SEARCHING AND SORTING

6:1 INTRODUCTION RECORD KEEPING

A college’s financia aid office has just created the job of Director of Student
Employment. The responsibilities of this position include the organization of stu-
dent employment information. Until now this information has been kept in the
following fashion. Each student employee has been assigned a record card on
which is written payroll information, including the student’s social security num-
ber. These record cards are organized in a file drawer arranged in alphabetical
order of the students' last names. Each time the treasurer’s office issues a payroll
check the director receives a memo containing the payee's social security number,
the total amount of the check, and the amount withheld for various taxes. Of
course, she wishes that these memos also contained the payee's name; however,
the particular computer program that the treasurer’s office uses to cut checks
doesn’'t have that capability. When a payroll memo arrives, the director examines
each record card in turn to determine if the social security number on the card is
identical to the number on the memo.

Question 1.1. Suppose that there were 20 cards in the director’s file drawer.
(a) When a payroll memo arrives, what is the minimum number of cards that the
director might have to check? (b) What is the maximum number of cards that the
director might have to check? (c) About how many cards (on average) would you
expect the director to have to check?

Question 1.2. Suppose that each of the 20 students whose cards are in the file

drawer receives exactly one payroll check each week. (a) What is the total number
of social security nhumber comparisons that the director will have to make to
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6 SEARCHING AND SORTING

record all of the payroll transactions? (b) If it takes 2 seconds to make a com-
parison and Iminute torecord alltheinformation onafile card, will the director
spend more time making comparisons or recording information?

Now let’s answer the previous questions if there are n record cards in the
director’s drawer. The minimum possible number of comparisons occurs when the
payee happens to be the individual whose card isfirst in the file, the one whose
name is alphabetical] y first. In this instance there is just one comparison to make.
The largest number of comparisons occurs when the payee is the individual whose
card islast in the file. In this case there would be n comparisons to make. R is
plausible to think that the average number of comparisons should be the average
of the smallest number and the largest number. Here that number would be
(n + 1)/2. In fact, this is correct as we see by the following explicit computation.

If every individua in the fileis paid exactly once, we can count the total num-
ber of comparisons in the following manner. First, note that the payee who is
listed first alphabetically will require just one comparison to locate. We don’t
know which memo corresponds to this first payee, but whichever oneit is, it will
still take just one comparison. Similarly, the payee who is listed second al phabet-
ically will take exactly two comparisons to locate. In general, the payee who is
listed kth alphabetically will take exactly k comparisons to locate (regardless of
when this memo is processed). Thus the total number of comparisons will be

1+2+3+---+k+-~+n=n(r2';1).

Since the total number of comparisons needed is nin + 1)/2, the average number
of comparisons needed will be this total divided by the number of payees. This
yields (n + 1)/2 comparisons on average. The tota time needed for comparisons
will be n(n + 1) seconds while the time required to record the payroll information
will be 60n seconds. Thusif n= 60, more time will be spent finding the correct
file than writing information to it.

Let's formalize the director’s task.

Problem. Given an array A= (al, a,,. .. .a,> and an object S, determine S's posi-
tionin A, that is, find an index i such that a = S (if such an i exists).

Algorithm SEQSEARCH

Step 1. Input Aand S.
Step2. For i = 1ton do

Step 3. If a; = S, then output i and stop.
Ster4. Output “Snot in A” and stop.
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6:1 INTRODUCTION RECORD KEEPING

If we count the comparisons in step 3, then the worst case will occur either
if Sisnotin A orif S=a,. In thisinstance SEQSEARCH requires n comparisons.
Thus the complexity of this algorithm is O(n). Note that in our particular example
with social security numbers, S and the elements in the array 4 are numbers;
however, all that is required for this algorithm to work is that we can determine
whether a; = §. Thus SEQSEARCH would work equally well when the entries of
Aare words.

The director decides that record keeping would be more efficient if the record
cards were kept in order of their socia security numbers. The director begins the
sorting process by finding the card with the smallest socia security number. She
does this by comparing the number on the first card with the number on the
second. She keeps the smaller of the two and then compares it with the number
on the third card. She picks the smaller and now has the smallest number from
the first three cards.

Question 1.3. In a drawer of 20 record cards, how many comparisons would be
required to be certain of finding the card with the smallest social security number?

We formalize the problem and the response.

Problem. Given an array of numbers 4 = (al, a;,- . . . an), sort these numbers
into increasing order, that is, arrange the numbers within the array so that a1 <
a, £a3 <" -<a,

Algorithm SELECTSORT

Step 1. Input A, an array of n numbers

Ster 2. Fori=1ton—1 do {Find the correct ith number.]
Begin
Ster 3. Set TN:=g; { TN = temporary number}
STEP4. Forj=i+ ltondo

Step 5. If a;< TN, switch gand TN

STEP 6. Set a;:= TN
End { Step 2}

Step 7. Output 4 and stop.

Example 1.1. Table 6.1 gives atrace of SELECTSORT applied to the array 4 =
(4, 7,3). Notice that all the action occurs at step 5.

Since the smallest remaining element is repeatedly selected, this method is

called Selection sort. See Exercises 11 to 13 for a comparison with the sorting
algorithm known as Bubblesort.
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6 SEARCHING AND SORTING

Table 6.1

Step No. i J a, a, as TN
3 ! ? 4 7 3 4
5 l 2 4 7 3 4
5 l 3 4 7 4 3
6 1 3 3 7 4 3
3 2 3 3 7 4 7
5 2 3 3 7 7 4
6 2 3 3 4 7 4

Question 1.4. Apply SELECTSORT to the array 4 = (6,4,2, 3). Exhibit the
values assigned to i, j, TN, and each location in 4 after every execution of step 5.

Theorem 1.1. SELECTSORT is a O(n%) algorithm.

Proof. We count the comparisons, which only occur in step 5. When i is assigned
thevalue 1, j variesfrom 2 to n. Thusthere aren — 1 different values assigned to
j and n—1 comparisons when i = 1. When i is assigned the value 2, j varies from
3to n. Thusthere are n —2 comparisons. For genera i, j variesfromi + 1ton.
In this case there are (n— (i + 1) + 1) = n—i comparisons. Hence the total number
of comparisons equals

(n—1)+(n—2)+---+(n—i)+~-~+1="(";1)=0(n2). 1

A bit analysis of SELECTSORT would begin by noting that each of the n
numbers in the input array could be represented by M bits. Thus the total input
size would be nM. Every comparison of two M bit numbers would require, in the
worst case, M bit comparisons. Thus the total number of bit comparisons would
be Mn(n — 1)/2. If M is constant, then SELECTSORT is quadratic in the bit
analysis also.

Notice that SELECTSORT could work equally well on arrays of words using
alphabetical ordering. In a subsequent section we shall see that SELECTSORT
can operate on sets with more general orderings. We'll also find that there are
more efficient algorithms to perform sorting as well as searching however, for
small arrays SEQSEARCH and SELECTSORT are worth using, in part because
they are so simple.

Here is the terminology we shall use throughout the rest of the chapter. Each
unit of information to be sorted is called a record. The set of recordsis called a
file. The element in the record with which the sorting is done is called the key.
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6:1 INTRODUCTION RECORD KEEPING

Thus in the employment director’s office, her drawer contains the file. Each card
in the file is arecord and the key is the social security number on the card. To
keep numerical examples simple, we shall often consider a record that consists
only of the key, but in applications the record will contain more information.
Consequently, interchanging two records in a file will be a more time-consuming
process than that of switching two numbers. If the records are stored in computer
memory and accessed by a language that admits the use of pointers, then the
pointers will be changed rather than the records.

EXERCISES FOR SECTION 1

1. Apply SEQSEARCH to the following arrays and objects S; record the output
of the algorithm.
@ A4=<1,23,...,175, 5 =15
)4 =(1,23,.. ,17), S = 125
(c) A = <apple, banana, cantaloupe, kiwi, mango, papaya), S = strawberry.
d)A=<a b,c,...,z),S=h
(e) 4=<a,b,c,...,2>,8S= &.
(f)A =<1a293’ a’b’ C, #,$, 0/09 >aS = $

(Note: In Exercises 2 to 7 we assume that, asin Questions 1.1 to 1.3, the record
cards are listed aphabetically and the payroll memos come identified by social
security number.)

2. Suppose that there are 40 student employees who each receive 2 checks per
month. How many comparisons does the director make in a month using
SEQSEARCH? If it takes 2 seconds to make a comparison and 1 minute to
record the payroll information, which requires more time, comparing or re-
cording information?

3. Suppose that there are 20 student employees and exactly 10 receive a check
in any given week. What is the minimum and maximum number of compari-
sons that the director might make in aweek?

4. Suppose that there are n student employees who each receive k checks per
month. How many comparisons will the director make in one month?

5. Suppose that there are 2n student employees and that exactly n of these
students receive a check in a given week. What is the minimum and maximum
number of comparisons that might be performed? What can be said about
the average number of comparisons that will be made?

6. Suppose that there are n student employees who each receive one check per
week. If it takes 3 seconds to make a comparison and 30 seconds to record the
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6 SEARCHING AND SORTING

salary information, for what values of n is more time spent on comparisons
than on recording?

7. Suppose that there are n student employees who each receive one check per
week. If it takes x seconds to make a comparison and y seconds to record
information, then for what values of x and y do comparing and recording
take the same amount of time? For what values of x and y does comparing
take more time than recording?

8. Apply SELECTSORT to the arrays (1,2, 3), <3,2,1), and (3, 1,2, 1). Trace
out the values assigned to i,j, TN, and every location in A after each execution
of step 5.

9. Write an algorithm that, given an array of numbers, (a) selects the largest
number and places it in the last position, (b) selects the next largest number
and places it in the next to last position, and (c), in general, finds the largest
remaining number and places it in the last unfilled position. Analyze the com-
plexity of your algorithm.

10. Write an algorithm that finds the largest and the smallest entry in A =

{ai,a,,...,an), an array of real numbers. Count the number of comparisons
made in the worst case.

11. Look back at the algorithm BUBBLES, Exercise 2.4.13. Recall that this algo-
rithm found the largest entry in an array of n elements and placed it in the
last location. BUBBLES can be readily transformed into a procedure that can
be repeatedly called to sort the entire array. Here is an algorithm that does
just this.

Algorithm BUBBLESORT

Step 1. Input m, a positive integer, and the array X = (Xl,. . ., x,,>
SteEP 2. For n = mdown to 2 do

Srep3. Call BUBBLES (n, xl,. ... X))
step 4. Output {x;, X,,. ... X, and stop.

Apply BUBBLESORT to the following arrays, exhibiting the values of
the array, n and j (the index in BUBBLES) throughout.
@ ‘4=(4,7,3).
() B= (2, 1,4,36, 5).
©C = (432 1.

12. Count the number of comparisons made by BUBBLESORT. Compare the
number of comparisons made in BUBBLESORT and SELECTSORT. Is one
algorithm more efficient than the other?

13. How might you modify BUBBLESORT to recognize when the array X was
aready in order?
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6:1 INTRODUCTION: RECORD KEEPING

14. One way a record can contain more than the key, is using a 2-dimensional

array A = <a; ;i=1,...,m,j=1,. .. n). This can be pictured as a matrix
with mrows and n columns:

a,y @2 - %y ay,
Az,p gyt oo G250 - Ay
a1 a2 4ij Qi
Qm,1 am,2 amJ Am,n

Each row might represent the record of one student, and different columns
contain different types of information. Suppose that the key for each record
is stored in the first column so that the key for ith record is the entry a, , for
i=12,. ..m Usetheideaof SELECTSORT to design an algorithm to sort
the array A4 so that the rows of A4 are rearranged to have their first entries
(the keys) listed in increasing order a;,;<42,1<."'<a, ;. How many com-
parisons does the algorithm use? In the worst case how many assignment
statements are there? Y our answers will depend on » and m.

15. Write an agorithm that finds the second smallest entry in an array A =

16.

@@, a,,. .. .a,» of real numbers. Count the number of comparisons made.

Here is the idea for an algorithm to find the kth smallest entry in an array
A of n numbers: Find the smallest entry of A4, then find the second smallest
entry, and so on, until the kth smallest entry is found. Write an agorithm
that implements this idea and count the number of comparisons; your answer
will bein terms of » and k.

17. Here is another algorithmic solution to the problem of finding the kth smallest

18.

19.

entry in an array A4 (see Exercise 16) First order the array using SELECT-
SORT and then find the kth entry of the sorted array. Compare the number
of comparisons made by this algorithm with that of Exercise 16, which is
more efficient?

Suppose that you have a balance scale with which you can determine which
(if either) of apair of given coinsis lighter in weight. Given n supposedly
identical coins, but such that one weighs less than the others, give a technique
suggested by SELECTSORT to find the light coin. How many comparisons
will your technique require in the worst case?

Suppose that you have 16 supposedly identical coins, exactly one of which
weighs less. Using a balance scale, each pan of which can hold as many coins
as you like, how can you find the light coin with only 4 weighings?
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6 SEARCHING AND SORTING

6:2 SEARCHING A SORTED FILE

We return to the employment director’s problem of transcribing payroll informa-
tion. We assume that there are n employees whose record cards are filed now in
the order of increasing social security number. When a memo arrives from the
payroll office, the director searches for the record whose social security number
is the same as the one on the memo. Suppose she selects the mth record from
the file, or drawer, and compares the two social security numbers. If the two
numbers are equal, then the director writes the information on the selected record.
If the number on the memo is less than the number on the mth record, then the
correct record must be located in the front portion of the file. Otherwise, the
correct record must be located behind the mth record.

