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Abstract

The g-rook monoidZ,(q) is a semisimple algebra ovéi(q) that specializes whep — 1 to
C[R;1, whereR,, is the monoid ofz x n matrices with entries fronf0, 1} and at most one nonzero
entry in each row and column. Whenis specialized to a prime power;, (¢) is isomorphic to
the lwahori algebré{c(M, B), whereM = M, (F,) is the monoid of: x n matrices with entries
from a finite field having;-elements an® C M is the Borel subgroup of invertible upper triangular
matrices. In this paper, we (i) give a new presentationZfpig) on generators and relations and
determine a set of standard words which form a basis; (ii) explicitly construct a complete set of
“seminormal” irreducible representations Bf(¢); and (iii) show thatZ, (¢) is the centralizer of
the quantum general linear grodjy gl(r) acting on the tensor product @& V)®" whereV is the
fundamental/, gl(r) module andW is the trivial U, gl(r) module.
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0. Introduction

N. Iwahori [8] discovered the marvelous structure in the “Hecke algeht@alG, B),
whereG = GL, (F,) is the general linear group of invertiblex » matrices over the field
F, with g elements and is the Borel subgroup of upper triangular matrices. He proved
that Hc (G, B) = C[S, ], whereC[S,] is the group algebra of the symmetric groSip
and he showed th&{¢ (G, B) has a presentation given on generaiyrsl», ..., 7,,—1 and
relations
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(1) TP=q-1+(@-DT, forl<i<n-—1,
(12) TiTiaTi =T 11TiTi41, forl<i<n—2, (0.1)

(I3) T;T;=T;T;, whenl|i—j|>2.

At ¢ = 1 this becomes the well-known presentatior§ptue to E.H. Moore [12] in 1897.
The generatorg; specialize to the simple transpositions= (i,i + 1) in S,,.

Now letq be an indeterminate, and I&t, (¢) be the associativ€(q)-algebra generated
by 1, Ty, 1>, ..., T,—1 subject to (11)—(13). We refer t@{,(¢q) and’Hc (G, B) as Iwahori
algebras (see the historical remarks in [19]).

L. Solomon [19] studied the Iwahori algebtéc (M, B), where nowM = M, (F,) is
the monoid of: x » matrices oveF, andB is again the group of invertible upper triangular
matrices. He showed thaic (G, B) = C[R,], whereR,, is the rook monoid consisting of
n x n matrices with entries fronf0, 1} andat most one nonzero entry in each row and
column. The symmetric grou§), lives inside the rook monoi®&,, as the ranlks matrices.
In [21], Solomon defines &(q)-algebra presented on generator§il 7o, ..., T,—1, N
and relations (11)—(13), and

(14) T;N=NT;;1, forl<i<n-2,
(15) T;NK¥=gN*, wheni>n—k,
(16) N*T; =gN*, wheni <k,

(I7) N(IiTz- T—)N =¢"N.

(0.2)

Wheng is a prime powerZ, (q) specializes td{c (M, B). At ¢ =1, (0.2) is the presen-
tation of R, found by Solomon in [20]. Th&; specialize tas; and the new generataov¥
specializesto = E1 2+ E23+--- + E;—1,, WhereE; ; is a matrix unit with a 1 in row
i and columny.

In this paper we study the representation theoryZ,0fy). The main results are as
follows:

(1) We find a new presentation @f,(¢) on generatorsly, ..., T,-1, P1,..., P, and
relations givenin (2.1). Wheqpn— 1, the idempoten®; specializeste; = E;+1.;+1+
Eit2it2+ -+ Eyn€ R, for1<i <n—1(andP, specializes to the zero matrix).
This presentation has several advantages:

(&) The action ofP; is simple and natural in the representations that we define in
Sections 3 and 4.

(b) It is a close generalization of the presentation of the rook monoid given by
Lipscomb [10], who uses generatgissy, ..., s,—1, andes.

(c) The idempotents; allow us to define a “basic construction” fay,(q) in [4]
that is analogous to a Jones basic construction. We use this construction in [4] to
define a set of elements # (¢) on which it is sufficient to determine irreducible
characters (i.e., analogs of conjugacy class representatives).
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(d) The idempotentsP; appear in the general theory of reductive monoids. The
set A ={1, Py,..., P} is (up to scalar multiples) the set of cross-sectional
idempotents used by Putcha [16] to naturally repregesdrbits in G\M/G.
However, Solomon’s generators’ = {1, N, N2,..., N"} also index the these
orbits. Furthermore/, and notA, behaves well with respect to the length function
on R, (see [18]), anav arises naturally in Solomon’s definition dfc (M, B) (see
2.7)).

Note that a presentation using elements that specialize-atl tow; = I, — E; ;

appears difficult. See Remark 4.4 and the comments in [20].

For each partition. with 0 < |»| < n we define, in Section 3, a vector spacé. The

dimension ofV* is (\K|)fkl where f; is the dimension of the irreducibl®;; module

indexed byx. We define a basis of* indexed by standard tableaux of shapand
give explicit actions of the generatof, P; on the basis. We show that thegd
form a complete set of irreducible, pairwise non-isomorghi¢;)-modules. These
are generalizations of Young's [22] seminormal representatiolSg ahd Hoefsmit's

[7] seminormal representations&f, (¢), and we explicitly realize the decomposition
of V* into irreducibles for the subalgebifa_1(q) € Z,,(¢). We also produce elements
Xi,1<i < n, which are analogs of Jucys—Murphy elements and which act diagonally
on these representations.

Wheng = 1 we obtain seminormal representationsRyf The representation theory
of R, was originally determined by Munn [13,14] and furthered by Solomon [20]. An
analog Young'’s natural representation #y, using rook-monoid analogues of Young
symmetrizers, is computed by Grood [5].

Solomon [21] defined an action @f,(¢) on tensor space. In Section 4, we use this
action to determine a Schur—Weyl duality betwégrig) and the quantum general
linear groupU,gl(r). Let W and V be the trivial and fundamental representation of
U, gl(r), respectively, and lef,, = EndU gl (We V)®”) be the centralizer of tensor
powers of these representations. We comprHmatricesk; andE in C,, and show
that these are images &f and P;, respectively. We show that when> n, this is an
isomorphism and, (¢) = C,,.

