where 7 and j are in the same part of K}, if and only if k; = k;. That is,

- — {1,4} U {2} U {3,5,7} U {6}.

1 2 3 4 5 6 7

To obtain g-analogues, fill the boxes with elements of IF,;. Let
Z;(Q) = {((kla a(l))a (kQa a(2))a s (kra a(r))) ‘ (kh /{72, ) k?“) € Z:w a(j) € ]F];j}7

For example,

es es
by €4 e
b3 | [es | 1 2190212, 0 2. 1%y, 5 . 9, |12
: o CHCIRCH bl DNEN el IRURGINEN il INCH PPN )
by | C2 do | €2 | f2 b2 1 ! €2 !
a|b|ca dilel|fr 1 el

The g-analogue of set partitions of {1,2,...,r} with at most n parts is the set

Prser(@) = {((k1,aM), (B2, a®), ..., (kpy a™)) | (k1s oy ky) € ZEaD) € B 7).

For example,

€5
by €4
bs * € Pﬁ x7 (q) )
by | * * | ok | %
a | * | % * | x| %

where the boxes labeled by * give the %-height for the associated element in Z; .
An n-restricted q-set partition of {1,2,...,r} is an element of Py, x,(¢g). Given a set partition
K, with ¢ parts, there are
n)[n —1]--[n— £+ 1]

different n-restricted g-set partitions of {1,2,...,r} with x-height h. Thus,
Prscr (@) =D S(r, Onlfn—1] -+ [n— £+ 1] = dn(q),
=1

where d,, »(¢) is defined in (2.14). By the constructions of this section, we also easily obtain the
specializations,

|Prxr(0)| = B(r), for n > r,
|Prscr(1)| = [Z3,(1)] = n",

where B(r) is the rth Bell number.
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3.2 The Chevalley group GL,(F,)
The general linear group G,, = GL,(F;) has a double coset decomposition given by
Gn= | | UpwBn, (3.1)
wWESy

where S, is the subgroup of permutation matrices, and

* * 1 *
By, = CG, and Up= € By
0 * 0 1
are the subgroups of upper-triangular matrices and unipotent upper-triangular matrices, re-

spectively. For 1 <i < j < n and a € Fg, let z;;(a) € Up be the matrix with a in the (4, j)th
position, ones on the diagonal, and zeroes everywhere else. Note that for i < j, k <1, a,b € F,

zpi(b)wg(ab)wij(a),  if j=F,
B _ xkl(b)l‘k](_ab)xlj (a)> ifi=1,
xzj(a)xkl(b) - xij(a + b), ifi=Fk, j=1I, (3'2)
zp(b)xij(a), otherwise.
For w € S,,, we have
Tij(a)w = WTy-1(5)0-1(j) (@) (3.3)
Let
G1 0 1 ‘ * *
= C = C
Ln 0 anl = GTL? Un 0 Idnfl = Gn7
and
G1 * *
n—1

For1<k<n-—1,let
Wk = SkSk—1""" 51,

where s; is the simple reflection that switches ¢ and i 4+ 1. By convention, wg = 1. Note that the
wk, 0 < k < n—1, give a set of minimal-length coset representatives for S,,/(S1 x S,—1). For
1<k<n-—1and a=(ay,az,...,a) GIF];, let

wi(a) = sk(ak)sg—1(ar—1) - s1(a1), where si(ai) = xiiq1(ai)s;.

Then the decomposition
Gn = |_| wg(a) Py, (3.4)

follows from (3.1) and (3.3).
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3.3 Harish-Chandra Restriction and Induction

To make the notation more manageable, in this section we will assume that n is fixed and drop
the subscripts in G, Py, Uy, L,. Let

1
ey = — u,
>

so that xey = ey = ey for all x € U. Since U is a normal subgroup in P, there is a surjection
P — P/U = L, which gives rise to adjoint functors, called inflation and deflation, respectively,

Inff : {Left L-modules} — {Left P-modules},

\%4 — €UV
Deff . {Left P-modules} — {Left L-modules}.
Vv — GUV

By composing with induction and restriction, we obtain two functors

Indff : {Left L-modules} — {Left P-modules} — {Left G-modules},

\%4 — eyV — CG ®&cpeyV
Resfl’ : {Left G-modules} — {Left P-modules} — {Left L-modules}.
\%4 — Vv — eyV

Let 1 denote the trivial module of G. Define the G-module
IR; = (IndffRestf)" (1),  forr >0, (3.5)

and the L-module )
IRTi = Resf¢ (IndffResfg)r(]l), for r > 0. (3.6)

3.4 A Basis for IRZ

Let
QU = Qcpreu

denote tensoring over CP and multiplying by ey. By construction it is clear that

IRy = C-span{g1 @y g2 ®v -+ Qu gr @1 | g1, 92,...,9, € G}
= C-span{wy, (aM) @y -+ @y wp, (™)@ 1|0 < ky,... .k, <n—1,a™ € F’;m},
IR, ™? = Cspan{eygi ®u g2 Qv -+ Qv g, @ 1| g1, 92, ..., gr € G}
= (C—span{erkl(a(l)) QU - Qu wkT(a(’")) RL|0<ki,....,kr <n-— 1,a™ € IF’;’”}.