Of course, the director hopes to pick the correct record on the first try. How-
ever, she does not believe in her own good luck. Furthermore (with a touch of
pessimism), the director believes that when she picks a record to compare with the
payroll memo, the record she really wants will be in the larger part of the re-
maining records. Thus the director wants to choose a record in the mth position
so that there are about as many records in front of the mth record as there are
behind the mth record. If the drawer has n records, the director picks the record
roughly in the middle, the record in the mth position, where m= [(n + 1)/2]. The
director has, of course, assumed a worst-case scenario.

Question 2.1. Find m=[(n + 1)/2] if n = 136, 68, 34, 17, 9, 5, and 3.

Question 2.2. If the drawer contains n records and the mth record is selected,
where m=|(n + 1)/2], when is it the case that there are exactly the same number
of records before and after the mth record? When these two numbers differ, by
how much do they differ? After examining this mth record, what is the largest
number of records that still must be searched?

Let's assume for the moment that the director has selected mand the number
on the memo is less than the number on the mth record. Then she begins the
search all over again, confining her attention to that portion of thefilethat isin
front of the mth record. In pseudocode she sets n: = m— 1 and then chooses m
to be (as before) |(n + 1)/2]. On the other hand, if the number on the memo is
greater than the number on the mth record, then the correct record must be in
position j, where (m+ 1) < j < n. As above she begins the search all over again,
concentrating on the records in positions m+ 1,. ... n. The next record to select
is the one that, as nearly as possible, divides the remaining records into equal
piles.

Question 2.3. For the following pairs (i,j) find the number that will be the index

of the entry that, as nearly as possible, divides <a;,.. . .a;> into two equal pieces:
(6, 8), (20, 17), (18, 33), (35,67), and (69, 136).
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6:2 SEARCHING A SORTED FILE

In general, as the director progresses, she narrows down the possible records
that might correspond with the memo to a subarray (a, %+ 1,. ... a;> of the
original array A. She wants to select the “middle” record of this subarray. The
index of the “middle” record is essentially the average of the indices of the end
records. We say essentially because the average might not be an integer. How-
ever, a record that, as nearly as possible, divides the subarray into two equal
pieces has index m= [(i + j)/2}. With this insight we can now formulate the
director’s agorithm.

Problem. Given an array A= {ay, a,,. . . . a,» whose elements are numbers listed
in increasing order and a number S, determine S's position in A, that is, find an
index i (if it exists) such that a;,= S.

Algorithm BINAR YSEARCH

STEP 1. Input A, an array of n numbersin increasing order, and a number S
STEP2. Set first:= 1, last:= n
Step 3. Whilefirst < last do
Begin
Step 4. Set mid:= |[(first + last)/2]
STEP 5. If S = apie, then output “found S at location mid and
stop.
STEP 6. If S < dnmia> then set last : = mid — 1,
Else set first : = mid + 1
End { Step 3}
Step7. Output “Sisnotin A* and stop.

Note that in step 6 exactly one of two assignment statements is executed, de-
pending on the result of the comparison in that step.

Example 2.1. Table 6.2 is atrace of BINARY SEARCH, where A= (3,4,6,7,9,11)
and S = 9. We begin after the first encounter with step 4.

Table 6.2

Step No. Sfirst last mid Amia
4 l 6 3 6
5 l 6 3 6
6 4 6 3 6
4 4 6 5 9
5 4 6 5 9

Question 2.4. Trace BINARY SEARCH if A consists of the first eight primesin
increasing order and (&) S=5, (b) S= 10, and (c) S = 17. In each case how many
elements in the array do you examine?
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6 SEARCHING AND SORTING

BINARY SEARCH can find S without examining all the entries in A4 because
the elements of 4 are numbers listed in increasing order. Actualy, this algorithm
will work on any set that is totally ordered. See Exercises 4.6.12 to 4.6.14. Since
A is totally ordered, either S < anq O a,;4 <S. Consequently, the value of
(last-first) decreases with each loop and so BINARY SEARCH must terminate.
Furthermore, the transitive property alows the algorithm to check S against a,,;4
and discard about half of the ordered list at each pass through the loop. Exer-
cise 6 asks you to modify BINARY SEARCH so that it works on the set of all
English words in alphabetical order.

Theorem 2.1. BINARY SEARCH requires at most 3 |log (n)] + 4 comparisons to
search an ordered array of n numbers.

Proof. First note that each of steps 3, 5, and 6 requires exactly one comparison.
Thus each time we execute the loop beginning at step 3, we use no more than
three comparisons. The proof will be by induction on the number of elementsin
the array. We begin with the base case n = 1. Given the array A = <a), the
algorithm uses two comparisons if S = al. If S # al, then the algorithm cycles
through the loop once and executes step 3 one additional time. Thus a total of
four comparisons is needed in this case.

The inductive hypothesis will be that BINARY SEARCH can search any
ordered array oft elements with at most 3|log ()| + 4 comparisons for any ¢ < n.
We suppose that Ais an ordered array with n elements. If we find equality the
first time at step 5, we are done, using 2 comparisons. Otherwise, we return to
step 3with asmaller array, having performed three comparisons. The new array
contains no more than half of the elements of the original array. (See Question 2.2.)
By the inductive hypothesis it takes at most 3[log (n/2)] + 4 comparisons to search
the new array. Thus the total number of comparisons needed to search the origina
array is at most

3 +(3 |log (n/2)| +4)= 7 + 3|log (n) — 1]
=4 -t 3llog (n)]. O
Question 2.5. For each of n = 2, 3, and 4 find two examples of arrays and a num-

ber S, one that requires a full 3{log (n)| + 4 comparisons and one that requires
fewer.

Question 2.6. Suppose that the director’ s file has 1000 recordsin it. In the worst
case, how many comparisons will it take to find a record with a particular social
security number on it if (a) SEQSEARCH is used and (b) BINARY SEARCH is
used?

How did we originally find the bound 3}log (n)] + 4 of Theorem 2.1? This ex-
pression works in the inductive proof, but why? Suppose that B(n) denotes the
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6:2 SEARCHING A SORTED FILE

maximum number of comparisons made by BINARY SEARCH on an array of n
elements. Then in the worst case we perform three comparisons (in steps 3, 5, and
6) and then face a smaller array with |#/2] elements in which to search for S. B(|#/2])
denotes the maximum number of comparisons needed to search this smaller array
and so

B(n) = 3+ B(|n/2)) and B(l) = 4. *)

This fact doesn’t solve the problem immediately but can lead to a solution as out-
lined in Exercises 13 to 15. In Chapter 7 we pursue a systematic study of how,
given an equation like that of line (*), we can find an expression for the number
of comparisons (or other significant operations) performed in the worst case of an
algorithm.

From Theorem 2.1 we can get an estimate of the amount of work the director
must do each week. If each week one memo arrives for each of the » student em-
ployees, then the next result gives an upper bound on the number of comparisons
necessary.

Corollary 2.2. BINARY SEARCH requires at most
3njlog (n)] + 4n = O(n log(n))
comparisons to search an ordered array for each of the n fileslocated in it.

This result is an immediate consequence of Theorem 2.1; however,
3n[log (n)| + 4nisreally an overestimate. A tighter upper bound on the number
of comparisons, but one that is still O(n log(n)), is derived in Exercises 9 to 11. In
any case the worst-case behavior of BINARY SEARCH is significantly better than
that of SEQSEARCH. Indeed the worst-case performance of BINARY SEARCH
is better than the average-case performance of SEQSEARCH. The average-case
performance of BINARY SEARCH is analyzed in Exercise 12. In its defense it
should be emphasized that SEQSEARCH will work on any setinan array A re-
gardless of whether or not the elements of 4 form atotally ordered set.

In the next section we use the ideas of binary search to construct a more
efficient sorting algorithm.

EXERCISES FOR SECTION 2

1 Let4=<(12...7), B =(246,. ..16),and C=<1,3,7, 15,31,63). Trace
BINARYSEARCH to find (@) S=3in4,(b))S=8inA4,(c) S=6in B,
(d)S=7inB,(e)S=31inC,and (f) S=14in C.

2. Suppose that the number on the director’s memo is less than that on the
[(n+1)/2|nd record. What is the index of the next record she consults? Express
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6 SEARCHING AND SORTING

this as afunction of ». If the number is greater than that on the{(n +1)/2|nd
record, what is the index of the next record she consults?

3. Find all values of n for which SEQSEARCH uses fewer comparisons in the
worst case than BINARYSEARCH.

4. Find avalue of N such that SEQSEARCH uses at |east twice as many com-
parisons in the worst case as BINARY SEARCH. Show that for every n > N
SEQSEARCH will always use at |east twice as many comparisons in the worst
case as BINARY SEARCH.

5. In the worst case, how many subintervals of the form Cfiests - . . . Apasey dOES
BINARY SEARCH examine in an array with n entries?

6. Supposethat 4 is an array containing n words, where each word is a (finite)
sequence of letters taken from the English alphabet. Suppose further that your
computer can answer the following questions:

given wordsw and w’, doesw =w’?
does w precede w' aphabetically?

Write a version of BINARY SEARCH that upon input of 4, an array of words
listed in aphabetical order, and a word w, searches for w in A.

7. Suppose that we are searching an ordered array of n elements for an element
that is in position k (but we don’t know that). For what values of k will
SEQSEARCH use fewer comparisons than BINARY SEARCH?

8. Modify BINARY SEARCH so that, given an array A4 with entries in increasing
order (a; <..-<an) and anumber S, it finds al indices i such that a; =S.

9. Let n=2— 1. Suppose that payroll memos for n students come into the
financial aid office in random order and that records for these n students
are arranged by increasing socia security number. For each memo BINARY -
SEARCH is used to locate the appropriate record. At some point, the memo
for the [(n +1)/2]nd student arrives and requires only two comparisons to
find the correct record. Memos for two other students will require exactly five
comparisons.

(a) Which numbered students are these?

(b) How many memos require exactly eight comparisons to locate their
records?

(c) What is the next smallest number of comparisons needed and how many
students need this many?

(d) For each possible value of i, determine the number of memos that re-
quire exactly i comparisons.

10. Prove that

12425448+ + 2710 1)+ + 2713k = 1) = Gk — 42" + 4.
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6:3 SORTING A FILE

11. Suppose that n = 2~ 1. Then explain why using BINARY SEARCH to search
an ordered array for each of n recordsrequires

(3k—4)2" + 4 = 3n|log(n)]—n + 3{log(n)|+3
=0O(n log(n))

comparisons. Is this bound on the number of comparisons better than that
given in Corollary 2.2?

12. Use the results of the preceding exercises to obtain the average number of
comparisons used per record in BINARY SEARCH in the case n = 2~ 1.
Compare this average with that of SEQSEARCH.

13. Suppose that

B(n) = B({n/2)) + 3 forn> 1, (*)
and
B(1) =4.

Determine the value of B(n) for n =2, 3,4, 5, 8, and 16.

14. Suppose that n = 2. Use (*) repeatedly to determine a formula for B(n). Prove
your formula correct by using induction and the equation in (*).

15. Verify that f(n) = 3[log (n)] + 4 gives the same values as those obtained for
B(n) in Exercise 14. Then prove by induction that B(n) = f(n) satisfies the
equation in (*).

6:3 SORTING A FILE

We have seen that searching for one record in an unsorted file with n recordsin
it requires O(n) comparisons in the worst case. This contrasts with a worst case of
O(log (n)) comparisons in searching a sorted file. A natural question to ask is
whether or not it's better to sort before searching or not. For the moment let's
return to the problem of searching the file for each of the n records during every
payroll period. If there are ¢t payroll periods and the file remains unsorted, the
total number of comparisons required will be O(tn?). On the other hand, if the
director uses SELECTSORT to place the file in order, then the total number of
comparisons will be

0(n? + O(tn log (n)). (A)
If, for example, there were n payroll periods (so ¢ = n), then the number of
comparisons would be O(n?) without sorting and O(n’log(n)) with sorting. Thus,

if the number of payroll periods is large, sorting before searching pays off. Sup-
pose, for contrast, that the number of payroll periods is a small constant. Is it
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better to sort before searching or not? If the only sorting algorithm available were
SELECTSORT, then both solutions be O(n?). However, if there were a better
sorting algorithm, then one could expect sorting before searching to be faster.

SEQSEARCH requires, on average (n + 1)/2 comparisons to position a record
correctly within afile containing »n records. To sort more economically, we need
away to position a record correctly using fewer comparisons. BINARY SEARCH
provides just such a mechanism.

Problem. Given an ordered array of numbers A = (al, a,....a,) with al <
a, <---<a,and anumber D, insert D in the ordered list.

We develop the procedure BININSERT that will insert a number D into its
correct position in an ordered array. The parameters of the procedure are
(r.ay,...,a,a,,,) Weassume that upon calling the procedure the r numbers
al, ..., a, areinorder and that a, ,, equals D. Upon return al, . . . . a, + should
be in order. Within the procedure we repeatedly compare D with the midpoint of
a subarray in order to find its correct location. Once D’s correct location is deter-
mined, the elements that should follow it are shifted over one space in order to
make room for D. We make this algorithm a procedure, since we shall use it within
BINARY SORT, which will be our first efficient sorting routine.

Procedure BININSERT {r, d,....a,,a, )

{Theinitial segment of the procedure finds the correct location for a,,,.]