This duality is a generalization of the original Schur—-Weyl duality betweand the
general linear groufL (r, C) on tensor space and of Jimbo’s duality betwégr(g)
andU,gl(r) on V®". Wheng — 1, this specializes to Solomon’s [20] duality between
GL(r, C) andR, on tensor space. In [4] we use the duality betwEgig) andU, gl(r)

to compute a Frobenius formula and a Murnaghan—Nakayama rule for the irreducible
characters of, (¢).

We can defin€,, (¢) with parametey € C*. In [6], Halverson and Ram prove that
Z,(q) is semisimple whenevemn]! # 0, where[n]! = [n][n — 1]---[1] and [k] =
g* 14 ¢*=2 ... + 1. The results in this paper work equally well 65 () with

g € C*and[n]! #£0.

Remark. The results of this paper inspired the work of Halverson and Ram [6], where we
show thatR, (¢) is a quotient of the Iwahori Hecke algebf& (11, u2; ¢) of type B,, and
that many of the results in this paper come fréfn(u1, uz; ).
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1. Thelwahori algebra Hc (M, B) and the g-rook monoid Z,,(q)
1.1. Therook monoid

The symmetric grouf$,, of permutations of1,2,...,n} can be identified with the
group ofn x n matrices with entries fronf0, 1} and precisely one nonzero entry in each
row and in each column. The rook monaky is the monoid (semigroup with identity) of
n x n matrices with entries fronf0, 1} andat most one nonzero entry in each row and in

each column. There al(é)zk! matrices inR, having rankk, and thus

n

Ryl =§)(2)Zkz. (1.2)

The rook monoid gets its name from the fact that the elemenf, iare in one-to-one
correspondence with placements of non-attacking rooks anxam chessboard. The rook
monoid is isomorphic to the monoid consisting of all one-to-one functtonhose domain
and range are subsets{df, 2, ..., n}. The bijection is given by assigning(i) = j if the
corresponding matrix has a 1 in tleg j)-position. This monoid is commonly called the
Ssymmetric inverse semigroup.

Lets; € S, denote the transposition that exchangeasdi + 1. In R,,, the identity 1 is
then x n identity matrix andE; ; is the matrix unit with a 1 in the, ;) position and Os
elsewhere. Let

v=Ei2+Ex3+ -+ Ep1,. 1.2)
If0 <r <n,then
Vp = V' = El,n—r-i—l + E2,n—r+2 +---+ Er,n (13)

has rank-. Let

ei=FEiy1iy1+Eiyoiyo+--+E,p, for0<i<n—1,

wi=1I,—E;;, forl<i<n, (1.4)

theng; has rank: — i andx; has rank: — 1. We agree that, is the zero matrix, and we
haver; = ¢1.

Areduced word fow € S, is an expressiow = s;,s;, - - - s;, With k minimal. The length
of w is £(w) = k and is independent of the choice of reduced word. Solomon [19] defined
a length function for the rook monoid: if € R, with rank(c) =r, then

£(o) =min{e(w) + £(w) | w, w' € S, ando = wv,w'}. (1.5)
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1.2. The lwahori algebra Hc (M, B)

Let ¢ be a prime power and le¥ = M, (F,) be the monoid of alk x n matrices
overF,. LetG = GL,(F,) € M be the general linear group of invertible matrices, and let
B C G be the Borel subgroup of upper triangular matrices. Renner [18] proves that there
is a disjoint union

M= |_| Bo B,

0ER,

and thatBo B = Bo’ B implies thato =o’.
Define the idempotent

g:iZbeC[M].

lBl beB

Following [19], define the lwahori algebra
H=Hc(M, B)=¢C[M]e.

If we considerC[M] acting on the left idealC[M]e by left multiplication, thenH is
the centralizer of this action; it acts by right multiplication @fiM]e. OkniAski and
Putcha [15] proved tha€[M] is semisimple, and so it follows from general double-
centralizer results that is semisimple.

The elements

L(o)

T, =q"%’¢ce, o €Ry,

form a basis forH. Solomon [19] proved that the elemertts, ..., Ts, ,, T, generate
and

q15, if £(s;o) = £(0),
Ts,- T = TS‘;(Tv if L(sio) = L(0) + 1,
qTs0 + (g — DT, if U(sio) =L(0) — 1, (L.6)
qTs, if £(os;) =4(0),
ToTs; =\ Tos;s if £(os;) =£(0) + 1,
qTss; + (g — DT, if £(os;)=42(c)—1,
and
T,T, = qé(o)fﬁ(ua)Tvoi T,T, = qé(o)fﬁ(au)Tov (17)
forallo e R,.

Using (1.6), it is easy to verify the following lemma.
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Lemma 1.1 (Iwahori [8]).

(1) T2=(q— DT, +q-1, 1<i<n—1,

@) ToTy o Ty, = Ty Ty Tyyrae 1<i <n—2,
3) Ts, Ty, =TTy, li — j| > 1.

In [21], Solomon proves thak;,, Ts,, ..., T, ,, T, generaté{c (M, B) and in [19] he
extended lwahori’s relations to describe the interaction betWgeand7, :

Lemma 1.2 (Solomon [19]).

() Ty T, =TTy, 1<i<n—2,
(2) T, Tk_ qTk, i >n—k,

Sitv
(3) Tkr,, —quk, i<k,
(4) T)(Ty T, Ty, )Ty =q" 1T, li — j| > 1.

1.3. The g-rook monoid

Let g be an indeterminate. For integers; 2, defineZ,, (¢) to be the associativ€(g)-
algebra with 1 generated 18y, ..., 7,,_1 and N subject to the relations

(1) TP=q-1+(@-DT, forl<i<n-—1,

(12) TiTisaTi =T;41TiTi41, forl<i<n—2,

(13) T;T;=T;T;, whenli—j|>2.

(14) TiN=NTi;1, forl<i<n-—2 (1.8)

(15) T;N¥=¢gN*, fori>n—k,

(16) NKT; =gN*, wheni <k,

(17) N(TuTo---Tp_1)N =q¢"IN.
Let Zo(g) = C(g), and letZ1(g) be theC(g)-span of 1 andV subject toN2 = N. We
see from Lemmas 1.1 and 1.2 that, wheiis specialized to a prime power, we have a

surjection,Z,(q) — Hc(M, B) given byT; — T, andN — T,. In [21], Solomon finds a
set of| R, | words in the generators @f, (¢) which spariZ,,(¢). Thus,

Theorem 1.3 (Solomon [21]).The C(g)-algebra Z, (¢) is semisimple of dimension |R,|,
and when ¢ is specialized to a prime power, we have Z,, (¢) = Hc (M, B).

