Math 131/135/194, Fall 2004

Applied Calculus

Profs. Kaplan & Flath

Macalester College

Lab 4: Optimization

Goal of this lab

To understand how the derivative and its multivariate analog,
the gradient, can be used to find arguments to functions that
minimize the output of the function.

Mathematical Vocabulary

We will consider functions of one or more variables,
fla,b,c,...). When we minimize a function, we seek to
find specific numerical values of the function’s arguments,
s, by, Cx, - .. that make the value f(ay,bs,Cx,...) as small as
possible. The process of finding these values is called mini-
mization. A more general concept, optimization, includes the
possibility that what we want to find is the mazimum value
of the function. The term extrema (or extreme values) refers
to either maxima or minima.

The function that we seek to minimize or maximize is
called the objective function, referring to the fact that we
seek to reach our objective by adjustment of the inputs to
the function.

The smallest possible value of the output of the function
is called the minimum of the function. It is important to
distinguish between the function’s minimum and the value of
the arguments to the function that produce that minimum.
The argument values ay, by, ¢y, . . . are called the argmin of the
function, whereas the minimum is the value of the function
applied to these arguments: f(ay, by, Cy, . ..). The argmin tells
how to set the inputs of the function in order to produce the
smallest possible output. The corresponding term for maxi-
mization is argmaz.

In practical terms, maximization and minimization are
completely different. For example, in economic theory, the
objective function of a firm is profit. By adjusting the inputs
to the firm — the mixture of materials used, the balance of
capital and labor, the organization of production, the setting
of prices, etc. — firms seek to maximize their profits; min-
imization of profits makes no sense. In evolutionary theory,
the objective function is fitness for the environment. Nat-
ural selection can be seen as a kind of maximizing process;
it tends to move phenotypes toward a position of maximal
fitness for the environment. Species which drift toward mini-
mal fitness would become extinct. In physics and chemistry,

systems move toward a configuration of minimal potential en-
ergy, e.g., a rock rolls downhill. Were things the other way,
maximizing potential energy, rocks would shoot off to outer
space on their own.

Mathematically, however, maximization and minimization
are practically the same thing. The argmax of a function f(-)
is the same as the argmin of —f(-). In order to simplify dis-
cussions, we’ll always speak of minimization, keeping in mind
that we can use the same techniques for maximization simply
by changing the sign of the objective function.

Software

The software for this lab is contained in the file optim.r in
the Lab4 directory. You will need to “source” this file to make
the software available.

We will also use some built-in software: contour and nlm.

Minimization
Consider a mass hanging from a spring, as shown in Figure

1. The overall energy of the system can be divided into two
parts:

Kinetic Energy due to the motion of the system

Potential Energy due to the configuation or position of the
system.

In the presence of friction, systems tend to move to a mini-
mum of the potential energy function.

(4

X

Figure 1. The geometry of the hanging spring. x is measured
from the spring support. The no-force length of the spring is 1.

The potential energy of the spring system is a combination
of the energy due to gravitation and the spring itself. It is a
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function E(x) of the position z of the mass. Mathematically,
the function is
1 2
E(z) = —gmzx + §k~ (x — L) (1)
where g = 9.8m/s? is the acceleration due to gravity, m is the
mass, k is the constant describing the stiffness of the spring,
and L is the resting length of the spring. The position x
is measured from the spring’s support, as shown in the fig-
ure. If x is measured in meters, then the units of E(x) are
Joules. This function has been implemented in R as the func-
tion spring setting k = 2 N/m, *, m = lkg, and L = 1 m
for simplicity; spring takes z as an argument and returns the
potential energy of the system for that value of x.

> spring(0)
[1] 1

> spring(2)
[1] -18.6

Find the value of x that gives the smallest potential

energy of the spring.

A simple way to do this is to make a plot of F(z) versus
x, and look for the argmin.

Another way to do it is to choose a candidate value xg
which, generally, will not be at the minimum. Suppose we
choose xg = 0. Calculate the derivative of the function at
at xg. Then, find a new candidate value which is a little bit
different from xq: to the left if the derivative at xzq is positive,
or to the right if the derivative is negative. (What happens
if the derivative at zq is exactly 07) Call this new value .
Then repeat the process, calculating the derivative at z, and
making a new x, that is a little bit different from z; depend-
ing on the sign of the derivative. This “little bit” is called the
step size.

That is, let

(2)

Tip1 = x; — ssign(

)

where s is the step size.
This process is called gradient descent — it is the moral
equivalent of walking downhill to find the minimum.

Calculate a short sequence of values xg,x1,x2, 3 fol-

lowing the process described above. Show numerically
that the value of F(x;4+1) is smaller than E(x;).

One difficulty in gradient descent is figuring out an appro-
priately small step size s. If the step size is too small, the
walk downhill requires many steps. If the step size is too big,
we might step right by the minimum. Notice that the value
of the derivative itself isn’t much use. Whereas x is measured

in meters, % has units of Joules per meter. So, it doesn’t
make much sense just to say something like s = %.
Remember that you can find the numerical (finite-
difference) derivative of a function using the D operator. For
instance, to evaluate the derivative of E(z) at x = 0 you can

use the command

> D(spring) (0)
[1] -11.8

Note the strange looking use of parentheses. This is because
D(spring) is the derivative function and D(spring) (0) eval-
uates that function at O.