Stepl. Setfirst: =1, last:=r
Step 2. While first < last do
Begin
Step 3. Set mid:= |(first + last)/2 |
STEP 4. |f g, + 1 < ap;g> then set last:= mid — 1,
Else set first : = mid + 1
End { Step 2}

{ At this point first equals last +1, and first gives the correct position for a,. ;.
The next segment creates a space for and inserts a, . ;.}

STEP 5. If first=r + 1, then Return. {q, , ,’s placeis correct.}
Ster6.  Settemp: =a,,;{savea,,}
STEP 7. Forj=r+ 1downto (first + 1) do
STEP 8. a:=a;
STEP 9. Set Gfirst & = temp
Step 10. Return.

Example 3.1. Table 6.3 is a trace of the procedure BININSERT given the
array A=(3,5,8, 10, 14),r = 5,and D = 11.
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6:3 SORTING A FILE

Table 6.3
Step No. Sirst last mid Amid j A
3 1 5 3 8 (358,10, 14, 11)
4 4 5 3 8
3 4 5 4 10
4 5 5 4 10
3 5 5 5 14
4 5 4
8 5 6 (3,5,8,10,14, 14)
9 5 6 (3,58,10,11, 14)

Question 3.1. Trace BININSERT if 4 = (2,5,7,9, 13,15, 19> and D = (a) 1, (b) 4,
(c) 14, and (d) 23.

Notice the similarity between BINARY SEARCH and BININSERT. The test
for equality has been eliminated because if a, + 1 = 9mid> this procedure correctly
inserts a,+ ; in position mid + 1 or higher. Exercise 12 outlines a proof that
BININSERT works correctly.

Question 3.2. If.4 = <2,5,7,9,13,15, 19), trace BINARY SEARCH and BININ-
SERT with S = D = 16. Compare the two algorithms.

Before discussing the complexity of BININSERT, we use this procedure to
develop an algorithm to totally order an array.

Problem. Given an array of n numbers (al, a,.. . . . a,,>, place them in increasing
order.

Algorithm BINARYSORT

Step 1. Input nand an array (d,. . . ,a,)
Step 2. For m= 2 to n do {insert mth item}

Step 3. Call BININSERT ((m—-1), al,....am)
STEP 4. stop.

Question 3.3. Given the array (13, 23,17,19,18, 28) trace out the algorithm
BINARY SORT.

Once we determine the complexity of the procedure BININSERT, the com-
plexity of algorithm BINARY SORT will be easy to analyze, since BININSERT
isused n — 1 timesin BINARY SORT. The steps in BININSERT are either as-
signments or comparisons. We count the latter.
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6 SEARCHI NG AND SORTI NG

Theorem 3.1. BININSERT requires at most 2| log (r) | + 4 comparisons to insert
the (r + 1)st term into an already sorted list of r items.

Proof. The only steps containing comparisons are steps 2, 4, and 5, and each of
these executes exactly one comparison. We proceed by induction. If r = 1, then
after the first execution of step 4, either first = 1 and last = O or first = 2 and
last = 1, depending on whether a, islessthan a4, or not. Step 2 is repeated to check
this. Step 5 is required to rearrange the array. Thus four comparisons are used
in total.

The induction hypothesis will be that for < r BININSERT requires at most
2|log (r)] + 4 comparisons to insert the (¢ + 1)st item into any already sorted list
with ¢ items.

We suppose that 4 isan ordered array withr elementsanda, ., = Disto be
inserted. It takes two comparisons to execute through step 4 the first time. After
the first execution of step 4, if a, ., < amiq then last is assigned the value mid — 1.
Thus we restrict our attention to (al,....amid_ ,,4,,,). There are mid — 1
ordered valuesin this array. Now

. 1+r r—1 r
mld—l—L 7 J—l—[ 5 J<§

After the first execution of step 4 if a,, ; > amia> then first is assigned the value
mid + 1. Thus we restrict our attention to (amid+ ,, . .., a,, 8+ ;. The number
of elementsin this smaller ordered array is (r — (mid + 1) + 1) =r —mid. Now if

r=12,
1
r—mid=r—| ;rJ
. 142 ... T

On the other hand, if r = 2j + 1,

rﬁmid:2j+1_tl+_21_+_l_J
2

. . A
=y+1-(+D=j<s.

Thus in either case the smaller ordered array has no more than r/2 entries. By
the inductive hypothesis we can insert D into the new array using at most
2|log(r/2)| + 4 comparisons. Thus the total number of comparisons required will
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6:3 SORTING A FILE
be at most

2 + (2|log (r/2)] +4) = 2llog (r) —1] + 6°
=2|log(r)] + 4. O

Question 3.4. For each of the examples in Question 3.1 count the number of
comparisons and verify that these are each no more than 2|log (7)| + 4.

The formula2]log (n) | + 4 in the preceding complexity analysis appears out
of the blue. That BININSERT and BINARY SEARCH have similar complexity
analyses is not surprising. To motivate the particular formula we obtain, we
examine the proof of Theorem 3.1. If C(n) denotes the maximum number of com-
parisons made when BININSERT inserts a number into a sorted array of length
n, then

o(n) = C(n/2)) + 2,

since two comparisons are performed, and then the algorithm proceeds to work
on an array containing at most | #/2] entries. This equation for C(n) is like that of
line (*) of Section 6.2 and can be used to derive the formula C(n) = 2[log (n)] + 4.
This derivation will be discussed in depth in Chapter 7.

Theorem 3.2. The number of comparisons required by BINARY SORT to order
an array of n numbersis O(n log(n)).

Proof. The only comparisons in BINARYSORT are performed within the
BININSERT procedure. BININSERT is called n—1 times. The number of com-
parisons in each call is at most 2|log (n—1)| + 4. Thus the total number of
comparisons will be no more than

(n- D2|log(n — 1)] +4) < n {2(log (n)) + 4}
< 6nlog(n). 0

BINARY SORT is thus considerably more efficient than SELECTSORT, a0(n?)
algorithm.

Question 3.5. Count the number of comparisons made in Question 3.3 and com-
pare this number with (n —1)(2|log (n — 1)] + 4) for n = 6.

It isinstructive to contrast the analyses presented in Theorems 3.1 and 3.2.

We showed that BININSERT required at most 2} log (n)] + 4 comparisons to
insert the (n + 1)st item into an already sorted array. In Exercises 9 and 10 you
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6 SEARCHI NG AND SORTI NG

will see that this bound is sharp. We mean that there are problem instances where
2|log (n)] + 4 comparisons are, in fact, required. Thus there can be no upper
bound for the number of comparisons that is always better than the one given in
Theorem 3.1.

Notice that our analysis of BINARY SORT was not so sharp. In particular,
we assumed that each call to BININSERT needed the full 2[log (n —1)] + 4 com-
parisons whereas we really need only 2[log (I)] + 4 comparisons for the first in-
sertion, 2| log (2)| + 4 comparisons for the second, and, in genera, 2 [log (i)] +.4
comparisons for theith insertion. Thus the total number of comparisons we per-
form is at most

2Uog()}+4) + ---+ (2llog(n—1)] + 4)
<(log(l)+4) + -+ (2log(n — 1) +4)
=4(n —1) + 2{log(1) +- - -+ log(n — 1)}
= 4(n—1) + 2log((n — 1)). (B)

Exercise 13 asks you to use equation (B) to provide a smaller upper bound
than the one obtained so far for BINARY SORT. However, no analysis of the com-
plexity of BINARY SORT can demonstrate that it is more efficient than O(n log (n)).
The goal of Section 5 is to show that SELECTSORT, BINARY SORT, and every
sorting method that uses comparisons must perform at least a constant times
n log(n) comparisons in the worst case. Before we get to that, we shall see in the
next section that trees provide an illustrative model of these searching and sorting
agorithms.

What effect does BINARY SORT have on the employment director’s work
load, as presented in the first paragraph of this section? If she first sorts the
employment file using BINARY SORT, using O(r log(n)) comparisons, and then
during ¢ time periods processes information using BINARY SEARCH with
O(tn log(n)) comparisons, then the total number of comparisons is

O(n log(n)) + O(n log(n)) = O(tn log(n)). (c)

Comparing the results of (C) with those of (A), we see that the latter process is at
least as efficient as the former and for some values of t is more efficient.

EXERCISES FOR SECTION 3

1. Trace BININSERT on the following data:
(@ 4=(1,23), D= 2.5.
A= (123), D=0.
© A=<1,2,4), D = 2.
(d)y 4=(2,35,7, 11,13,17, 19), D = 12.
(e) 4 =(24,6,8, 10), D = 5.
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6:3 SORTING A FILE

2. Count the number of comparisons made in each part of Exercise 1. Compare
this number with 2| log (r)] + 4 for the appropriate values of r.

3. Here is another algorithm to search for D in an array A:

Ster O. Input A=<ay,a,,...,a,5,eta,,:=D
Step 1. Set first :=1, last :=r
Ster 2. Whilefirst < last do
Begin
Step 3. Set mid:= [(first + last)/2|
Ster 4. If a, ., | < ayiq> then set last : = mid
Else set first: = mid + 1
End
SteP 5. If a4, = 4,4 1, then output “found D at location first” and stop.
Else output “ D isnot in A* and stop.

Run this algorithm and BINARYSEARCH on 4 = <1,2,3,4,5,6,7) with
D=15,2 and 25.

4. Compare the algorithm BINARY SEARCH and that given in the preceding
exercise. Determine which one performs fewer comparisons.

5. Suppose that the employment director uses SEQSEARCH on an unsorted
file of nrecords to register n students’ payroll data during ¢ time periods,
making f(n,t) comparisons as described in the first paragraph of this section.
Let g(n, t) denote the number of comparisons made if the file is first sorted
using SELECTSORT and then the same recordings are made using BINA-
RYSEARCH [see line (A) in text]. Find the smallest value of ¢ such that
g(n, )< f(n, 1).

6. Let g(n, t) be as defined in the preceding problem and let A(n,t) be the number
of comparisons made if the file is first sorted using BINARY SORT and then
the memos are recorded for n students on n recordsin ¢ time periods using
BINARY SEARCH. Compare g(n, ) and k(n, t).

7. Run BINARYSORT on each of the following (a) A= (1,2, 3), (b) A=
(2,1,3), (c) A= (3, 1,2), and (d) A= <32, 1).

8. Count the number of comparisons made in the preceding exercise and com-
pare this number with (n—1)(2{1log (n—1)] + 4) for the appropriate value
of n.

9. For an n of your choice find an example of an array A of n numbers and
a number D on which BININSERT performs exactly 2|log(n)| + 4 com-
parisons.

10. Let n= 2‘with k an arbitrary positive number. Describe an array A of n
numbers and another number D on which BININSERT performs exactly
2|log (n)| + 4 = 2k + 4 comparisons.
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11. Explain why BINARY SORT will aways perform fewer than 6n log(n) com-
parisons when sorting an array of length n. Will BINARY SORT perform
fewer than (n —1)(2|log (n—1)| +4) comparisons on any or al arrays of
length n?

12. Prove that BININSERT works correctly by proving each of the following
statements.

(a) While first < last, a,,, should be stored in one of the entries gy

Ggiest+ 10 . .., OF Apag + 1. IN particular, check that thisis so when a, ;4 =

Amid-

(b) Eventually either last equals first or first+ 1.

(c) If last equals first or first+ 1, then BININSERT places g, ; in the
correct position.

13. Stirling's formula, discussed in Chapter 3, implies that

/ / ﬁ n
nl = o(ﬁ(z) )
Use this result together with equation (B) to derive an upper bound on the
number of comparisons made in BINARY SORT. How does this upper bound

compare with the upper bound derived in the text?

14. Supposethat 4 isan array of n elementsthat is already sorted (but we may
not ‘know that in advance). Which algorithm works faster on A, SELECT--
SORT or BINARY SORT? Explain.

6:4 SEARCH TREES

Suppose that we search an ordered array A =<a,a,,....a,) for a particular
object S. BINARY SEARCH would have us first compare S with a,. There are
three possible outcomes of such a comparison. If S = a,, we'redone. If S<a,
and Sisin A, then it must be one of a,,a,, or a;. Finally, if S>a, and Sisin
A, then it must be one of as, ag, Or a,. In this section we show how to use atree
structure to illuminate these logical alternatives.

Recall from Chapter 5 that we can think of a graph as a set of pointsin the
plane and a set of line segments or arcs joining pairs of these points. A graph that
is both connected and acyclic is caled a tree.

Hereis how BINARY SEARCH as applied to the seven-element set A =<a,,
a,,...,a,) can be modeled by a path within atree of seven vertices. Begin with
asingle vertex labeled a,. Think of two edges coming out of a4, one labeled by
“K” and the other labeled by “ > .* (See Figure 6.1.) The < edge joins a, with a,
and the > edge joins a, with ag. In terms of BINARY SEARCH if S equals a,,
we stay at the vertex labeled a, and we are done. If S < a, we proceed along the
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6:4 SEARCH TREES

Figure6.1

edge labeled < to the vertex labeled a,. If S > a, we proceed along the edge
labeled > to the vertex labeled aq. The vertices a, and a¢ each have two additional
edges coming out of them labeled with < and >. The new edge from a, labeled
< terminates at a ; while the new edge from a, labeled > terminates at a5. Simi-
larly, the new edges from ag terminate at as and a,. For example, if S = as,
BINARY SEARCH would examine a4, followed by ag and then’ as. If S is not
present in A, we should also perform comparisons, for example, with a,, a¢, and
a 5 and then deduce that Swas not in A. In all cases these comparisons correspond
to a path within the so-called search tree shown in Figure 6.1.