Now, working inZ, (q), we define

T,

n

=TTz Tuor.  Pi=(¢*")/ T) N/, fori<j<n. (1.9)
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Using (12) one can easily verify the well-known fact that

T)’n Tl = Ti+1T7

n’

1<i<n—2 (1.10)

FurthermoreN = q"*lTyzlPl, soTy,...,T,_1 and P; generateZ, (¢), and we have the
following lemma.

Lemma 1.4.

(l) T,'Pj:PjT}:t]Pj, 1<i<j<n,
) — rjij, xJ<txn,

2) T;Pj=P;T;, 1< j<i<

(3) Pj2=P,~, 1<i<n,

(4) Pis1=qPiT; 'Pj, 2<i<n.

Proof. Letx = ¢1™". For part (1), assume thatli < j < n. We use Lemma 1.1(1) to
expandTl2 in the following calculation:

T;Pj=x/T,T] N/
=x/T, T~ "PN/ by (1.8)
=x/T) N T¢T - T, 1) T NV
=@ — DT T T )T N + g TN (T T )TN
=@ —DPj+qx'T, (T1--T,_ T, "'N/ by (1.8)
=@ —DPj+x/T, (T T, )], ;i N/ by Lemma 1.2(2)
=(q—DPj+x/T, (T T,_2T,_)T] "N’ by (1.8)
=(q—1P;+ P
=qP;.
On the other hand, by Lemma 1.2(1) and 1.2(2), we have
PiTy =xIT) N/T; =x/T) N/ DTN"=t = gx/ T NI =UDN"t =g P;.
For part (2), ifj < i, then using Lemma 1.2(1) and (1.8), we have
PiT;=x/T N/T; =x/T] T, _jN/ =x/T;T) N/ =T, P;.
Part (3) follows from Lemma 1.2(4):
P?=x?T] (N'T) N')=x'T} N' =P,

For (4), we have
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qP T Pi=q' P (T, T, 5--- T, )P by part (1)
= ¢ T NI T2y T T, N
=q' X3 T, N((T;aTry2- - Ty, 1) TN
=q'x? T} (T2 T,1)N'T,"'N' by Lemma 1.2(1)
=q'x'""T] (WTp- - T,_1-)N'*' by Lemma 1.2(4)
=xMTHANT =Py bypart(l) O

Lemma 1.5. Let ¢ be a prime power. Under the isomorphismZ, (¢) — Hc (M, B) given
by 7; — T,, and N — T, we have P; — ¢/U="T,..

Proof. We use induction to prove the following equivalent condition (see (1.9)):
Ty{, ij zq.l'(j—l)ng_
Note thaty,v =1, €(y,) =n — 1, and{(e;) = j(n — j). Then the casg = 1 follows

immediately from (1.7)7,, T, = g*0W=*EI T, =T,,.
Now let j > 1, and define

0 =(8jSj41- - Su—1)€j =&;(8;Sj+1" " Sn—1),

so thatov =¢; andl(o) ={(¢j—1) +n— j = j(n — j)+ j — 1. Thus, by induction,

T)/]n TJ - q(j_l)(j_z)Tyn T, Ty = q(j—l)(j—Z)(TS1 o T )Ty, - Ty, DTe; Ty

— q(jfl)(jfZ)Jr@(ff)*@(SD(TS1 T, DTe, Ty
i 1)2
=qU=b (Tyy -+ Ts;_)Te; Ty

Now by (1.6),7;,T:; = q T, fori < j, and the result follows. O

2. A new presentation for the g-rook monoid

Let g be an indeterminate. For integers: 2, defineA, (¢) to be the associativ€(g)-
algebra with 1 generated 94, ..., 7,1 and Py, ..., P, subject to the relations
(Al) TP=q-1+(@—-DT, forl<i<n-—1,
(A2) T,TiaTi =TiyaTiTiy1, forl<i<n—2,
(A3) T;T;=T;T;, whenl|i— j|>2,
(Ad) T,Pj=P;T;=qP;, forl<i<j<n, (2.1)
(A5) T;P;=P;T;, forl<j<i<n-—1,
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(A6) P2=P;, forl<i<n,
(A7) Pii1=qPT'P, for2<i<n.

Let Ao(g) = C(g), and letA1(g) be theC(g)-span of 1 and’; subject toP2 = P1. From
(A1) we have

7t =(gt-1)-1+47 1. (2.2)

1

It follows that (A7) is equivalent to
Pit1=PT;Pi—(q—1DP. (2.3)

From Lemmas 1.1 and 1.4, we see that fheand the P; satisfy the same relations
in bothZ,(¢) and A,,(¢). Furthermore[1, ..., T,—1 and P, generated, (¢), so there is
a surjection fromA, (¢) to Z,(g). In this section, we will show that they have the same
dimension and are isomorphic. For this reason, we choose to use the same rfptatidn
P; in both algebras.

For w € S, with reduced expression = s;,s;, - - - 5;, defineTy, = T;,T;, - - - T;,. Since
theT; satisfy the braid relations (A2) and (A3), is independent of the choice of reduced
word for w. Furthermore, thd; satisfy the same relations as they doHf(¢), so the
subalgebra spanned By, .. ., T,,—1 is a homomorphicimage 6{,, (¢) and theT,, w € S,
span this subalgebra. In Section 3 we will show that this subalgebra is isomor@t)i¢id.

If K C{1,2,...,n} define the subgroufx C S, to be the group of permutations on
the elements oK. For 1< i < n, defineT; ; = 1, and define

Ti,j:ijlTj*Z'”Ti! f0r1<l<‘]<n
LetA={a1,a2,...,ar} C{1,2,...,n},and assume that < as < --- < ay. Define
Ta = Tl,alTZ,az"'Tk,ak' (24)

Now for 0< k < n, let £2; be the following set of triples,

A,BC{1,2,...,n},
9k={(A,B,w) |Al=|B| =k, } (2.5)
W € Sik+1,...,n}»
and let
n
2=Js. (2.6)
k=0

Define the followingstandard words

TABuw) = TaTwPiTit, (A, B,w) € $2. (2.7)
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Note thatT,, P, = P Ty, by (A5). Furthermore, there a(%)2 ways to choosd andB, so

2 n
|Qk|=(z> (n—k)! and |9|=Z<k> (n = k)= Ry . (2.8)

k=0

Theorem 2.1. The standard words {74, p.w) | (A, B, w) € 2} span A,(q). In particular,
dim(An(Q)) <Ryl

Proof. From (A7) we know thafl;, 1 <i <n — 1, and P; generated, (¢). Furthermore,

T; and P; are standard words. It sufflces to show that for @l B, w) € £2, we can
write T(a,,u)Ti and T4, p,w)P1 as a linear combination of standard words. Siffce=
qTf1+ (¢ —1)-1,itis equivalent to show thdi 4 g, ) Tfl andT (4, g, ) P1 can be written
as linear combinations of standard words.