The second derivative at = 0 can be found in a similar
way:

> D(D(spring)) (0)
[1] 2.000011

Keeping in mind that « is measured in meters and E(x)

in Joules, what are the units of dd—;E?
Now consider the number
d
ﬂE(mi)
d2
Tz B (i)

3)

where both of the derivatives are to be evaluated at the
point z;. What are the units of this ratio of the first to
the second derivative?

A powerful way to find minima involves setting the step
size s in gradient descent to be equal to the quantity in
Equation 3, that is

d
s E(x:)
Tip1 = — S—— (4)
dez B (i)
Starting with xy = 0, iterate Equation 4 for several

steps. Write down the sequence of z; you find. Is this
method faster or slower than the method of Equation
27

The smarts about minimization have been packaged into
a nice software program that calculates the derivatives etc.
for you. This is called nlm — short for nonlinear minimiza-
tion. To use it, give two arguments: (1) the function to be
minimized and (2) an initial guess for the argmin. The guess
does not have to be very precise. Try

> nlm(spring, 0)

The nlm program returns a variety of information such as
the value of the minimum and of the argmin. This informa-
tion is packaged together into a list, which has named com-
ponents. The component named “minimum” contains the
smallest value of the function that was found by the pro-
gram. The component named “estimate” gives the argmin.

ISince forces are measured in Newtons (N), the spring constant in the equation F = k(x — L) has units of Newtons per meter (N/m).
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In the R-language, the components of a list are refered to by
giving a $ followed by the component name. So, the compo-
nent containing the minimum is denoted $minimum and the
component containing the argmin is denoted $estimate.

Functions of Multiple Variables

For a function of a single variable, it is comparatively easy
to find the minimum graphically; the iteration methods de-
scribed above essentially automate the process in an efficient
way.

For functions of multiple variables, graphs will not be so
effective. But, when there are only two variables, we can still
make a graph.

The function springs (Note the s’ at the end.) gives the
potential energy for a chain of springs, with each spring con-
stant, mass, and length set as in the single-spring case. As
in Figure 1, the coordinates are the length of each link in the
chain. So, for example, a chain with link lengths of 1 and 2
has potential energy

> springs(c(1,2))
[1] -38.2

.

Figure 2. The geometry of a chain of N = 2 springs and a chain
of N = 3 springs. x; is distance between masses ¢ and ¢ — 1.
(We consider the support to be ¢ = 0.) The no-force length of
each spring is 1. The potential energy of this system is given by

E(x1,za,...

JTN) = Z %k(wz —1)? —ngxj

Although this expression looks somewhat daunting, it is really
just the common-sense extension of Equation 1 written in com-
pact mathematical notation.

We can make a contour plot of the potential energy of
the two-spring system. To do this, we need to specify a set of
lengths for the first spring and for the second spring, then eval-
uate the energy for each combination of these sets of lengths.
Follow this example carefully. Note that you do not want too

many points produced by the seq command, since the total
number of points will be the product of the number of points
in the two input variables:

> x1 = seq(0,20,length=50)

> x2 = seq(0,20,length=50)

> z = evalAtGrid(x1l, x2,springs)
> contour(x1l, x2, z)

Make the contour plot and find the argmin, that is, the

values of x1 and x2 at which the potential energy is
minimized. Note that the optimal value of 22 is smaller
than the optimal value of x1. Does this make sense in
terms of the physical situation depicted in Figure 17

We can also apply the ideas we discussed in class of gra-
dient descent and Newton’s method to functions of multiple
variables. For example, here is a function that is the gradient
of the multiple-springs system:

> g = grad(springs)

We can evaluate the gradient at any point we choose. For
example

> g(c(8,8))
[,1]

[1,] -5.6

[2,] 4.2

Note that this will only work if you previously define the value
of g.

To help you visualize the gradient function, your diligent
instructors provide you with the plotarrow function. Once
you have a contour plot in the graphics window and have
defined the gradient, then use plotarrow like this

> plotarrow(g, c(8,8))

Note that the first argument is the gradient of the objective
function, NOT the objective function itself. The second argu-
ment is the point at which you want the gradient evaluated.
plotarrow draws a nice arrow in the direction of the gradi-
ent. Walking in the opposite direction will bring you to the
objective function’s argmin.

Plot out the gradient vector in several spots on your

contour plot and include this in your write-up. What is
the gradient vector at the argmin of the function?

Automated methods for finding minima of functions of
several variables use various combinations and modifications
of gradient descent and Newton’s method. The nlm function
takes care of all this for us:

> nlm(springs, c(0,0))
$minimum

[1] -149.45

$estimate

[1] 10.8 5.9

$gradient

[1] 1.098973e-05 5.554277e-06
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In fact, we can use nlm for functions of more than two
variables, e.g., a chain with 10 links:

> nlm(springs, ¢(0,0,0,0,0,0,0,0,0,0))
$minimum
[1] -9782.85
$estimate
[1] 50.0 45.1 40.2 35.3 30.4 25.5 20.6 15.7 10.8 5.9
$gradient
[1] 5.045e-05 4.537e-05 4.031e-05 3.529e-05 3.021e-05
[6] 2.525e-05 2.022e-05 1.517e-05 1.010e-05 4.932e-06

@ Explain in physical terms why the argmin of the

springs function looks the way it does, with links of
shorter and shorter length as we move from the top of
the chain to the bottom.

Why does the gradient have 10 components? Why are
the values small? What should they be, ideally, at the
argmin?

Explain  why the expressions nlm(sin,0) and

nlm(sin,2) give different results.
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