Question 4.1. Draw a search tree to illustrate a binary search of an array of 15
elements.

Recall that within a graph the degree of a vertex is the number of edges
incident with that vertex. In atree or forest a vertex of degree 1 is caled a leaf.

Definition. A treeiscaled binary if

(1) it possesses a distinguished vertex called the root whose degree is either 2
or O, and

(2) every vertex of the tree other than the root has degree either 3 or 1.

Note that the tree in Figure 6.1 is binary. It is customary to draw a binary tree
“upside down” with the root at the top, as in Figure 6.1. From the root (if its
degreeis not O) there is a left edge down and a right edge down. Similarly, every
other vertex that is not a leaf has a left and a right edge down. One of the nice prop-
erties that binary trees with three or more vertices have is that if the root and
its incident edges of a binary tree are erased, then two smaller binary trees are
formed. These are called the left and right subtrees of the origina tree.

Example 4.1. Figure 6.2 exhibits a binary tree with five vertices.
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root

Figure 6.2

Question 4.2. (a) Draw all binary trees with fewer than eight vertices; (b) draw all
binary trees with two, three or four leaves.

Question 4.3. Draw the left and right subtrees that are formed when the root and
its two incident edges are deleted from (a) the tree in Figure 6.1; (b) the treein
Figure 6.2; and (c) every tree with two or three leaves (see Question 4.2).

Definition.  In any tree with a designated root the depth or level of avertex x is
the number of edges in the unique path from x to the root. The depth of the tree
is the maximum depth of any vertex in the tree. Alternatively, it is the length of
alongest path from the root.

In the tree shown in Figure 6.1, a,, the root, is at level 0;a, and a¢ are at
level 1; and a4, a3, a5, and a, are all at level 2. Thus the tree has depth 2.

Question 4.4. If T is a binary tree of depth d >0 and T’ is the left subtree of T,
what can you say about the depth of T"?

Theorem 4.1. A binary tree has at most 2°vertices at depth d.

Proof. The proof is by induction on d. Theroot is the only vertex at level O. By
definition there are either two or zero vertices adjacent to the root, and these
vertices are at level 1. We assume that there are no more than 2“vertices at level k
in a binary tree. Consider level k + 1. Every vertex at this level must be adjacent
to exactly one vertex at level k by the definition of tree (see Exercise 1). Since each
vertex at level k has degree 1 or 3, it is adjacent to either zero or two vertices at
level k+ 1. Thus the number of vertices at level k+ 1 can be no more than twice
the number of vertices at level k. If N, denotes the number of vertices at level k,
we have

Np+1<2N, <2(2%) = 2FF1 O
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d+{

Corallary 4.2. A binary tree of depth d contains at most 2°"* — 1 vertices.
Proof. A binary tree of depth d has vertices at levels 0,1.. ... d. By the preceding
theorem there are at most 2“vertices at level k. Thus the total number of vertices
in the treeis at most

1_2d+1 .
1+2+4 +...+2k+...+2d=ﬁ by Question 2.3.3

— 2d+1 _ 1 0
A binary tree of depth d with2¢*! — 1 verticesis called a full binary tree.

Question 4.5. Determine the depth and the number of vertices in the smallest
full binary tree that has» or more |eaves.

Now we specify the connection between binary trees and our problem of
searching a sorted array. Suppose that the array 4 contains n = 2‘— 1 elements
in order. Then the corresponding binary tree will be a full binary tree of depth
k— 1 with n vertices. In BINARY SEARCH the first element of the array A with
which we compare Sis the element @mia- Note that mid = 2°°1. The element a4
will label the root of the binary tree that we are about to search. If we find that
S=a,,, (in step 5), then the algorithm stops. We can similarly stop searching the
tree. If S<ay;y, We set

mid>
last: = mid — 1 =2F"1 — 1

and

mid = L(ﬁrst -2i— last)J k2

This corresponds with traversing the edge from the root of the binary tree
down to the root of the left subtree; this vertex is labeled with the new @mia =
azx-2. Similarly, if S > amid, we traverse an edge to the right subtree. If we have
not found S, we repeat this process. Each time we examine a new amid it will be
the root of a subtree of the original binary tree. Each such subtree will contain
2/ — 1 vertices for some j. In the end either we find S and terminate our path
down from the root of the tree or we reach a leaf without finding S and stop. The
number of comparisons made in BINARY SEARCH is the same as the number
of vertices visited on the corresponding path in the tree.

More generally, if 4 contains n elements where

k71 << 2k
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then

k— 1 <log(n) < k,
and

k—1=|log(n)].
Set

nW=2k_1.

We model the search of A by a search of the full binary tree of depth k—1
containing N’ vertices, labeled as before. If n° > n, some of the labels of vertices,
namely a, 4,. . ., a,,, d0 NOt correspond with array elements.

Question 4.6. Compute n’ if n= 15, 26, and 31. Show that, in general, n’ > n.

Question 4.7. Draw and label the tree that corresponds with a binary search of a
23-element ordered array.

One advantage of the binary tree model of BINARY SEARCH isthat it sup-
ports a simple complexity analysis. Suppose that we are searching an ordered
array of n elements. If %< < 2’, then the elements of the array correspond
with some of the vertices of afull binary tree of depth d — 1. Comparing S with
array elements corresponds with visiting vertices in the tree. Since each time we
traverse an edge to the root of a new subtree, the depth of the visited vertex in-
creases, we shall in the worst case visit verticesat depth O, 1, . . . . and (d — 1).
Correspondingly, we need to compare S with no more than d elements of the array.
Since a search tree with n vertices has depth |log (n)|, we can determine whether S
ispresent in an ordered array of n elements by examining no more than |log (n)|
elements of the array. If it takes just a constant number of steps for each such
examination, then it is immediate that BINARY SEARCH is O(log (n)). In contrast
in Exercise 15 we explore how SEQSEARCH can be modeled by searching a graph
that isjust a path.

It is possible to think of a binary tree model of the first four steps of
BININSERT in much the same way. Recall that these steps determine the location
of the next element to be inserted. Continuing the model is awkward because the
insertion of asingle element can cause aradical changein the binary tree. Exer-
cise 13 illustrates this.

Although it is difficult to use trees to model BINARY SORT, there is an ele-
gant sorting method called TREESORT that is based on binary trees. Suppose
that we want to sort A =<al.. . . , a,>, where the entries of 4 are distinct. (See
Exercise 20 for the case of repeated elements.)
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7 13 4 20 16 9 M M
Figure 6.3

Algorithm TREESOR T

Step 1. Set k = [log (r)] and construct the full binary tree of depth k. {As
you saw in Question 4.5, this tree has at least n leaves.} Assign each
element in the array to aleaf. Pick a number M that is greater than
any element in the array and assign M to every blank leaf.

Example 4.2. Given A = (7, 13,41,20, 16,9), k = [log(6)] = 3. Figure 6.3 exhihits
the full binary tree of depth 3 with its leaves labeled.

STEP2. For j = k — 1 down toO do
Assign to each vertex at level j the minimum of the two values as-
signed to its neighbors at level j + 1.

Example 4.2 (continued). We show in Figure 6.4 the full binary tree after step 2.
(At this stage the minimum value in the array is assigned to the root of the binary
tree)

Ster3. Set b, : = vaue assigned to the root
ster4. Fori= 2 tondo
Begin
STEP 5. Erase every occurrence of b,_, from nodes of the tree.
Step 6. Assign M to the leaf that originally was labeled with b,-
Step7. Forj=k-ldown toO do
Assign to the vertex at level j that used to be labeled b: _,
the minimum of the two values assigned to its neighbors at

level j+1
Ster 8. Set b: = value assigned to the root
End
STEP 9. stop.

Example 4.2 (continued again). We exhibit in Figure 6.5 the labeled tree after the
first execution of step 7; b, =7.
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7 13 41 20 16 9 M M
Figure 6.4

M 13 41 20 16 9 M M
Figure 6.5

After the execution of step 7 the ith smallest value in the array is assigned to
the root and thus in step 8 isassigned to b,

Question 4.8. Complete this execution of TREESORT.

Exercises 17 to 19 ask you to show that TREESORT is a O(x log (n)) agorithm.

Binary trees are useful models for many topics in combinatorics and computer
science, for example, see Exercises 5 and 6. We shall use binary trees again in the
following sections and in Chapter 8.

EXERCISES FOR SECTION 4

1. Inthe proof of Theorem 4.1 we claimed that every vertex at level k+ 1is
adjacent to exactly one vertex at level k. Why is this so?

2. If xisavertex in arooted tree, let I{x) denote the level of x. Show that if vis
adjacent to U, then I(v) = [(v') + 1 or i(v) = (') — 1. Give a proof or a counter-
example to the converse of this statement.
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. If T isabinary tree of depth d, what is the smallest number of vertices that T

might have at level k (for k= 1,....d)?

4. What is the smallest number of vertices that a binary tree of depth d might

5.

11.

12.

13.

14.

have?

For what integers n is there no binary tree with exactly n vertices? For what
integers n isthere no binary tree with exactly n leaves? Prove your answers
by induction.

. We can also represent the subsets of aset (a, U,,. . .. u.) with a full binary

tree. Suppose that we label the root of the tree with ¢, the empty set. Then
the left subtree will correspond with subsets not containing a, and the right
subtree subsets containing al. Similarly, the left subtree within the |eft subtree
will correspond with subsets containing neither a, nor a,, whereas its right
subtree will correspond with subsets containing a, but not «,. Each node can
be labeled with a subset, representing the choices of elements made along the
path from the root to that node. Using this idea, construct the binary tree
associated with all subsets of a 3-set and of a 4-set.

. In afull binary tree there are 2“vertices at level k. Find a correspondence

between the subsets of a k-set and the vertices at the kth level of afull binary
tree.

. Prove Theorem 4.1 by “erasing the root.”
. Prove Corollary 4.2 by “erasing the root.”
10.

Suppose that n= 2‘—1 and consider a full binary tree with vertices labeled
with the elements of an array 4 =<al, . ., a,) corresponding with BINARY -
SEARCH. Which elements label vertices at depth 1? At depth 2? What are
the labels of the leaves?

Repeat Exercise 10 in the case of arbitrary n. How can you tell from i and |
if a; and g label vertices at the same level?

Trace out the path corresponding to BINARY SEARCH when this algorithm
is applied to the following arrays, modeled by binary trees, and elements S:
(@) 4 asin Figure 6.1, S = a;.

(b) A as in Figure 6.1, a;<S<a,.

(c) A asin Question 4.7, S =ay-

(d) A as in Question 4.7, S = ay3.

(e) A asin Question 4.7, a;¢ < S <ay.

Suppose that you want to insert D = 31 into the sorted array .4 =
(3, 6,9,12,15,18,21,24,27, 30,33, 36). Construct a binary tree to model the
sorted array A both before and after the insertion of D. In how many locations
do these two trees differ?

If Tisabinary tree with ¢ leaves, how many vertices of degree 3 does T have?
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15. Explain how the algorithm SEQSEARCH can be modeled by traversing a
graph that is a path.

16. Run TREESORT on the following arrays, showing the binary tree and its
node values at the end of each execution of steps 3 and 8: (a) 4 =<1,2, 3);
b4 = (2, 1,3); and (c)A= (1,5,2,6,3,4).

17. How many comparisons are performed in step 2 of TREESORT?

18. In TREESORT how may b: _,’s get erased the ith time through the loop?
How many comparisons will you need to relabel the tree?

19. Show that TREESORT is a O(n log(n)) algorithm.
20. Rewrite TREESORT so that it sorts arrays with repeated entries.

6:5 LOWER BOUNDS ON SORTING

A new employment director wants to improve the efficiency of the student employ-
ment office. After conversations with the previous director, the new director is
convinced that she should sort her payroll drawer at the beginning of the year.
She learns that the previous director originaly used the quadratic agorithm
SELECTSORT and then switched to the n log(n) algorithm BINARY SORT, but
the new director does not want to keep switching algorithms each year when the
local algorithm experts come up with new and faster (and possibly more complex)
sorting algorithms. She decides she would like once and for all to find a fastest
sorting algorithm and guesses that there must be a linear algorithm, one that runs
in O(n)-time on an array of n elements. So she calls her friends taking the computer
science course on algorithms and asks for such a linear-time sorting algorithm.

The algorithm students report that they haven't learned about such an ago-
rithm yet, but maybe they will later in the semester. In the meantime they suggest
that the director might like to try Treesort, Shakersort, or Mergesort. These are
al nlog(n) agorithms. The director rejects these offers. She is trying to run an
efficient office and is not interested in becoming an algorithmic specialist herself.
However, she decides that she will, on her own, search for alinear-time sorting
algorithm or else prove that there is no such algorithm.

The new director has studied some discrete mathematics and begins with small
examples of arrays. If she has an array like <al, a,, a)), then in how many different
orders might the array appear? For example, the array might be “in order” so that
a;<a;<az or “out of order” with a,<a;< a,0or a,<a;<a;, and so on.
How many comparisons must be made to sort these elements into increasing
order? The element a1 can be compared with 4, and with a,, and the elements
a, and a,can be compared with each other. Are all these comparisons necessary?

Question 5.1. For n= 3, 4, and 5, given an array of n distinct items A =
{ay,dz,-. . .a,y decide in how many different possible orderings these elements
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6:5 LOWER BOUNDS ON SORTING

might appear. Then determine the total number of pairwise comparisons that can
be made among the members of the set.