Casel. T4, B,w) Tl.‘1 isalinear combination of standard words.
Supposé, i + 1 € B. We use (A2) and (A3) to verify that

(T; +11:+1T]71)Tfl I (T +11,+1sz1)-

Then sincel, i + 1€ B, we can writeT; ' = X7} ;1 7;'Y so thatX commutes with

T,fl andY commutes with7; . Thus,

-1 1 l 1 1 1 1 1 -1 1
PTgt=PXT 4 T Y = PXT T, T Y =T T =g BTy
proving the result in this case.

Now supposeé, i + 1 € B¢. In this caseTs = XY whereY consists of elements of the
form 7,~} with j <i and X consists of elements of the fordy - with j > i. It follows

that7;” commuteswuthY andX =7, lT 111 LT Lwithi<ji<jo<---<j,and
iz e<i<j—2, thenT—lT—1 = leTk—} ThusT, T 7,4 = T, T, 75 with

Jj > k. We now can expreSEUTj ! as a linear combination @, with w’ € S (k+1,....n}-
Now suppose‘ € B, i+1e B°. We writeTp = XTle whereY consists of elements

of the formT 6.7 with j <i and X consists of elements of the forfif;‘l with j > i. It
follows that

-1 —1 -1 -1 -1
Tl = XT, M7y = X171 v =T, Y

whereB’ is the same set a8 except withi replaced by +1.

Finally, leti € B, i + 1e B°. We write Tg = XT ,+1Y where whereY consists of

elements of the forrfT 5] with j < i and X consists of elements of the forfli’;‘1 with
j > i. It follows that
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-1 -1 -1 -1 -1 -1 -1
TpT, == XTy ;1T Y = (¢~ 1)XTzz,i+1Y +q XT, ;Y
-1 -1 —1p-1
=g =YTs +q Ty,

whereB’ is the same set a& except withi + 1 replaced by.

Case 2. T4, p,w)P1 isalinear combination of standard words.

Suppose k B. In this caseT; ' contains only7;* with i > 1, so by (A5),7,*
commutes WithPy. Thus,P Tz 1 PL= P Pi Tzt = P T

Now suppose & B¢ and B # (. We have

PiTi;alPi = Pi(Tfl"‘Tbi—ll)Pi = PinlPi (Tijrll"‘Tb:ll) =q_1Pi+lTi:rll,b' ()

In the following calculation, we usg:) and fact thatP, = P, P; fori < k (see (A6) and
(A7)):

-1 -1 -1 -1 -1
P Ty Pr= P P\Ty; P1= Pk(Tk!bk~~T2)b2)(P1TLb1P1)

“1p (-1 1 1 _1 _1 _1
=q PT - Top)) PoTog =q  PePo(Ti gy - Topy) PoTs

= AT TR (P P

-2 -1 -1 -1 -1
=4 Pk(Tk,bk " 'T3,b3)P3T3,b2T2,b1

i _1 11 —k _1
=4 Perr(Tiiap  TapyTop) =4 PeraTy

whereB’ = {1, ba, ..., by}.
Finally, supposeB = . We prove that

TyPr= (T} Tk—1---T1)P1T,y, with w' e S{Z,...,n}' (**)

This finishes the proof sincg, P; is a standard word witlh = {k + 1} and B = {1}.

We prove &x) by induction oné(w). If £(w) = 1, thenT; Py is a standard word. if=1
thenT P = TAPlTB‘1 whereA = {2} andB = {1}. If i > 1, thenT; P = T4 P1T,, T with
Ty,=T;, A={1},andB = {1}.

If {(w) =1t > 1, then letT,, = T;,T;,--- T;,. Supposei; > 1. Then we can apply
induction

TyP1=Ty - T, ) P1T;, = (T} Tg—1--- T) PAT, T, .
We then re-expresh, T;, as a linear combination &, with w’ € Sz, . ).

If i; =1, then there exists an > 1 so thatT,, P, =T, ---T;T,T,—1---T1P1 and
Jj #r+ 1. We know thatj # r, or w is not minimal. If j > r + 1, thenT; commutes
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with all the elements to its right, and we can apply induction as in the previous case. If
j<r+1,then

T, ,T,—1---T1Pr=TT,1---T1PATj 1
and we can apply induction.o
We have a surjection from, (¢) to Z,(¢) and we have a set 0R,| words which span
An(g), so dimZ,(q)) < dim(A,(¢g)) < |R,|. Solomon [21] has proved the lower bound

dim(Z,,(¢)) = |R,|. We also will obtain this lower bound in the next section by producing
sufficiently many irreducible representations. Thus,

Corollary 2.2. A, (q) =Z,(q).

3. Irreduciblerepresentationsfor Z,(q)

We use the notation for partitions and tableaux found in [11]. In particular, weHét
denote the fact that is a partition of the nonnegative integerand we writglA| = k. The
lengthe(x) of A is the number of nonzero partsiofWe identifya with its Young diagram.
Thus,

I
Ar=(5,531D= J'_, , LA)=4, and |r| =14

For integers: > 0 define
Ap={AFk|0<k<n}. (3.2)

For i € A,, ann-standard tableau of shape 1 is a filling of the diagram of with numbers
from{1,2,...,n} such that

(1) each number appears at most 1 time,
(2) the entries in each column strictly increase from top to bottom, and
(3) the entries in each row strictly increase from left to right.

We letZ,} denote the set of standard tableaux of stiapea - k, the number ok -standard
tableaux of shapg is given by

n!
B Hbek hy’

where the product is over all the boxesn A, andh;, is the hook length ob given by

hy = Aj + )Jj —i— j+1if bisin position(i, j) and}’ is the conjugate (transposed)
partition. If > -k andn > k then there areé’;) ways to choose the entries of a tableau of
shape\ so the number of-standard tableaux of shapes (}) f3..

Ja (3.2)
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The symmetric groufs, acts on tableaux by permuting their entriesLIE 7, then
s; L is the tableau that is obtained fromby replacing: (if i € L) by i + 1 and replacing
i+1(ifi+21eL)byi.Note thats;; L may be non-standard, since condition (2) or (3) may
fail, ands; L = L ifand only ifi,i +1¢ L.