However, these sets are generally not linearly independent. The following lemma characterizes
when two vectors are equal.

Lemma 3.1. Fiz 0 < k1,ko,...,k; < n—1 and alm ¢ F’;m. Let1<i<j<nandte IF'qX.
Then
wi, (@) @p - @p wi, (D) @ 45(t) = wy, (@) @p - @p wy, (D) @p 1 (3.7)

if and only if i = 1 or there exists 1 < m <1 such that

Wy, Whypyy " Wk, Sends @ to 1.
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Proof. Note that for i = 1, epx1j(t) = ey and for i > 1, eyz;j(t) = xi;(t)ey (since U is normal
in Up). It therefore follows from (3.2) and (3.3) that for 0 <k <n—1anda € F'g,

Loy (i) (Dwi(a) @u 1, ifk+1<i<j,
= ) T, (Dwi(a) ®u 1, if1<i<k+1<j,
wk(a) ®U Lij (t) xwk(i),j_1(t>xwk(i)7k+1(—(lj—lt)wk(a) ®U 1’ if 1 <i< ] S k + 1’ (38)
wy(a) @y 1, ifi=1.

If i = 1, then (3.7) follows. If i > 1 and there exists 1 < m < [ such that wy,,ws,,., - - - wk, sends
i to 1, then using (3.8) we can push z;;(t) left past the wy(a) so that

evw,, (™) @y - @ wy, (aV) @ 244(t) = epuwy,, (@™) @y - - @y wi, (V) ®p 1,

where u € U (since wy,, - --wy, (1) = 1). But eyu = ey, giving (3.7).
Conversely, note that wy(a) @y x;;(t) = wi(a) ®y 1 if and only if z;;(t) € U. Thus, if (3.7)
is true, then as we push z;;(t) to the left, at some point we must have

wi, (A @y - @p wy, (V) @y 245(t)

for some u € U. By (3.8) this can only happen if wy,, wy,,, ., - - - w, (i) = 1 forsome 1 <m < 1. [

Combinatorially, we associate a column of labeled boxes to wg(a),

ag
n—1 —

;—2 —  wi(a) = sk(ag) - - - s2(az)s1(ar). (3.9)

al

We obtain vectors in ZR;, by labeling r stacks of boxes. For example,

(e |
e |
(b4 | ey |
% | fs w1 (a) @y wa(b) Au wo Au wa(c) Au wa(d) Ay we(e) @y wa(f) @ 1.
E c2|dg|e2| f2
a1 | by cildi|er|fi

Lemma 3.1 implies that not all choices of the vectors a, b, ¢, d, e, f will give different basis vectors
of Wq7 . In our example, any change to the x-ed values in

bs €4

b | e3 | s

oo | [es]dsles|ss
a1 b’l‘ c’l‘ d’l‘ e{ f{‘
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will not change the vector in ZR". That is, given an element of Z7 (¢), Lemma 3.1 implies that
the x-height determines which entries can have arbitrary values (see Section 3.1). In particular,
if the k;th entry

wi, (aN@y - - @y wi,_, (D) @y w, (0) Qp - - -

= wy, (V) @p - @y wi,_, (") @u 21 g1 (b1) - - Thy by 41 bk Jw0r, O - -
has x-height h then for each 1 <1 < h, there exists 1 < m; <[ — 1 such that
Wy, = Why_, (1) =1.

By Lemma 3.1 these entries can be replaced by arbitrary entries, and for these entries we average
over all possible choices. Thus, for each element in P, x,(¢q), we obtain a basis vector. Specifically,

for0<k*<k<n-—1landa=(a, - ,a5_k) € F’;*k*, associate
ﬁki Qf _f*
B x 1
n—1 C.LT — wk(a) = sk(ak,k*) v skurl(al)? Z Spe* (bk*) ce Sl(bl). (3.10)
gl beF}”
ks

For K = ((kl,a(l)), . (kr,a(r))) € Prxr(q), let
vi = Wi, (aV) @y wi, (@) @y - - - @y wy, (') € CG @y CG @y -+~ @y CG @y 1.