Proposition 5.1. There are at most n! different possible orderings of an array of n
elements. In such an array there are n(n — 1)/2 distinct pairs of items that might
be compared.

Proof . If the array entries are distinct, there are the same number of orderings as
permutations of an n-set. If the entries are not distinct, the number of different
orderings is less than n!, since some permutations produce the same ordering. (See
also Exercises 2 and 3.) In either case the number of possible comparisons between
pairs is the same as the number of 2-subsets of an n-set or (equivalently) the number
of edgesin an n-clique. 0

Proposition 5.1 tells us (and the employment director) that if we make all possible
comparisons, we have a 0(n?) algorithm, an algorithm as slow as SELECTSORT.
We know we can use cr log(n) comparisons for some constant ¢, but can we use
even fewer than this?

Any sorting algorithm that uses comparisons contains a sequence of com-
parisons, say C;,C,,....C,. Regardless of the particular sorting agorithm used,
what can we say about the value of k, the number of comparisons, in the worst
case? We model the problem with a binary search tree.

Example 5.1. Given three distinct objects, say 44, a,, and a5, we make a binary
search tree labeled with possible comparisons and possible outcomes. Suppose that
we begin by comparing a, and a,. There are two possible outcomes, either a; <
a,0r a; >a,. We label the root of the binary tree with (a,:a,) for this comparison;

the edge from the root to the left subtree is labeled “<” to denote the first possible
outcome and the edge to the right subtree is labeled “>" for the second outcome.
See Figure 6.6. Suppose that we next compare a, with a5 and label the two nodes
on level 1 with (a1- a,) and their left edges with “ < and their right edges with”> .

Notice that in two of the four possibilities we know the correct ordering and have
written that in as a leaf of the tree, but in the remaining two cases we need to
make the additional comparison of a, with a,.

The results of Example 5.1 show that at least with this order of comparisons
three comparisons are needed in the worst case.

Question 5.2. Asin Example 5.1 construct and label a binary search tree when
comparisons are made in the following order:

(@ a, with a,, a,with a3, a, with a,.

(b) a, with a5, a, with a,, a, with a..
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6 SEARCHING AND SORTING

a:<aysag ay<az<ay apy<azsa)

Figure 6.6

The results of Example 5.1 and Question 5.2 convince the employment director
that three comparisons are needed to sort a three-element array. This finding is
inconclusive from the complexity point of view, since all possible comparisons are
needed in the worst case. On the other hand, three comparisons for a three-element
array might indicate the possibility of a linear-time algorithm.

Example 5.2. Suppose that we sort 4 = <al, a,, a, a,,. Here is part of the search
tree (Figure 6.7). Notice that once it is known that a5 <a, < a5, then it isimpos-

ay: ay

Figure 6.7
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6:5 LOWER BOUNDS ON SORTING

sible to have a, < a,. The path corresponding to this impossibility terminates with
a leaf labeled with the empty set.

The director also realizes that she can analyze any sorting algorithm using the
binary tree structure. If any algorithm makes comparisons Cl, C,,. . .. Cin that
order, then we represent this algorithm as a binary search tree of depth k. The
root is labeled C 4, the two nodes at depth 1 are labeled C,, and, in general, the
nonleaf nodes at depth i are labeled C.1fori=0,....k—1. The leaves are
each labeled with either the empty set or with one of the n! possible orderings of
the array. The label on a leaf at the end of a path from the root is the ordering
specified by the series of < and >s on that path; asin Example 5.2 there may be
no such ordering. If k comparisons are made in the worst case, then the binary
tree representing these comparisons has depth k. By Theorem 4.1 there are at most
2‘leavesin such atree. Thus we must have

2“=n!, or k > log(n!). 0
We have proved the following theorem.

Theorem 5.2. It requires at least log (n!) comparisons to sort an n-element set
in the worst case.

Another approach to the proof of this theorem, using a game and binary
numbers, is given in Exercises 16 and 17.

The director realizes now that an algorithm that performs sorting by com-
parisons must in the worst case do at least log (n!) comparisons. Her next goal is
to determine the size of log (n!) or at least a lower bound on log (n!). The next
arithmetic lemma will lead to a lower bound on log (n!).

Lemma 53. If n>i>1,theni(n+ 1—i) = n.
Proof. Since n=i and (i — 1) = 0, we have
(i —Dn> (i — 1)
Adding n to both sides and subtracting (i —1)i yields
in—ili—1)>n,
which simplifies to

in—i+1)=n 0
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6 SEARCHING AND SORTING

We now use the lemma to estimate log (n!).

log(n!) = log(n(n — 1)--- .3 .2.1)
= log {[(m 1][(n — )2][(n — 23]~ [(n —i + )i]-. -}

by regrouping factors

=log[(m1] +log[(n — 1)2] + - +log[(n —i+ il + - (A)
by the additive property of logs

> log(n) + log(n) + - + log(n) + - - - (B)

by Lemma 5.3.
Note that if nis even, the sumin (A) ends with log [((n/2) + 1)(r/2)]. Hence
there are n/2 terms and so (B) equals (r/2) log(n). Thus

log (n) 2(%) og(n).

(For the case of n odd, see Exercise 9.)

Corallary 5.4. If §(n) is defined to be the number of comparisons needed in the
worst case to sort a file with nitems using comparisons, then

S(n) = log(n!) and nlog(n) = O(S(n)).

Corollary 5.4 is often referred to as the information theoretic lower bound on
sorting. What it means is that there cannot be a sorting method based on pairwise
comparisons whose complexity is of order lessthan nlog (n). In other words, every
such sorting algorithm will be big oh of some function in the functional hierarchy
(as developed in Chapter 2) that is at least as big as nlog (n). So far, we have seen
three sorting procedures, one that is O(n?) and two that are O(n log(n)).

Example 5.3. Suppose that we want to sort A= (al, a,,as,a,s). As we have
already seen, three elements in an array can be sorted with three or fewer com-
parisons. Suppose that we find that 4, <a, <az and we want to find the position
of a,. We could compare a, with each of thefirst three to find its position or we
could use the idea of BINARY SORT. Then we would compare a, with a,. If
a,< a,, we compare a,with al. If a, > a,, then we compare a,with a; and so
determine the final order. In total, five comparisons have been made in the worst
case. Since[log (4!)] = 5, Corollary 5.4 tells us that afile with four items cannot
be sorted using fewer than five comparisons.
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6:5 LOWER BOUNDS ON SORTING

Question 5.3. Draw the binary search tree for a four-element array when the
comparisons are made as suggested in Example 5.3. Count the number of com-
parisons in the worst case. (Note that to parallel Example 5.3 we allow different
nodes on the same level of the binary tree to receive different comparison labels.)

Notice that we talk repeatedly about “sorting by comparisons.” How else
might a sorting algorithm proceed? In fact, in some special cases comparisons
are not necessary; these ideas are explored in Section 8 and in Supplementary
Exercises 29 to 32. For example, the algorithm BUCKETSORT is alinear-time
sorting algorithm but is of limited applicability because of its excessive storage
requirements.

The director is now convinced that there is no algorithm that uses com-
parisons and is essentially better than BINARY SORT, and so she decides to stick
with this n log(n) algorithm. However, due to increased tuition and decreased
financial aid the number of student employees doubles and then grows to triple
the original number of students.

Question 5.4. Suppose that the number of student employees increases from
600 to 1200. If the employment director first sorts her file with nlog(n) com-
parisons and then performs n log(n) more comparisons for each of the four payroll
periods in one semester, how many comparisons are performed for 600 and for
1200 students? And for 1800 students?

The employment director finds she can't keep up with the explosion of work
in her office as the number of employees doubles and then triples. She petitions
the president’s office for an assistant. The petition is granted, and the president
even offers, if need be, to provide a second assistant. The next sections will present
ways in which the director can use her assistants effectively.

EXERCISES FOR SECTION 5

1. Given an array of n distinct elements, we have said that there are n! possible
initial orderings of the n elements. For n= 3 and n = 4, give examples of n!
arrays, one corresponding to each of the possible orderings.

2. Suppose that in the array A = (al, a,, a5, a,) itisknown that a; = a,. Then
how many different possible (unsorted) orderings are there?

3. Suppose that it is known that in the array A= (al, a,,. . . . an) two elements
are the same but otherwise the elements are distinct. How many different
(unsorted) orderings are there?

4. Suppose that we have an array (al, a,,a5) and ask the questions

“Is az < ay? and Isa,< al?
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10.

11.

12.

13.

14.
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Give an example of values for a,, a,, and a,for which the answers to these
two questions do determine the order correctly. Then give an example of
values for which the answers are not sufficient to determine the order
correctly.

Suppose that we have an array (al, a,,a3,a,). Find four questions that
sometimes do and sometimes do not determine the correct order.

If an algorithm makes k comparisons, explain why the corresponding binary
tree has depth k.

Given an array containing n elements, is it ever possible to ask n—2 or
fewer questions of the form “Is a<a;?” and from the answers to learn the
correct order? Explain.

Suppose you have an n-element array and ask the n—1 questions “Is
a;<a,27"1Sa,<ay?,” ... . “Isa,_1<a,1” If itis possible to determine
the order of the array from the answers to these questions, what can you say
about the entriesin the array?

Find a lower bound for log (n!) in the case that nis odd, similar to the one
found in the text when nis even.

Stirling's formula from Chapter 3 tells us that
Jn (*Z*) — o).

Use this to obtain a lower bound on log (n!). Does this lead to a better (larger)
lower bound than that derived in the text?

Draw a binary tree for sorting 4 = (al, a,, a5, a,) that begins by comparing
a, With a,, then a, with a,, and a,with a,, and that has depth as small as
possible. (Asin Question 5.3 you may make different comparisons at different
nodes on the same level.)

Suppose that abinary search treefor A=(al,. . .. a5 ) begins with the com-
parisons a, with a,, then a; with a5, then a, with a, and a, with as. How
many leaves are there at depth 4? Give an example of a leaf at depth 5. Give
an example of aleaf at depth 6 or more.

Suppose that tn log(n) comparisons are made on records for n student em-
ployees during ¢ time periods. If » is doubled to 2n, does the number of
comparisons double? Does it triple? Suppose that the number of students
triples from n to 3n? How many times the original number of comparisons is
the new number of comparisons?

If 7(n)= nlog(n), find k such that for n sufficiently large

kn log(n) < 2nlog (2n) < (k + 1)n log(n).
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15. Corallary 5.4 says that a file with five items in it cannot be sorted with fewer
than [log (51 = 7 comparisons. If one sorts a file with five records by first
sorting four records and then inserting the fifth record, it takes a total of eight
comparisons. First five comparisons are needed to correctly sort four records
and then three more to insert the fifth item into the ordered list of four items.
Decide whether the minimum number of comparisons that will necessarily
sort afile with five items is seven or eight.

16. Here is a sorting game, played by two playerson an array 4= (d,. . . . an).
Player 1 picks two elements 4; and aand asks player 2 to compare these
values and to say which is smaller. Player 2 then assigns values to g and g
in any way and answers, for example, that 3<a. Player 1 next picks another
pair to compare, and player 2 again assigns values and reports the answer.
(Once player 2 has picked and used a value for some a, the value cannot be
changed, but values do not need to be selected until player 1 brings them up.)
Player 1’s god is to determine the order as quickly as possible; player 2's goal
is to keep the order obscure as long as possible. Play the sorting game for
both n= 4 and n = 5. How many comparisons can player 2 force player 1 to
make?

17. In the sorting game if player 1 asks for the results of k comparisons, then
player 2 must give k different pieces of information, in this case either “<”
or “ > “ There are 2“different patterns of answers that player 1 may receive
from player 2. Use thisto explain why to sort a set of n objects with k com-
parisons, it must be the case that 2> n!.

6:6 RECURSION

The director of the student employment office hopes that with an assistant she
can delegate more of the routine work. For example, at the beginning of the year
she might sort half of the student records, give the other half to an assistant and
then merge the two sorted files into one.

To train an assistant with an easy comparison task, the director begins with
the job of finding the minimum entry of A =(a,,4,,. .. .a,, an array of real num-
bers. She asks the assistant to find the minimum entry of 4'=(al, a,,....a,-1)
because she knows she can compare the assistant’s minimum with a, to find the
overal minimum of A. Now the assistant catches on quickly and realizes that he
can use another assistant to find the minimum of A* = (al, a,. . ., a,—2) and
then compare that minimum with q,, _ , to find the minimum of A’. If each of the
assistants has an assistant (or afriend to help with the work), each assistant can
pawn off the work of finding the minimum of a smaller array. Eventually, the
array under consideration will have just one entry, which will be the minimum
value of that array. This minimum value will be passed up and probably changed
until the director receives the correct minimum of 4’ and then with one comparison
finds the minimum of A.
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6 SEARCHING AND SORTING

This fanciful idea is an example of what is known as a recursive algorithm or
recursive procedure. The word recur means to show up again, and that’s exactly
what happens in a recursive procedure: The procedure shows up again, or is used,
within itself.

We now formalize a recursive procedure that carries out the idea described
above. The procedure MIN will find the minimum entry in an array A. The input
to MIN is A and », the length of A, and the output from 4 isk, the value of the
index of the minimum entry of A.

Procedure MIN(4, n, k)

Sterl. Ifn=1I,thensetk:=1
Else
Begin
STEP 2. n:i=n-—1
Step 3. Procedure MIN(4, n, k)
Step 4. ayy <@, then k:=n+ 1
End {step 1}
Step 5. Return.