Letv,, L € 7;*, denote a set of vectors indexed by thetandard tableaux of shape
Let

V' =C(¢"?)-sparfv. | L € 7;} (3.3)

In this way the symbols,,, L € 7,} are a basis of the vector spagé. It follows that if
Ak, then

dim(V*) = #(n-standard tableaux of shapg= <Z) fi. (3.4)
If b is a box in position(i, j) of A, then thecontent of 4 is

cth)=j —i. (3.5)

LetL e 7;}. Ifi,i +1e L,thenletL(i) andL(i + 1) denote the box il containing; and
i + 1, respectively. Define

L g—-1
ar(i) = 1— gOLO)—LG+D) (3.6)
Define an action of;, 1<i <n — 1, onV* as follows:

ar(ve + (L+ar@))vy, ifii+lel,

_ 12, if i ;

Tov, — (g—Dvr+qg7°vs1, ?fl(;éL,l—i—leL, (3.7)

qY? v, 1, fiel, i+1¢L,
qur, ifi,i+1¢L,

where

vy, = L UsiLs if s; L is n-standard,
=1o, otherwise

Define an action oP;, 1<i <n, onV”* by

(. ifl.2...0i¢L,
P UL_{O, otherwise (3:8)

Remark 3.1. If i,i + 1 € L then the action off; on v, is the same as the action in
Hoefsmit's [7] seminormal representationif, (¢).
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Theorem 3.2. For each A € A, the actions of the generators of Z,(¢) on the vector
space V* afford an irreducible representation of Z,(¢). Moreover, the set V*, A € A,,
isa complete set of irreducible, pairwise non-isomorphic Z, (¢)-modules.

Proof. First we check relations (A1)—(A7) in the presentation (2.1).

(Al) Let L be a standard tableaux. Thd@h acts on the subspace spanned iy
andv;:. Let M be the matrix of7; with respect to{vy,v;/}. If i,i + 1 € L, then this
is the same matrix as in the seminormal actionHf(¢), so we know from [7] that
M? = (¢ — DM + qI», wherel, is the 2x 2 identity matrix. Ifi ¢ L andi + 1€ L,

then
_ 1/2
_(9-1 ¢q
= (5d 7).

Since detM) = —¢g and tracéM) = g — 1, we haveM? = (¢ — 1)M + qI». The case
ieL,i+1¢Lisprovedbyexchanging the rows and columnain the previous case.
If i,i +1¢ L, thenM = diag(q, ¢) which trivially satisfiesM? = (¢ — )M + g I>.

(A3) We see fronT;v;, = avr + by, that the action of; affects only positions and
i+1in L. Since|i — j| > 1, the setqi,i + 1} and{j, j + 1} are disjoint and thus the
actions off; andT; commute.

(Ad)—(A5)If i # j,thenl...,j¢ Lifandonlyifl, ...,j¢s L. Thus,i # j and
1,...,j ¢ LimplythatT; P;v, and P;T;v; are both equal t@;v.. If i # j and it is not
the case that,1..,j ¢ L, thenT; Pjv; =0 andP;T;vy =0.Ifi <j,and1...,j ¢ L,
thenT;v, = gv;, sOT; P; acts the same agP; .

(AB) is immediate from (3.8).

(A7) We verify the equivalent condition (2.3P; 1 = P;T; P; + (1 — ¢q) P;. If it is not
the case that,1.., j ¢ L, then bothP;v; =0 andP;1v. = 0, and the result holds.

If1,...,7+1¢L, thenPij = Pj11vp = vy, andevL =gquvr. Thus,

PiTjPjvL + (1 —q)Pjvy =qvp + (1 —q)vy =v = Pj1vL.

If1,....,j¢Landj+1elL, thenPij =, PjUsJ-L =0, Pjtivp = 0, andevL =
(g —Dug —i—ql/zvs_/L. Thus,

PiTiPjvy, + (1 —q)PjvL = (¢ —DvL + (1 —q)vy =0= Pj11vL.

(A2) depends on the positions af i + 1, andi + 2. Wheni,i +1,i +2€ L, we
know that the relation holds, since the action is exactly the samé,&g) (see [7]). If
i,i+1,i+2¢ L,then both7; andT;;1 act by multiplication byy, and (A2) holds. We
then consider, separately, the cases when origiof 1,i + 2 is in T and when two of
i,i+1i+2areinT.

Let L; be ann-standard tableau withe L; andi +1,i +2¢ L;. LetL;;1 =s;L; and
Lit2 =si11L;+1. Note thatL; 1 containg + 1 and not ori 4+ 2 andL;» containg + 2
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and not ori + 1. Fork =i,i+1let M; denote the matrix of, actingon{L;, L;11, Li12}.

Then
0 4¢¥2 o0 g O 0
Mi:<q1/2 q—1 0>, Mi+l=(0 0 611/2)~

0 0 ¢ 0 ¢ ¢g-1

Itis a straight-forward calculation to check thef M; 1 M; = M; 1 M; M; 1.

Suppose that, i + 1 are in the same row (or column) in arstandard tableail, and
thati +2¢ L,. Let L, =s;11L, andT, = s; L. Note thati, i + 2 are in the same row
(column)inLy andi +1,i + 2 are in the same row (column) . Fork =i,i + 1 let My,
denote the matrix ofy acting on{L,, Ly, L.}. Then

x 0 0 0 4¢¥2 o0
Mi=<0 0 q1/2>, Mi+1=<ql/2 q-1 O),
0 ¢%? ¢g-1 0 0 «x
wherex = ¢ if i,i + 1 are in the same row df, andx = —1if i, i + 1 are in the same
column ofL,. Again it is straight-forward to check that; M; 1 M; = M; 11 M; M; ;1.
Finally, leti,i + 1€ L, with i, i + 1 not adjacent, and let, = s; Ly, Lc = si+1Lyp,
Lyg=siL¢, Le =si41Lq, andLy =s;L.. Then ifa is the box containing in L, andp is
the box containing + 1 in L, we have
L, hasi ina andi +1in 8, Ly hasi + 1lina andi in 8,
Lchasi +2ing andi in 8, Lghasi +2inaandi +1in g,
L. hasi in«a andi +2in g, Ly hasi+1ineandi +2ing.