For example,

1 1
[y leg(a)wl X 3345(d).%'35(0>$25<b)* Z x15(t)w4 RI1I® — Z .%'23(8).%'13(15)?1]2
% q teF, s,t€Fq
[4] le] |
* |
[b] [x][x[*]*
alx| [*[*[*]*
1 1
® = > was(s)ris(thws @ mer(9)asr(flaar(e) 5 D war(r)aar(s)zir(t)we
q S,te[ﬁ‘; r,s,tefy

1
& -3 Z .%'34(7')1‘24(8)1‘14(15)11)3 ® 1,.
q r,5,t€EFy

Lemma 3.1 and the following discussion imply that the vy are linearly independent, so we
have proved the first part of the following theorem.

Theorem 3.2. Let r € Z>o. Then

(a) The G-module TRy has a basis given by
{UK ‘ K € PnXT(Q)}u

and thus dim(IRy) = dnr(q)-
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(b) The L-module W(;H/Q has a basis given by
{UK | K e anr+1(q) with k1 = 0},
and thus dim(IRy) = dy r41(q)/[n].

To prove Theorem 3.2 (b), it suffices to characterize what happens in evIRy. Let

anr(‘]) — {K € ,Pn><7~+1~(Q) ’ k1 = O}
K — K

be the surjective function given by the following algorithm.
(1) Add an empty column to the left side of K and set m =1,
(2) If the resulting diagram is in Ppxr+1(q), stop. Else set m :=m + 1.

(3) If column m has an unstarred box, then replace the bottom unstarred entry by *. Go to
step (2).

For example, we get

€3 €3 €3
€2 €2 €2
b3 €1 m=1 b3 €1 m=2 b3 €1
— — — — — — — —
bo Cc1 * | ok bo c1 * | ok bo Cc1 * | %
az | by E N T az | by E I B S az | by E I B S
ay | * E I T ay | * E I T * | ok E I T
€3 €3 €3
€2 €2 €2
m=3 b3 e1 m=4 b3 e1 m=5 b3 e1
— — — — — — — — —
ba c1 * | ok ba Cc1 * | ok ba * * | ok
az | * R T az | * k [k | ok | ok az | * I T
* | ok I T * | ok I T * | ok I T
€3 €3
€2 €2
m=6 b3 €1 m="7 b3 * Stop
— — — — — — —
bo * * | ok bo * * | ok
az | * k| ok | ok | ok az | x R T
* | % R T * | % * | ok | k| ok

Lemma 3.3. Let K € P,x1(q). Then eyvg = vj.
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Proof. Apply Lemma 3.1 to the vector
wo QU VK
to obtain the statement of this lemma. O
Proof of Theorem 3.2 (b). We have that
IR, ? = eyIR]

= C-span{epyvk | K € Ppxr(q)}
= C-span{vk ‘ anr(Q)}v

and by Lemma 3.1, the vectors in the last set are linearly independent. ]

4 Group action on ZR"

In general,

gui(a) ®p v = wi(b) @y pu,  where gug(a) = w(b)p.
Thus, globally the matrix of g is the matrix of g acting by left multiplication on G/P. The
group G has generators given by

{l'ij(t) ’ 1§i<jSn,tEFq}U{Sl,SQ,...,Sn_l}U{hk(t) ’ 1Sk§n,t€ﬂ?;},

where hg(t) is the identity matrix with the kth diagonal 1 replaced by ¢. The generators of G
act on ZRy in the following way:

wi(a) @u s;v, ifi>Fk+1,
’wk+1(a1,a2,...,ak70) Ru v, ifi=k+1,
siwk(a) RQUu v = wk_l(al,...,ak,l) Ku v, ifi==Fk, a =0,
Wi (a1, ar—1.a; ) QU hpgr (—ay Yo, ifi =k, ap #0,
wk(ah A5 —1,0441,04,0742,-- 70419) ®U Si+1U, if 7 < k.
@) o0 0 i) > k4L
hj(b)wk(a) RQu v = ’wk(alb L..agb~ 1) Ru v, ifj=k+1,
’wk(al, j—1,b05,a541,...,a ) Ru hj+1(b)’l), fi<k+1.
([ wy(a) @y zi;(b)v, iti>k+1,
wi(a) @y Tgy1,5(—akd) - - - x2 j(—a1b)v, fi=k+1#1,
) _ ) wi(a) ®u v, ifi=k+1=1,
2 (OJun(@) B v =3 (@) @y 2i1 (), ifi<k+1<j,
wk(ah < Qi— 17az+b Aj4-1,-- ,ak) ®U v, lf 7/ < k + ]. = j7
wk(alz <A — 17az+ba]7az+11 ,ak) ®U xl+1 j+1(b) 7 lf] < k + 1
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