In step 3 we call the procedure MIN, but on an array of smaller size. This
is the essence of a recursive procedure. We repeatedly call MIN until » = 1. When
n = 1, the array has one element and we actualy find the minimum, successfully
completing step 3. Every time step 3 is completed, we proceed to step 4 with the
value of kjust received and with the value of nequal to what it was when that
instance of the procedure MIN was called.

Example 6.1. Table 6.4 isatrace of MIN with 4 = (4.2, 2.1, 3.5,0.9),

When n =1, we set k= 1 and return to (C)to complete steps 4 and 5. Notice
that when we then return to (B), nis reset to 2, its value at the time of this
execution of step 3.

Question 6.1. Trace the procedure MIN on the array (4,3,2,1, 5).

There are two properties essential for a recursive procedure to be correct.
These are dictated by the requirement that an algorithm must terminate after a
finite number of steps. At each call of the procedure within the procedure, the value
assigned to some variable, say P (P = n = number of elements in the array in
Example 6.1) must decrease. When the value assigned to this variable is sufficiently
small, there must be a“termination condition” that instructs the procedure what
to do in thisfinal case. It is common to think of a recursive procedure as operating
on different levels. If the procedure begins with the parameter P initialy assigned
the value ¢, one might think of beginning at the gth story of a building. With
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Table 6.4
Sep No. n k a Ay
1. 4
2. 3
3. {Cal MIN(42,2.1,3.5), 3,k)} "
L 3
2. 2
3. {Call MIN(<4.2,2.1),2, k)} (B)
L 2
2. 1
3. {Cal MIN(¢4.2), 1, k)} (c)
1 1 1
5 {Return tO (C)}
1 1 4.2 21
4, 1 2
5. {Return to (B)}
2 21 35
4, 2 2
5. {Return tO (4)}
3 2 21 09
4, 3

5. {Return with k'= 4}.

each call the value assigned to P is decreased, and one descends to a lower story
until, say, P isassigned the value 1. On the first floor some real calculation or
comparison is performed and the message is sent back up through the floors to
the gth story, where the final answer is assembled.

A recursive program is also analogous to an induction proof. The “termination
condition” corresponds to checking the base case. The call of the procedure within
itself corresponds to using the inductive hypothesis.

Example 6.2. Hereis an example of arecursive procedure that cal culates the nth
Fibonacci number (see Section 4.4).

Procedure FIB(n, F) { This procedure has » as input and F as output.}

stepl. n<1,then F:=n
Else
Begin
Srtep 2. Procedure FIB(n—1, F')
Srep 3. Procedure FIB(n — 2, F*)
STeEP4. F:=F + F”
End {step 1}

STEP7. Return.
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In step 1 we use the fact that Fo = O and F{=1. Notice that we can call FIB
with input » — 1 or n —2; the parameter n does not have to be decreased before the
call, aswas done in MIN. And the answers will be stored in F' and F* as directed.

Another classic example of the use of recursive procedures is in calculating
the greatest common divisor of two integers (see Algorithm EUCLID from
Chapter 4). The next procedure is based on the fact that ged (b, ¢) = ged (r, b), where
I =C—|c¢/b]b. The procedure takes b and ¢ as input and produces g = ged (b, C)
as output.

Procedure GCD(b, ¢, g)

Step L. If b=0,theng:=c¢
Else
Begin
StEP 2. ri=c— |c/b]*b
Step 3. Procedure GCD{r, b, Q)
End {step 1}

Ster 4. Return.

comment.  Thevalues of b and c used in computing r in step 2 come from the
input parameters of the procedure. They equal the original b and c only in the first
execution of step 2.

Question 6.2. Trace GCD with b= 13 and ¢ = 21. How many recursive calls does
it make?

In the exercises you will see examples and problems on recursive procedures
for the algorithms SUBSET, JSET, PERM, BtoD, among others. Some of these
will be more efficient than before, others no more so.

We conclude with arecursive version of SELECTSORT based on an exten-
sion of MIN. The plan is to use basically the same ideas as in SELECTSORT,
only to allow a director-sorter to delegate work to assistants. First we rewrite
MIN so that upon input of an array A and two integers start < finish, it
proceeds recursively to find the index k of the minimum entry in the subarray

<astan’astart+ lyeony afinish>-

Procedure MIN(4, start, finish, K)

ster 1. If start = finish, then k= start
Else
Begin
Srep 2. Procedure MIN(A, start, finish—1, k)
Ster 3. If agpi6n < @, then k: = finish
End { step 1}
SteP 4. Return.
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Question 6.3. Trace MIN on 4 = (—1,0.333,5.2, — 10,6.001, 17) for:
(a) start =2, finish = 3; (b) start = 3, finish = 6; and (c) start= 1, finish = 6.

Algorithm R-SELECTSORT

Step 1. Input an array A and itslength n
Step2. For start:= 1 ton— ! do
Begin
Srep 3. Procedure MIN(A, start, n, k)
Step 4. If k# start, then switch the values of ag,,, and a;
End { step 2}
Step 5.  stop.

We don’t claim that R-SELECTSORT is an improvement over SELECT-
SORT, but it is good training for the recursive sorting algorithm in the next
section. In fact, R-SELECTSORT performs about twice as many comparisons as
SELECTSORT as we shdl see in the following discussion.

First we count the number of comparisons performed by MIN on an array
of n elements, that is, when n = finish — start + 1; denote this number by M(n).
Then M(l) = 1. For n> 1, first one comparison is performed in step 1, then MIN
is applied to an array with one fewer entry, and finally one additional comparison
ismadein step 3. Thus

M(n) = M(n—1) +2. (D)
In other words, each additional array entry requires two more comparisons. Thus
M2 =M(l) +2=3, M(3) =M(2) +2=15,

and apparently M(n) = 2n— 1. To be sure, we prove that this formulais correct
by induction. Since M(l) = 1, the base case is cdrrect. Then

M(n) = M(n—1) +2 by (D)
=2n—-1D—-1+2 by the inductive hypothesis
=2n- 1.

Complexity results for recursive procedures are often similarly established using
induction.

Now in R-SELECTSORT we call the procedure MIN(A, start, n, k) for
start= 1,. ... n—21. Thus the total number of comparisons performed is

@n—D+2n =3+ +3=n>—1=0@#>,

(see Exercise 14), giving the same big oh complexity as for SELECTSORT. Com-
paring the more precise count of comparisons (see Theorem 1.1) shows the re-
cursive version to be less efficient.
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EXERCISES FOR SECTION 6

1. Trace (the second version) of MIN(4, 1, n, K) if
(@ 4=<(-3,-2,-1),n=3.
(b) A =<—10,10, =3,3), n = 4.
(c) 4 = (1,2357), n= 5.

2. Trace GCD if
(@ b=3,¢c=5.
(b) b=1,c = 10.
(c) b=0,¢c=75.
(d) b=3,c=14.

3. (a) Write arecursive procedure MINMAX(A, n, rein, max) to find the mini-
mum and maximum entry of an array of n numbers.
(b) Determine the number of comparisons made in the worst case.

4. Using the fact that n! = n(n — 1)! write a recursive procedure FACT(n, F) that
upon input of a nonnegative integer n, calculates F = n!. Trace the procedure
for n =4.

5. What do the following recursive procedures compute?

(@) Procedure NUM I(n, ans)

Step 1. If n= O, thenans = 0O
Else
Begin
STEP 2. Procedure NUM1(n + 1, ans)
Step 3. ans:=ans—(n+ 1)
End
Step 4. Return.

(b) Procedure NU M 2(n, ans)

Step 1. If n= O, then ans.= O
Else
Begin
SteP 2. Procedure NUM2(n — 1, ans)
SteEP 3. ans := ans + n
End
SteP 4. Return.

(c) Procedure NUM3(n, ans)

Ster 1. If n = O, thenans:= O
Else Procedure NUM3(n — 2, ans)

Step 2. Return.
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6:6 RECURSION

Find an equation relating the two binomial coefficients <Z> and (k i 1). Use

. . . R . )
this to write a recursive procedure that calculates k) What is the termina-

tion condition?
Here is the classic relation between binomial coefficients:

ny [n—1 + n—1
k) O\ k k—1)
Use this to write a recursive procedure to caIcuIaI«{Z); you may need to

use more than one termination condition.

Compare the algorithms in Exercises 6 and 7 by counting multiplications,
divisions, additions, and the number of calls to the procedure. Which is more
efficient?

Trace FIB with n = 5. Count the number of recursive calls. Comment on the
efficiency of this method of calculating Fibonacci numbers as compared with
methods learned in Chapter 4.

Suppose that A(n) equals the number of additions performed in FIB(n, F).

Then A(O)=A(l) =Oand A(2) = 1.

(@) Show that A(n) = A(n— 1)+ A(n—2) + 1.

(b) Compute A(n) for n =3,4,5,6,7,8.

(c) Compare these values with the nth Fibonacci numbers for n= 2,3,...,8.

(d) Determine a formula for A(n) and then prove that FIB(n, F) performs this
many additions.

(e) Is FIB a polynomial algorithm?

Suppose that we define F§ =0, F¥=1 and F§ =1, and for n > 2,F} =

F, ,+F,-,+F,_5. Write arecursive procedure FIB #(n, F*) that calcu-

lates F¥ and storesit in F *.

Hereis an attempt to improve the efficiency of the procedure FIB; to deter-
mine the nth Fibonacci number the numbers n, s= O, and ¢t =1 should be
input and F will be the output, containing the nth Fibonacci number.

Procedure FIB2(n, s, t, F)

Step 1.Ifn=20, then F:=s
Else Procedure FIB2(n —1,t,s+ ¢, F)
Step 2. Return.

Run this procedure with n = 1,2,3,4,5. Then explain why FIB2(n, 0,1, F)
correctly returns F as the nth Fibonacci number.
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13. Compare the number of recursive procedure calls made by FIB2 and by FIB.
14. Provethat 2n— 1)+ (2n —3) + -+ 3=n> — L.

15. Prove that the number of multiplications and divisions performed by the re-
cursive version of GCD on b and c is at most 4|log (b)]. (Hint: Reread the
complexity analysis of the algorithm EUCLID given in Chapter 4.)

16. Hereis arecursive procedure to form alist L of all subsets of an n-set 4.
Procedure R-SUBSET(A, n, L)

Ster 1. If n= O, then L := {J}
Else
Begin
Procedure R-SUBSET(A, n—1,L)
Srep 2. For each set SinL,add Su{a(n)} toL
End
Step 3. Return.

(a) Trace this algorithm on 4 = (1, 2,..., ny for n = 2,3, and 4.

(b) Explain why the algorithm works correctly.

(c) If astep is considered to be the formation of a set, prove by induction
that R-SUBSET(A, n, L) performs 2* steps.

17. Here is arecursive version of the algorithm JSET, presented in Chapter 3.
This procedure receives nand j and then stores all j-subsets of the n-set
{1,2,..., n}inthelist L.

Procedure R-JSET(n,j, L)

Step 1. If j = O, then L := {&}
Elseifj=n, then L:= {{1,2,...,n}}
Else
Begin
Step 2. Procedure R-JSET(n—1,j,L,)
Step 3. Procedure R-JSET(n—1,j — 1, L))
Ster 4. For each set Sin L,
set §:=S U {n}
STEPS. L:=L; UL,
End
Step 6. Return.

Run R-JSET on the following datac (a) n=2,j=1; (b)n= 3,j=1;
(n=3,j=2,d)n=4,j=2;and (e) n=15,j = 3.

18. What is the mathematical idea behind R-JSET that makes it work correctly?
Count the number of assignment statements made in R-JSET. Is it a good
algorithm?

19. Write arecursive version of TREESORT.
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6:7 MERGESORT

In this section we present an efficient, recursive sorting algorithm, known as
MERGESORT. This algorithm is particularly well suited to the situation when
aset of records must be added to a large already sorted set of records. It has the
disadvantage that to sort an array of n elements an additional array of size nis
used to keep the programming simple and the element shuffling to a minimum.

Here is the idea of MERGESORT from the point of view of the employment
director. Suppose that there is now enough work to employ two assistants. At the
beginning of the semester the director receives a large file from the payroll office,
containing one card for each student employee, listed in alphabetical order. She
wants to sort these by social security number. To divide up the work, she splits
the file, giving half to each assistant to sort. The director will then merge the two
smaller sorted files into one large sorted file.

Algorithms that proceed by dividing the problem in half, working on one or
both halves, and then constructing the final solution from the solutions to the
smaller problems are known as divide-and-conquer algorithms. The algorithms
BINARY SEARCH and BININSERT also follow this approach.

Back in the employment office, the assistants remember the principle of re-
cursion. If they each have two assistants or friends, they will give haf of their file
to each for sorting and then merge the resulting sorted files. The halves or pieces
to be sorted will get smaller until an array of one element is reached, say <a),
and this array is sorted as it is. Notice that this process can be modeled by a
binary tree with the root labeled with the director, the roots of the left and right
subtrees labeled with the assistants, and so on.

Question 7.1. Let 4 be an array containing eight numbers. Using the ideas of
the preceding paragraphs, draw the corresponding binary tree for this case. What
is the depth of the tree? How many vertices does it contain? In total, how many
assistants are employed in the task?

This approach will be good, provided that we can efficiently merge two sorted
files into one sorted file. We shall see that such a merger can be performed in time
linear in the total number of elements to be merged.