Fork =i,i + 1 let M, denote the matrix of acting on{L,, Ly, L¢, L4, Le, L ¢}. Then

8(k) 1+8(k) O 0 0 0
14+68(—=k) 8(=k) O 0 0 0
M — 0 0 0 4¢¥2 0 0
e 0 0 g¥? ¢—-1 0 0
0 0 0 0 0 q¢'?
0 0 0 0 ¢¥? ¢g-1
and
0 0 0 0 q*/? 0
0 0 g2 0 0 0
| 0 4% g-1 0 0 0
=1 o0 o0 0 8(—k) 0 1468k |’
g2 0 0 0 g—1 0
0 0 0 1+8k) O 8(k)

wherek = ct(a) — ct(8) ands (k) = (¢ — 1)/(1 — ¢¥). After multiplying out M; M; 1 M;
andM; 1 M; M; .1, the only non-trivial relations to check are
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(1) 8(k)+8(—k)=¢q — 1, and
(2) g+ (g — D8k) =8(k)% + [1+ 8()I[1+ 8(—k)].

They both follow quite easily from the relatidi—k) = —g*s (k).

Let By be the subalgebra &f,(¢q) spanned by, ..., Tx_1, P1, ..., Py so thatB; C
B> C .- C B, =17,(q). Clearly, there is a surjection froffy (¢) to B;. We will see that
they are isomorphic by producing sufficiently many irreducible representations.

Let1<k <nandi € A € A,. ThenV* is spanned by, L € 7, and is a module
for the subalgebray. Let V*:* € V* be the subspace spannecigy L € 7;*. From (3.7)
and (3.8), we see that** is a By-submodule of the3,-moduleV*. We use induction on
k to prove that the moduleg* ¥, x € Ay, are irreducible modules fd. In particular, this
shows that the modulgg* = V*" X € A,, are irreducible fofZ,,(q) = B,,.

If £ =1, then the result is true since the modules, which correspond=tas and
A = (1), are 1-dimensional. Now, assume that 1 and that the property holds f@;_1.
Fix A € A, and consider the restriction &% to B;_1. We partition the standard tableaux
7}} into subsets as follows. Let, ..., ¢, denote the “corners” of the partition These are
boxesc; in A such thak contains no box to the right or belaw (i.e., these are the possible
locations ofk in L). Define

O ={LeT}|n¢L} and T} i)={LeT}|necq} 1<i<k
If |A| = k, thenL must contairk. In this case we omit the possibility that 0. Now define
vt =C(¢Y?)-sparfu. | L e TP ()}, 0<i<k.

By the definition of the action df;, 1 <i <k—2,andP;, 1< j <k—1,wesee that/l.k’k
is a module forB;_1. In fact Vl.“‘ =~ y#k=1 whereu is obtained fromk by removinge;,
for 1 <i < n,andu = A wheni = 0. The induction hypothesis shows th@ft’k, 0<i <k,
is a set of irreducible, non-isomorphfi; _1-modules (again omit= 0 if |A| = k).

SupposeW C V*K is a nonzeroBi-submodule ofvV* £, If we considerW to be a
Br_1-module, thenW contains some irreducible componelr)f’k. For each;j ¢ {i, O},
we can choosé € 77k(i) with k — 1 in cornerc;. Thenk andk — 1 are not adjacent
in L, S0 Tx_1vr, = avy, + bvg,_,1 With b # 0. Thusvy, ,, € W and si_1L € TX(j).
Furthermore, ifiA| < k, then we can find. € 7% (i) so thatL does not contaitt — 1.
ThenTi_1v. = (¢ — Dvr +qY%vs, ;1. Thusvy,_,; € W andse_1L € 7;*(0). This tells
usthatvj“‘ C W for eachj and soW = V**, proving thatV*¥ is irreducible.

If A # e Ay, thenV*k and V% are non-isomorphic, because they have different
decompositions aB8;_1-modules.

The fact thatV**, A € Ay, is a complete set of irreduciblgy -representations comes
from summing the squared dimensions of these representations and comparing with the
dimension ofB;. Indeed,

k

22 () () T g )

AL (=0
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where )", , f» = ¢! comes from the representation theory £f We know that By

is a homomorphic image df;(¢) and now we have shown that they have the same
dimension. ThusB; = 7y (¢) and theV*-* form a complete set of irreduciblg.-modules.

In particular,V*, A € A,, is a complete set of irreducibg, (¢)-modules. O

The following is a corollary of the proof of Theorem 3.2.

Corollary 3.3. The subalgebra of 7,,(¢) spanned by T4, ..., Ty—1, P1, ..., Py iSisomor-
phicto Z (¢). Furthermore, for A € A,, the decomposition of V* into irreducible modules
for Z,,_1(g) isgiven by

vi= @ ve

HEAT=

where L™= istheset of all partitions u € A,_1 suchthat u equals i or w isobtained from
A by removing a box.

From Corollary 3.3 we see that the Bratteli diagraniZpig) is given in Fig. 1. The
vertices on rown are given byA, and the edges are determined by restriction rules
from Z,,(¢) to Z,_1(¢q). The basis of¢* partitions into subsets which explicitly realize
the decomposition shown in Corollary 3.3 and Fig. 1.

Corollary 3.4. The subalgebra of Z,,(¢) spanned by T4, ..., T,—1 isisomorphic to H, (¢).

Proof. Let C, be the subalgebra df,(¢) spanned byri, 7>, ..., Tr—1. Since theT;
satisfy relations (A1)—(A3), we see that, is a homomorphic image of{,(¢). The

n=0: 0
\\\
n=2 0 Od (| E]

Fig. 1. Bratteli diagram foZ, (¢).
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set of Z,(q)-representation®’*, A - n, are representations for the subalgelsiaand
thus are representations #f,(¢). Furthermore, they are isomorphic to Hoefsmit’s [7]
seminormal representations &f,(g), which are a complete set of irreducitité,(¢)-
representations. Since these representations factor thrépgh follows that C,, and
H, (g) are isomorphic. O

3.1. Jucys-Murphy elements

Hoefsmit [7] defines special elementslify (¢) which act diagonally on the seminormal
representations. The analogous elements,irlater became known as Jucys—Murphy
elements (see [17]). We now define analogous elemefs(iy).

For 1< i < n, define

Xi=q "D (TiaTi 2 T — P)(T1T2-- Ti),

sothatX; = ¢ T;_1X; 1T;_1, fori > 2.
Proposition 3.5. For 1 < i < n we have

ULy, | ifielL
X'U — q ULa I l )
L {o, ifiglL,

Proof. We use induction oi. If i =1, thenX; = P; and the result holds by (3.8). Now
we assume that the result is true %6y and prove it forX; 1 by cases determined by the
position ofi, i +1in L.
Firstassume+1¢ L. If i ¢ L, then
Xiv1vr =q T X Tivy = T; X;vr = 0.
If i € L, then
Xit1vp =q T X Tivy = ¢~ Y27 Xivg, = 0.

Now assumé +1e L.If i ¢ L, then

Xiywwp =q T XiTivp = ¢ g — DT Xivr +q 2T Xvg,
— 0+q*l/2q°t(L(i+l))7}vle — th(L(iJrl))UL.

Finally, leti,i +1 € L. As in the proof of Theorem 3.2, let= ct(L(i)) — ct(L(i + 1))
and lets(d) = (¢ — 1)/(1—¢%). Then

Xiy1or =q TiXiTvy =q T X [8(d)v + (1+8(d))vr/]
=g T [8()g “Dvp + (14 8(d))g™ Dy, ]

_ q‘l[a(d)q“(“"”(é(d)u +(L+8@)vr)
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+ (148@) g D (s(—dyvp + (1+ 8(—d))vL)]
= Avy + By,

where

A =g 8(d)?q" D) + (1+8(d)) (1 + 8(—a)) g™ L] and

Now, B = 0 follows quite easily frond(—d) = —¢?8(d) and

A= q—l[a(d)zqct(L(i)) + (1+5(d))(1+ 8(_d))qct(L(i+1))]

= ¢ D52 + (1+8(d)) (1+5(—d))]

:qfqut(L(l‘l’l))[a(d)zqd +q _qda(d)z]

— qct(L(H-l)). 0

4, Schur—-Weyl duality

In this section we show th&}, (¢) and the quantum general linear graiipg((r) are in
Schur-Weyl duality on tensor space.

4.1. The quantumgeneral linear group

Following Jimbo [9], we define the quantuli, gl(r) corresponding to the Lie algebra
gl(r). The algebrawe define here is the same as in [9], except with his parameptaced
by ¢¥/2. Let U, gl(r) be theC(q'/%)-algebra given by generators

ei, fi (1<i<r), and qis"/z 1<i<n),

with relations

qSi/Zqu/Z =q8j/2q8i/2’ qs,-/Zq—s,-/qu—s,-/qu,-/Zz 1’
q €j, T j=1 '
i/2,. —&/2 _ e
qs/e]q &i/2 _ ql/Zej’ If]—l,
ej, otherwise,

&i/2 —¢&i/2 ql/lZJZ(j’ If j:i_]-,
g fiaT = a7V S i =i,
fis otherwise,

q1/2(8i—8i+1) _ q—1/2(8i—8i+1)
qy2_ 4172

eifj— fjei =38ij
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eiileiz - (611/2 + qil/z)eieiilei + e,-zeiﬂ =0,
fisaf2 = (Y + a7 Y?) fi fisrfi + f2fiz1 =0,
ejej=eje;, f,’fj:fjf,‘, if i —j|>1

Let

=q¢%"* A<i<r), k=n4 A<i<r-1.

There is a Hopf algebra structure (see [9, p. 248]Lgp((r) with comultiplicationA and
counitu given by

Ale))=ei @k +k ®ej, u(e;) =0,
Af)=fiokt+ke fi,  u(f)=0, (4.1)
Alt) =1 ®1;, u(t;) =1

The “fundamental’-dimensional/, gl(r)-moduleV is the vector space
V =C(q¥*)-sparfvs, ..., v/}

(so that the symbols; form a basis ofV’) with U, gl(r)-action given by (see [9, Proposi-
tion 1, Remark 1J),

. — UL if j=i, v, if j=i4+1,
e,v]—{O, if j £, flv/_{o, fi2iqp1 and
tvj = g, it j =i,

T vy, if j#i.

The “trivial” 1-dimensionall, gl(r)-moduleW is the vector space
W = C(¢**)-sparfuo)

(so that the symboig is a basis ofW) with U, gl(r)-action given by the counit (see

(4.1)),
eivg= fivo=0 and fvo=vo.
Let A be a partition with¢(x) < r, and letV* be an irreducible, g((r)-module of

highest weight.. ThenW = V¥ andV = V1. The decomposition rules for tensoring by
V andW are (see [1, Proposition 10.1.16]),

vView=v* and V'eVv=dH Ve (4.2)
nert
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whereA™ is the set of partitions that are obtained by adding a box fhus,

vViewev)x P VA (4.3)
HerT=

whered ™= is the set of partitions that are obtained by adding O or 1 box&s to
4.2. Centralizer algebra of the tensor power representation

The coproduct orU, gl(r) is coassociative, so it makes sense to consider the tensor
product representatiot¥ @ V)®". It follows from (4.3) and induction that the-fold
tensor productW & V)®" decomposes into irreduciblé, gl(r)-modules as

wa V=P (Z) £V (4.4)

k=0 Ak

where f; is the number of standard tableaux of shapsee (2.1)). The Bratteli diagram
for U, gl(r) is shown in Fig. 1. It has the partitions, on levelr, and a vertexu € A, 41
is connected to a vertexe A, if u e AT,

The centralizer algebra

C,= Enqug[(,)((W (&) V)®n)

is the set of transformations in E@d & V)®") which commute withU, gl(r). By general
results from double centralizer theory (see, for example, [2, §3D]), we have

(1) C, is semisimple, and the irreducible representation§,pfire indexed by, i.e.,
the same set that indexes the irreducible representatiobiggdtr) which appear in
(W@ V)%,

(2) Fora € A, let M* denote the irreducibl€,-module indexed by. Then dimM*) =
m;, is the multiplicity of V* in the decomposition ofW @ V)®" as al, gl(r)-module,
and dim(V*) = 4, is the multiplicity of M* in the decomposition of W & V)®" as a
C,-module. It follows thain, is the number of paths frogto 2 in Fig. 1. We choose
|1| levels on which to add a box, and there gfevays to add boxes t@ and reach..
Thus,

m; = #(paths fron to 1) = <|Z|)fk'

(3) Whenr > n, all of the partitions inA,, appear in the Bratteli diagram, and

dim(C,) = Xn:Z <Z)2fA2 _ i <Z)22f*2 _ i <Z)2k! =|R,|. (4.5)

k=0 Atk k=0 Ak k=0
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4.3. R-matrices