Here specifically is how to merge two sorted files. Assume that we have an
array Csuchthat € q,. .. , cpg iSin sorted order asis tmia 4+ 1, ..., ¢, (If we had
two separate, sorted arrays 4 and B, we could place them in C with 4 listed before
B.) The goal is to rearrange C so that it becomes a sorted array. We use an auxil-
iary array D into which we sort the elements of C; in the end we transfer the sorted
D back into C.

First we compare the first entries in the sorted subarrays, ¢, and ¢mid .. ;, and
place the smaller in d,. Next, depending on the outcome of the first comparison,
we compare ¢, With Cmid . ; OF ¢; With ¢mig 4 25 placing the smaller in d,. We con-
tinue until either the first subarray or the second has been entirely placed in D.
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Then wefill up D with the remaining elements of the other subarray and finally
copy Dinto C.

Procedure MERGE (C, dtart, mid, finish) {C is an array with entries Csearw
Cuart + 10+ - -» Cmia IN iNCreasing order and entrieS Cmia +1,- . ., Crinisn ASO N increas-
ing order.}

Step1. Seti:=startand j: =mid+ 1{iand jindex the entries of C being
compared}
Set k= start {k indexes the entry of D being filled}
STEP2.  While(i < mid) and (j < finish) do
Step 3. If ¢ <¢c;, then do
Begin
STEP 4. d,: = C
STEPS. i:=i+1
STEPG. k:=k+ 1
End
Else
Begin
STEP 7. d} = ¢
STEPB. ji=j+1
STEPY. k:=k+1
End
{Right now one of the subarraysisin D}
Srep 10. If i > mid, then do { Transfer remaining entries into D}
For index : =j to finish do
Begin
STEP 11. di : = Cindex
STEP12. k:=k + 1
End
Else
For index := i to mid do
Begin
STEP 13.d;, © = Cingex
STEP 14. k:=k + 1
End
Srep 15. For index := start to finish do {transfer D to C}
“index ~ifhdex
Step 16. Return.

Example 7.1. Table 6.5 is a trace of MERGE run on the array C = (1,2,3,4,

—2,0,2,4, 6) with start = 1, mid = 4, and finish = 9. We show the array D after
the completion of each execution of step 3.
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Table 6.5
Sep No. j k D
1 1 5 1
3 1 6 2 (-2,...
| 7 3 <-2,0,...
2 7 4 -2,0,1,...
3 7 5 (-2,0,1,2,...
3 8 6 (-2,0,1,2,2,...
4 8 7 (-2,0,1,2,2,3,...
5 8 8 -2,0,1,2,2,3,4,...
10 <-2,0,1,2,2,3,4,4>6)
15 C=1{(-2,0,1,2,2,3,446).

Notice that when equal entries occur, the entry of the first half isinserted in D first.

Question 7.2. Trace MERGE on C = (0.1, 0.2,0.3,0,0.09, 0.19,0.29,0.39,0.49).

How efficient is MERGE? Three comparisons occur at every execution of steps
2 and 3, except for the final time when only the two comparisons in step 2 occur.
These steps happen at most » times, where n is the length of the array. Then count-
ing the additional comparison of step 10, at most 3n = O(n) comparisons are
performed in total. MERGE is alinear algorithm.

With MERGE and the assurance of its efficiency, we plan MERGESORT.
We begin with an unsorted array C of length n. We divide C at roughly the
midpoint, setting mid equal to | n/2|. We sort the first half of C recursively and
the second half of C recursively and then use MERGE to combine them in sorted
order. Thiswill be accomplished by calling the recursive procedure below with
start = 1 and finish = n.

Procedure MERGESORT (C, start, finish)

Step 1. If start = finish, then Return.
Else
Begin
Step 2. Set mid:= [(start + finish)/2 |
Srep 3. Procedure MERGESORT (C, start, mid)
Srer 4. Procedure MERGESORT (C, mid + 1, finish)
Srep5. Procedure MERGE (C, start, mid, finish)
End {step 1}
Ster 6. Return.

The main trick in tracing a procedure like this is to remember where to return
upon the completion of a procedure and what the values assigned to the variables
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are at the return. For example, if we cal MERGESORT(C, i,j) in step 3, the
procedure receives as input whatever subarray is currently stored in entries i
through j of C, sorts it and returns it at the end of step 3 to the same subarray
of C. All this bookkeeping is done for us in a programming language like Pascal.

Example 7,2. Table 6.6 is a trace of MERGESORT on C = (0.3,0.1, 0.2). The
results of the procedure MERGE are just written under the call statement, since
we have seen how this works before.

Procedure MERGESORT{<0.3,0.1,0.2), 1, 3)

Table 6.6
Sep No. c start mid Jinish
1,2 (0.3,0.1,0.2) 1 2 3
3 { Call MERGESORT(C, 1, 2)} (A
1,2 (0.3,0.1) 1 1 2
3 {Call MERGESORT(C, 1, 1)} (B)
1 (0.3) 1 1
Return to (B) 1 1 2
{CalMERGESORT(C, 2, 2)} (c)
1 <0.1) 2 2
Returnto (C) 1 1 2
5 {Cal MERGE(C, 1,1, 2)}
(0.1,0.3)
Return to (A)
(01,03, 02) 1 2 3
4 {Cal MERGESORT(C, 3, 3)} (D)
1 <0.2) 3 3
Return to (D) 1 2 3
5 {Cal MERGE(C, 1,2, 3)}
(0.1, 0.2, 0.3)
6 Ret urn.

Question 7.3. Trace MERGESORT on

(@) C =<1, O) with start= 1 and finish= 2.

(b) C = (22,24, 23) with start = 1 and finish= 3.

(c) C =<11, 3.3,2.2,4.4) with start= 1 and finish= 4.

We now verify the efficiency of MERGESORT. The origins of this complexity
bound are explored in Exercise 7.

Theorem 7.1. MERGESORT is a0O(n log(n)) algorithm.

328



6:7 MERGESORT

Proof. We begin by proving that if n = 2, then the number of comparisons
executed by MERGESORT is 3nlog(n) + 2n — 1. The proof is by induction on k.
If k= 0O, then C contains one entry and with one comparison in step 1 the proce-
dureis finished. Since 1 =3 -11log(1) + 2- 1 — 1, the base case is established.

We assume that the result holds for all exponents less than k and consider
an array C with 2“entries. Then initially mid equals 2“1, and in steps 3 and
4 MERGESORT is called on arrays of n” = 21 entries each. By the inductive
hypothesis MERGESORT performs

3nlog(n) +2n —1=3-2"Yog(2* 1y 4 2. 2k" 1 g
C 32 k422 -
=213k — 1)- 1

comparisons on each smaller array. The total number of comparisonsis1 (from
step 1) plus the number performed on the first half of C plus the number per-
formed on the second half of C plus 3n, the number of comparisons used by
MERGE, or

2273k =)= D+ 3n+ 1 =Bk — 1) +3-25— 1
=23k +2-2~1°
=3n10g(n) + 2n-—1.

Now suppose that C is an array of n elements, where nis not necessarily
apower of 2. Set r =[log(n)]and m = 2'. We know

n<m= 2r <210g(n)+1 = 2n.

Create C, an array of melements by appending m—n new elements to the end
of C. Suppose that all these elements are assigned a very large value, a number
larger than all entriesin C. When MERGESORT is applied to C we know that the
number of comparisonsis at most

3mlog(m)+2m—1 <3-2mlog(Cm)+ 2-2n)— 1 =6n(log(n) + 1) +4n -1
= 6nlog(n)+10n — 1
<t6nlog(n) = O(n log (n)).

Now C' and C have been sorted with O(n log(n)) comparisons; had we applied
MERGESORT to C alone, perhaps fewer comparisons would have been per-
formed. 0
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An dternative, tighter upper bound on the number of comparisons in
MERGESORT is outlined in Supplementary Exercises 27 and 28.

Question 7.4. Look at Question 7.3(a) and (c) and verify that exactly 3n log(n) +
2n — 1 comparisons were performed.

Question 7.5. Verify that the number of comparisons MERGESORT performs
on an array of size 3 is 20. Is this number less than 3n log (n) + 2n — 1 with
n= 37 Show that this number is less than 6n log(n) + 10n — 1 when n= 3,

EXERCISES FOR SECTION 7

1. Trace MERGE on the following data. In each case count the number of com-
parisons made and compare with 3n, where n isthe length of the array.
(@ C= (1,13, 5), start= 1, mid= 1 and finish= 4.
(b) C = (0.1, 0.2,0.3,0,0.2, 0.4,0.6), start= 1, mid= 3 and finish= 7.
(c) C=(12 34,12, 34), start= 1, mid= 4 and finish= 8.
(@) C = (5, 1,23,4), start= 1, mid= 1 and finish= 5.
(e) C = (1,234, 5), start= 1, mid= 4 and finish= 5.
(f)C¢1,2, 3,4,0), start = 1, mid = 4 and finish = 5.
2. What happens if you run MERGE with the subarray c,,. . . . ¢;;4 NOt Sorted?

3. Trace MERGESORT on each of the following arrays:
(@) A= (2/4, 6,8, 10).
() A = (10,8,6,4,2).
() A=(2,6,4, 10, 8).
@)A=<13, 1545).
(e 4 = (22, 222).
4. Draw a binary tree that corresponds to the divisions into subarrays in Ex-
ample 7.2 and Question 7.3. In general, for what arrays of length nis the cor-
responding tree a full binary tree?

5. Count the number of comparisons made in each case of Exercise 3. Com-
pare these numbers with 3nlog(n) + 2n — 1 and with 6nlog(n) + 10n — 1 for
appropriate values of n.

6. From the numerical evidence of Questions 7.4 and 7.5 and Exercise 3, con-
jecture whether the following is true or false: MERGESORT performs at most
3n[log (n)]+ 2n — 1 comparisons to sort an array of n elements. (See also
Supplementary Exercises 27 and 28.)

7. Let M(n) denote the maximum number of comparisons made in MER-
GESORT, applied to an array of n elements, and suppose that n= 2. Then
M(l) = 1and for n> 1 MERGESORT proceeds by calling itself on two arrays
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of size n/2= 2“1 and then MERGE-ing the two sorted arrays with 3n ad-
ditional comparisons. Thus

M(n) = 2M(n/2)+ 3n + 1.

Usethisrelation to determine M(n) for n= 2,4,8, and 16.
Then find an expression for ‘M(n) in terms of M(n/4) and in terms of
M(n/8). Explain why this leads to the formula

M(n) = 2*M(1)+k3n+ n—-1
=3nlog(n) +2n—1 (still assuming that n=2").

8. Suppose that Ais an array containing 2* numbers. If the array is divided
in half for each of two assistants to sort and if they each divide their half
in half for two additional assistants to sort, and so on, until finally the assis-
tants receive arrays of length one, then how many assistants in al are used?
How many levels of assistants are used?

9. Answer the same question as in Exercise 8 when the array contains m numbers,
where 2'< m< 2* " for some integer n.

10. Write a procedure that inputs an array A = <al, 42,-...a,> (not necessarily
sorted) and rearranges 4 so that if mid = [(1 + n)/2] and S = a,,;4, then all
entries preceding S are less than or equal to S and all entries following S
are greater than or equal to it. (Note that S may need to be moved to a dif-
ferent position.)

11. Write a sorting algorithm that splits the input array 4 using the preceding
exercise and then recursively sorts the parts preceding and following S.

12. Write an algorithm 4-MERGE that takes four sorted arrays and merges them
into one sorted array. Compare the complexity of your algorithm with that of
using MERGE three times to combine these four arraysinto one.

6:8 SORTING IT ALL OUT

The art of searching and sorting is an extremely important and highly developed
one in computer science and applications. These are processes used in aimost all
record-keeping tasks. Not only do telephone companies, banks, the IRS, and so
forth, perform these tasks repeatedly, but now even writers find these tasks in-
dispensable in their word processing programs. For example, searching was done
repeatedly in the preparation of this text. Every time a theorem, a question, an
example, or an exercise was renumbered, a search was run to find all occurrences
of the changed number. A spelling checker program also searches for spelling
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errors and is equally useful because it picks up most typing mistakes. Sorting is
also important, for example, in alphabetizing the index of a book.

One important theme of this chapter is the difference between 0(r?) and
O(n log(n)) algorithms. Both kinds are good algorithms, but the latter are notice-
ably more efficient. Except for cases with small data sets (small like most that
we' ve considered in examples and exercises), the faster algorithms make a signifi-
cant difference in general real-life applications. Of course, there are exceptions to
every rule, and two such exceptions are BUBBLESORT (Exercises 1.11 to 1.13)
and INSERTIONSORT (Supplementary Exercise 7). In the worst case these are
0(n?) algorithms, but when given a nearly sorted array, they can run in linear
time. For example, when an array is nearly sorted except that some adjacent pairs
of elements are transposed, both BUBBLESORT and INSERTIONSORT are
able to benefit from the nearly sorted arrangement. In contrast an algorithm like
BINARY SORT will perform the same number of comparisons on a nearly sorted
array as on arandomly ordered array.

Another theme of this chapter is the difference between algorithms with the
same big oh complexity. When sorting files with large individual records, algo-
rithms should be used that minimize record transfers; for example, SELECTSORT
would be perferred to BUBBLESORT if a O(n?) algorithm were being used.
MERGESORT should be avoided if the file length is so long or the records so
large that there is not room for a duplicate array. However, MERGESORT is a
good choice when two smaller sorted files are to be sorted into one. No algorithm
using comparisons can be faster than O(n log(n)), and the number of different
n log(n) algorithms confirms that these must have been designed for varying needs.
TREESORT uses the most sophisticated data structure among the algorithms
we' ve seen. This algorithm and algorithms based on storing data in tree structures
have wide applicability in these and other combinatorial settings.