We consider the embeddirig, gl(r) C U,gl(r + 1) so thatU,gl(r) is defined as in
Section 4.1 and/, gl(r + 1) is generated by;, f;, 0<i <r, and#;, 0< i <r, with the
appropriately extended relations from Section 4.1. Then we define the fundamental repre-
sentation olU, gl(r + 1) as

U= C(q1/4)-spar{v0, V1, ..., U},

where the symbolsy; are a basis forU such thatW = C(gY/%)-sparfup}, V =
C(qY*%-sparvy, ..., v}, and thus we have the restriction rule

Uggl(r+1) _
Reg gy U=WoYV.
TheR-matrix (see [9, 8§4]) fo/,gl(r + 1) provides a canonicdl, gl(r + 1)-module
isomorphismkMN M ®N — N ® M for any twoU, gl(r + 1)-modulesM andN. The

R-matrix forU, I?UU :UQU — U®U, is given explicitly in [9, formula (7)]. We rescale
it to the operatols = ¢Y/2Ryy . For each & i, j < r, we have

quj ®vj, if i = j,
S ®v)) =q"?Ryv i ®v)) =1 4% ® v, if i > J,
g% @vi+ (g — D ®v)), ifi<j.

For each K i <n — 1 define
S;=id®---®deSQid®---®id, (4.6)

where$ appears as the transformation in thie and(i + 1)st factor. Jimbo [9, Proposi-
tion 3], shows tha commutes witi, gl(r + 1) and thusS € C,.

DefineE ¢ Endy, g1 (W @ V) to be projection onto the trivial modul&, and let
E=E®  -QE®id®---ideC,, (4.7)

where the projection onto the trivial moduiz appears in the first tensor slots and the
identity transformation id appears in the remaining i tensor slots.

Proposition 4.1. Let V be fundamental U, gl(r)-module and let W bethetrivial U, gl(r)-
module. The matrices §,~ and Ei satisfy the following relations as transformations on U ®”

Q) $2=(¢-18?+q¢-1, 1<i<n—-1,
(2) SiSiJrlgy 1<i<n-2
(3) SiS;=8;8i. li—jl>2

<

1 j.Sv’iquj,lgi<j<n,

4) S
(5) Si

<
estlel
<

\m(\m(
Il

iSi, 1< j<i<n,
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(6) E? =

1 <
(7) Eij1=E;S;E;

1
S; +(1 QE;, 2<i<n.
Proof. Let U,gl(r) be embedded i, gl(r + 1) as discussed above so tliat=V & W
as a module folU, gl(r). From [9], we know thatS; is in Enqqu[(,Jrl)(U@”) cC, and
that thes; satisfy relations (1)—(3). These are not difficult to verify.

If j <i, thens$; acts as the identity in tensor positions 1, j andE; acts as identity
in tensor positions, i 4 1, soS; andE.,' commute and property (5) holds.

Property (6) follows immediately from the fact thé}- is a projection.

For properties (4) and (7), we check the actions on the basis of simple tensors
Vi, @ - ® v, With0<k; <r+1. Letv=1v, ®--- ® v, and letv’ be obtained fronv
by switchingu, with v, ,. ThusS;v = av + gV’ with «, € C(¢*/?).

Assumethaj > i.If kg =---=k; =0, thenE;v=vandS;v = gV, S0S; E;v = §;v =
qv=qEjv=E;S§v.Ifitis notthe case thaty = - -- = k; = 0, thenE,;v = E;v' =0, S0
E;jSiv=Ej(@v+pV)=0=qE;v=_S;E;v, and property (4) holds.

Ifitis not the case that; =k =---=k; =0 thenE;v=0andE;;1v=0, so

Ei+1V =0= (Ev‘isvi Evi + Q- q)Ei)V.

Now assuméy =kp=---=k; =0. If ki1 =0, thenE;v =V, E;;1v =V, andS;v = gV,
)

(E:SiEi+(1—@)E)V=gv+(1—gv=v=Ev=V.
If k11> 0, thenE;v=v, E;vV =0, E;+1v=0, andS;v = (¢ — v+ ¢¥/2V/, so

(EiSiEi+ Q- ) E)v=Ei((q — DV++¢YA) + 1 —g)v

=(@-1v+{A—qv=0=EiV.
Thus, (7) holds and the proposition is provedi
Corollary 4.2. The elements £1 and S;, 1 <i <n — 1, generate C,,.

Proof. Let D, denote the subalgebra generatedbyand S;, 1<i <n — 1. From
[20], we know that, under the specializatign 1, E1 andS; specialize to generators of
EndsL(-.c)((W & V)®"), which has the same dimension@s Under such a specialization
the dimension cannot go up. This follows from [3, §68.A], since there is a basiB,for
consisting of words in the generatafs, S; and the structure constants for this basis are
well-defined (do not have poles) @at= 1. Thus,D, is a subalgebra of’,, with the same
dimension a€’,,, and so they are equal.0
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Corollary 4.3. Themap ¢ : A, (q) — Endy, gi(- (W & V)®") given by
¢(T)=S5 and ¢(P)=E

is a surjective algebra homomorphism, and if » > n, then ¢ isan isomorphism. The action
of 7;, 1<i<n—land P;, 1< j<nonsimpletensorsv =, ® --- @ vy, isgiven by

(@ —DVv+qY2V, ifki <kita,

Tiv= ql/zv/, if k; > k,’+1,
qVv, ifk,' =k,’+1, (48)
P _{V, ifklz"'ijZO,
/ 0, otherwise,

where V' is the simple tensor obtained from v by switching vy, with vy, ;.

Proof. Proposition 4.1 and Corollary 4.2 tell us thais a surjective homomorphism. By
comparing dimensions when> n, we see tha® is an isomorphism. The action of the
generators follows from (4.7) and (4.8). Note: one can also verify the relations (211).

Remark 4.4. It is natural to look for a presentation @f,(¢) using generatorsl; which
project onto the trivial moduldv in only theith tensor slot. Ay — 1, these correspond
to the idempotents; = 1— E; ; € R,. Furthermore, we have, = I1111> - - - IT;. However,
the IT; appear to have a complicated relation with the Using a computer, M. Dieng
found that inZ3(g),

_ -1, _ _
My =T T + qq3 (TP + T Py),

My =T, MoTo+ (g — VPT, ‘T PP+ (g — DT, T PiT

(g — 12 -1 -1 —1p-1
——— (I, P+ T, Po+ T T, " PoT2)

(q—1) (@—D%q+1) »
G-+,

+
q3

T Ty P ToT +
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