We have alluded to the existence of a linear-time sorting algorithm, known
as BUCKETSORT or “distribution counting.” If we want to sort an array of n
elements whose entries are integers from O to M for some small number M, like
M = O(n), then we can make one pass through the array and can store the record
with key ain the ath entry of a new array. (More picturesquely, we think of
tossing the record in the ath “bucket.”) Then in one additional sweep through
the new array, we can pick up the elementsin order. We have performed n + M
assignments and no comparisons. This algorithm has limited applicability; for ex-
ample, using this algorithm the employment director would store the record cards
of, say, 600 students in a new array of length 999,999,999, since there are this
many possible social security numbers. This approach would necessitate an inap-
propriately large array. More sophisticated versions of such an algorithm are
known as hashing.

Finally, the concept of recursive proceduresis an important one. Thisisthe
computer scientists analogue of induction. In Chapter 7 we shall study solutions
of recurrence relations and counting problems that arise from recursive procedures.
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SUPPLEMENTARY EXERCISES FOR CHAPTER 6

This chapter has been only an introduction to a deep and well-understood theory,
which merits further study. *

SUPPLEMENTARY EXERCISES FOR CHAPTER 6

1. Devise an algorithm TRISECTSEARCH that upon input of an array A4 of n
numbers in increasing order and a number S, searches by thirds of 4 for S.
Specifically, first the algorithm should see whether S equals the |(» +1)/3 Jrd
entry in 4. If not and Sis smaller, then it begins again with the first third of A.
If Sislarger than thisentry, it compares Swith the|2(n + 1)/3]rd entry. If S
is smaller, it proceeds with the middle third of .4; if Sis larger, it proceeds with
the last third of 4. Determine the worst-case complexity of your algorithm.

2. Write an agorithm that upon input of an ordered array A of n numbers and
a number S, searches for S and if found, deletes it. Determine the worst-case
complexity of your algorithm.

3. Write an algorithm that upon input of an ordered array A of n numbers and
anumber S, searches for S and if it is not found, inserts it in the correct order.
Determine the worst-case complexity of your algorithm.

4. Rewrite a version of BININSERT, caled BININSERT2, that tests whether
a,, 1= ag;4 after step 3, and if so, immediately inserts a, , ; a the (mid)th
entry of the array. Are there arrays on which BININSERT?2 will run faster
than BININSERT? Are there arrays on which BININSERT2 will run slower
than on BININSERT? Determine the worst-case complexity of BININSERT2.

5. Use BININSERT2 to form a new version of BINARYSORT, called
BINARYSORT2. Run both BINARYSORT and BINARYSORT2 on
<1,5,1, 1,1) and compare the efficiency of these algorithms on this array.

6. In this exercise you are asked to compare the number of assignment statements
in SELECTSORT and in BINARY SORT. The significant assignment state-
ments are those involving array elements, not just index counters in loops.
(a) Rewrite SELECTSORT so that step 5 is expanded and actually carries
out the details of switching a and TN. Call this X-SELECTSORT.

(b) Count the number of assignments of elements a; and TN in the worst
case in X-SELECTSORT.

(c) In the procedure BININSERT with r = 1,2,3, and 4 find examples in
whichr + 2 assignments of elements a and temp are made.

(d) Explain why the maximum number of assignments of elements a and
temp in BININSERT isr + 2.

! A good next source is a large book on the subject: D, E. Knuth, Sorting and Searching, Volume 3
of The Art of Computer Programming, Addison-Wesley, Reading, Mass., 1973.

333



6 SEARCHING AND SORTING

(e) Use the result of part (d) to determine the maximum number of assign-
ment statements performed in BINARY SORT.

(f) Which of X-SELECTSORT and BINARY SORT performs more assign-
ments?

7. INSERTIONSORT is ancther sorting agorithm; it is based on the idea of how
one often sorts a hand of playing cards: with the left end of the hand sorted,
the remaining cards are inserted in order, one at atime.

(a) Write a procedure INSERT(r, al,. . . . a,,qa,, 1) that hasasorted array of
length r, {a;,a,,... ,a,y, and an element a, .1 asinput and that outputs
thearray (al,. ... a,., ) in sorted order. The procedure should search
through the input array sequentially until the position for inserting a, , 1
isfound; then a, .., should be inserted there.

(b) Here is the agorithm INSERTIONSORT:

Algorithm INSERTIONSORT

Step 1. Input n and an array <4a;,ds;,...,a,»
Srep 2. For m= 2to ndo {insert mth entry}

Step 3. Procedure INSERT ((m—1).44,....a,,)
Step 4. Stop.

Trace this on (1,3,2,5,4, 6).

(c) Compare this sorting algorithm with SELECTSORT and BINARY -
SORT. Describe arrays on which INSERTIONSORT works more effi-
ciently than the others and arrays on which it is less efficient.

(d) Determine the complexity of INSERTIONSORT.

8. A sorting algorithm is said to be stable if whenever a = gfor some indices
i < j, then in the sorted array aprecedes g. Is either SELECTSORT or
BINARY SORT stable? Explain. If not, can they be rewritten (easily) so that
they are stable?

9. IsINSERTIONSORT a stable sorting algorithm?

10. Suppose that Ais a sorted array of n elements. How does the speed of
INSERTIONSORT on A compare with the speed of SELECTSORT and
BINARY SORT?

11. Suppose that you have an (unsorted) array with nitems and another item
D. What is the minimum number of comparisons necessary to determine
whether D is contained in the array or not?

12. Looking up a telephone number in a directory is an example of a typical
search through alarge ordered list. If the name you are looking for is, say,
Smith, you wouldn’t turn to the exact middle of the directory despite the high
quality of BINARY SEARCH. The reason is that you have some knowledge
concerning how the names in the directory are distributed. If you are looking
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for the name Smith, you will look more toward the back of the book because
you expect that more names come before Smith than after it. You might use
astrategy like the following: Since S is the 19th letter of the alphabet, you
might look at the page numbered m, where m= ~19n/26J and n is the total
number of pages in the directory. Develop an algorithm, called weighted binary
search, that exploits this idea. When should you use weighted binary search
and when should you definitely avoid it? (This kind of approach is also known
as interpolated search.)

13. Hereis arecursive version of the algorithm DtoB from Chapter 1 that upon

14.

input of a nonnegative integer m determines its binary expansion s.
Procedure R-DtoB(m, )

Sepl.If m< 1, thenset s:=m
Else
Begin
Step 2. Procedure R-DtoB(|m/2], s)
Srer3. If miseven, then sets equal to swith a O added at the end,
Else set sequal to s with a 1 added at the end
Step 4. Return.

(a) Trace this algorithm for m= 1,3,6,8.

(b) Show that this algorithm is correct.

(c) Prove by induction that the number of divisions in R-DtoB is at most
log (m).

Reread the algorithm EXPONENT in Chapter 2. Then use the fact that

X" = x-X" "1 to write a recursive version of EXPONENT. Compare the

number of multiplications in EXPONENT and the recursive version.

15. Write arecursive version of FASTEXP, called R-FASTEXP(X, n, ans) that

16.

upon input of x and nwill calculate X"and store it in ans. Is this version
faster or dower than FASTEXP?

Look back in Chapter 3 at the algorithm PERM. Write a recursive version
of this algorithm.

17. Does the following correctly compute the greatest common divisor of b and c?

Explain.
Procedure GCD3(b, c, 9)
Step 1. If b=c, then g:=b
Elseif b < c—b, then Procedure GCD3(b, c— b, Q)

Else Procedure GCD3(c—b, b, )
Step 2. Return.
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18. Here is an idea for a recursive version of BINARY SEARCH: Given an array
(a,....a) of numbers and a number S, determine whether S is less than
the middle entry of the array and, if so, search the first half. If not, search
the second half. Write a recursive version of BINARY SORT.

19. Suppose that we have a sorted array A of length nand an unsorted array
B of length m that we wish to merge into Atoform a final sorted array A
of length n + m. Here are some different approaches:

(a) Add B to the end of the array A and then use BINARY SORT on this
array.

(b) Add B to the end of the array A and then use MERGESORT on this
array.

(c) Add B tothe end of the array A and then use INSERTIONSORT (see
Exercise 7), replacing step 2 with“Form=n+ 1ton+ mdo.”

(d) Use MERGESORT on B and then use MERGE on A and B.

Comment on the pros and cons of these approaches. In particular, decide

which one you would pick for best efficiency.

20. Compare the efficiency (i.e., number of comparisons performed) of SELECT-
SORT, BINARY SORT, and MERGESORT on the following types of arrays:
(a) A sorted array.
(b) An array listed in reverse order.
(c) An array that is nearly sorted except for the interchange of some adjacent

pairs of numbers (like (1,3,2,5,4, 6)).

(d) An array with many repeated numbers.
(e) An array with itsfirst half sorted and its second half sorted.

21. IsMERGESORT a stable sorting algorithm? (See Exercise 8.)

22. Develop the following ideainto an algorithm to sort A= (al, a,.. ... a,).
(1) Find the least integer i such that <al,..., 4;) is sorted, but (al,..., 4; %i+1>

is not.
(2) Find the next least integer j such that (a+;,....a) is sorted, but
{@i415--.,a58j11) IS NOL.

(3) Merge (al,....a)and (&.5,---,a;.

(4) Seti:=jandif j<n,gotoline2.

Implement this as an algorithm and run it on the following data:
(@ A= (1, 3254,6>.

(b) A= (1,23, 54,6).

(c) A= (246,35, 7).

d)A=(1,2,3,4,5,6).

(e) A= (6,54, 3,2, 1).

Determine the worst-case complexity of your algorithm.

23. Here is an aleged sorting algorithm that is supposed to take an array of
length n with start = 1 and finish = n and to rearrange A in increasing order:

336



24,

25.

26.

27,

SUPPLEMENTARY EXERCISES FOR CHAPTER 6

Procedure M YSTER Y (A, start, finish)

Step1l. If start < finish, then
Begin
STEP2.  test: = ag,.
Step3. i:=start+1

Ster4.  j: =finish
Ster5.  Repeat
Begin

Ster6. While test <aj, setj:=j-I
Step 7. While test > a; and i < finish, set =i + 1
Step 8. Switch a,and a
Until j <i {end of step 5}

Srer9.  Switch 4 and a{undoing the last switch}

Step 10. Switch ag,,, and &

Srep11. Procedure MY STERY (A, start,j — 1)

Step 12. Procedure MYSTERY(4,;j + 1, finish)

End { step 1}

Step13. Return.

Run this algorithm on a variety of arrays and then answer the following

equations:

(a) MYSTERY finds an index j, places some entry in it, and then recursively
goes to work on the array in front of j and behind j. What value of j does
it determine and what entry is placed in a?

(b) Describe in words how MY STERY works.

(c) Determine the worst-case complexity of MY STERY.

Why does BINARY SEARCH require more comparisons than BININSERT
in the worst case?

Rewrite BINARY SEARCH so that the maximum number of comparisonsiit
performs in searching an array of nitemsis 2 log(n) + ¢, where ¢ is a constant.

In the complexity analysis of BINARY SORT we proved that the maximum
number of comparisons performed on an array of n elementsis 4(n—1) +
2log((n—1)1). First prove that fori=1,...,n—1,

2
i(n+1—i)s(nzl) .

Then use this to derive an upper bound on log ((n —1)!) that is O(n log(n)).

Let T(n) denote the maximum number of comparisons performed by MERGE-
SORT on an array of n entries. Then explain why

T(n) = T(ln/2) + T((n)2)+3n+1  forn>1
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and
T =1

Calculate T(i) for i< 8 and compare these results with those of Questions 7.4
and 7.5 and Exercise 7.5.

28. Use the results of the previous exercise to prove that
T(n) < 3nllog (m]+ 2n— 1.

29. Suppose that afile of nrecordsisto be sorted and the keys of these records
are known to be precisely the numbers 1,2,. ... n. Here is an agorithm to
accomplish a sort on the keys a;:

Algorithm BUCKETSORT

Srep 1. Input A = {ay, a,,....a,»y containing distinct entries from 1,2,. ... n
Step2. For i:= 1 to ndo
Ster 3. Blay) : = a
STEP4. Fori:=1 ton do
Ster 5. a: = B(i)
Step 6. Output (al, a,,. ... a,).

Run a trace on this algorithm with input A= (2,1,5,4,3,6, 7).

30. Count the number of assignment statements made in BUCKETSORT when
run on an array of size n; in this algorithm these are the most time-consuming
statements.

31. Write an algorithm BUCKETSORT?2 that has as input an array A of n distinct
numbers whose entries lie between O and some constant M. The algorithm
should first do a “bucketsort” of Ainto an array B of length M and then
transfer the sorted elements back into A. Count the number of assignment
statements made in BUCKETSORT2.

32. Suppose that a comparison takes twice as long as an assignment statement.
Compare the time needed to run BUCKETSORT2 when M = 2n, kn for some
constant k, n log(n), and n*with the time needed for BINARY SORT.

33. The Pancake Problem asks the following Given a stack of pancakes of varying
diameters, rearrange them into a stack with decreasing diameter (as you move
up the stack) using only “spatulaflips.” With a spatula flip you insert the
spatula and invert the (sub)stack of pancakes above the spatula. Design an
algorithm that correctly solves the pancake problem for a stack of n pan-
cakes with at most 2n flips. Count exactly how many flips your algorithm uses
in the worst case.
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