Lecture Notes — Chem 222 — Systematic TreatmeBtjaflibria — Rob Rossi

On the Friday before break, Professor Kuwata wrdpeby introducing a scary prospect, which may
have haunted your nightmares over the whole obtbek...or which you may have completely
forgotten about while lounging on the beach. Hmfea out that in calculating the aqueous solubdit
BaF, in 0.10M NaF, the basicity of Fnay have an important effect:

Bah = B&'Gg + 2Fa)  Fag * H@y = HRag BOy» == Hg + OHeg

This is a relatively simple example of a more gahproblem: in any chemical system, there can lye an
number of chemical reactions taking plaeachof which must reach equilibrium before the systeith
be at equilibrium...and often, the equilibria istetrwith each other, as do the three above.

SYSTEMATIC TREATMENT OF EQUILIBRIUM —HARRIS, CH 8,88-4AND 8-5

To deal with the general case, a more systematimaph can prove helpful, and Harris introduces thi
(in Chapter Y as the "Systematic Treatment of Equilibrium."eTdoal is to provide a means of tackling
any equilibrium problem, no matter how complicatdthe first key concept related to this is

Degrees of freedom
ngs = (# of variables) - (# dhdependengquations involving those variables)

If ngs = 0, the system is "fully specified" and, in piijle, any unknown variables can be calculated. If
all the equations are linear, there is one and oné/solution, while if any of the equations are
nonlinear, there may be any number of solutiorduaing none. Ihg > 0, the system is
"underspecified" and there is no point in tryindital a solution, because many values for the @
will satisfy the constraints specified on the sgsteHow many males are there in a school of 94?fis

If ngs < 0, the system is overspecified, and the equatyon think are all independent really aren't, or
they are logically/physically incompatible (theyndaall be satisfied at once). [How many males are
there in a school of 54 fish? Half the fish ardenand 14 are female.] {Ummm...no neuter fish.}

There's no point in trying to solve a complex systé equations until you have confirmed the equatio
are all independent, calculatedsnand confirmed that it is zero.

Next, there are a few "balances"” that must befsatifor any (realistic) physical system, and these
handy because they can be readily written out @ed to help solve any chemical problem. The i&rst

Charge Balance

Y charge = 0 =) [positivecharges]- ) [negativecharges] =

phase phase phase

Y [positivecharges]= > [negativecharges]

phase phase

While this is not true to the last electron (stati@rges can build up on stuff), the net chargaron
chemical system has to remain very close to zesb,ts container go hurtling through space towhed
countervailing charge or lightning bolts strikewseen them in order to cancel out the differendeut (
another way, the average real-life lightning baltres a charge of 5 Coulombs: @20l of electrons.)

Charge balance must simultaneously apply for e&els@in a system; but we generally don't gain much
by writing it for the solid phase. Doing so foethquid phase of the example from last Friday,gee

0 = (+2)[B&T] + (+1)[N&] + (+1)[H] + (-1)[OH] + (-1)[F]
=  2[B&] + [Na] + [H] = [OH] + [F]



Atomic ("Mass" or "Material") Balance

Chemical reactions can't create, destroy, or chémgatomic number of atoms. Consequently, the
number of atoms of a given type must be conseresmba any chemical change. Specifically,

[# of atoms of A present}ia = [# of atoms of A presentliiibrium

An atomic balance can be written for each elemeggent in a chemical system, but you should only
write as many as you need to fully specify the fgob If you write out every last one, typicallyethast
one will not be independent of the charge balawtéch is generally easier to write.

To illustrate, I'm actually going to go through amdte out an atomic balance for each element pitese
in our sample system, and then show you that otieenfi is not independent. In doing so, we need to
keep in mind that we have some solid BafFthe bottom of the beaker, and a bunch of waterything

is swimming around in. We want to visualize thakwr both initially, and at equilibrium:

Initially present/added Present at equilibrium
0.10 M N&(aq) [Na']
0.10 M Faq) [F]
[BaFxs), initial [Ba*], [BaFus), equl
[H20y)), initia] [H™], [OH], [HF], [H20). equil

Atomic balances
Na initially present = = 0.10 M = [Nd] = Na present at equilibrium, once Bafas dissolved
All forms of Ba initially present> [BaF,s), | = [Ba] + [BaFxs), d O All forms of Ba at equil.

Balance on F: 2[Bafky), | + Fnar = [F] + [HF] + 2[Baky), d
Balance on O: [60), ] = [OHT + [H20),
Balance on H: 2[00y, ] = [HF] + [OH] + [H] + 2[H0, d

Ok, the systematic approach would then call upoto sanslate each chemical reaction into
mathematical terms as well. Let's set aside agtior the moment (this will generally be called fo at
least the first attempt at solving any problem reqg the systematic approach):

Solubility product of Baf [Ba?][F]? = 1.7x 10°

Autoionization of water: [M[OH] = 1.0x 10

M: 6.8x 10%
[HF]

Very good, now let's see if we have a solvableesgstWe want to make the system of equations we
have to solve as simple as possible, so what iisegjust the three equilibrium expressions abdee, t
charge balance, and the atomic balance on sodiQor/ariables in that case would be

Variables: [B&Y, [Na'], [H'], [OH], [F], and [HF] = 6 variables

Equations: 3 equilibria, charge balance, Na atafarite = 5 equations

Acid dissociation constant of HF:

ngs = (# of variables) - (# dhdependengquations involving those variables) =6 -5=1
If we weren't worrying about the basicity of we'd be fine, but we have [HF], so we're undassiael.



We'd do best by selecting just one more atomicriz@laone that doesn't introduce any new
variables...but all of them do. In fact, even d wkeall of them into account, we seem under-specified:

[Ba®"], [Na'], [H'], [OH1], [F1], [HF], [BaFye) {1, [BaFxs), 4. [H20y,. i, and [HOy, ¢ = 10 variables

With only nine equations (3 equilibria, the chabggance, and 5 atomic balancew),is still one. Ah,

but this is because we truly do have an underspdaiystem! We could add any amount of solid BaF
in excess of its solubility, and the system coelalch equilibrium. There isn't a single answer for
[BaF), | that's going to emerge from all this. We canl @@th this in two ways:

1. Define @asis— we don't really care about how much Bale start with, so just pick an arbitrary
amount that makes sense: say 0.1 mol per litdveo$tuff, in this case.

2. Use algebra and "chemical intuition" to elimengte variables of non-interest from the system of
equations

In my chemical engineering days, I'd have alwaysegoith (1), but now I'm a chemist, so let's tahat t
approach. It can be aided by chemical intuitios. (understanding chemistry!): While nature ddesat’
specific allowed values for [Baf), | and [Baks) d, it doesset ([Baks), | - [BaF,s), d), which is really
just the solubility of Bal: So we should find that combining those two Jalga as their difference
should lead to some simplification, and indeecdisl

[BaFxs), | - [BaFye), d = [Ba™]
2[Bakys), | - 2[Bakys), d + 0.10 M = [F] + [HF]

That means that the atomic balances on Ba and Becegduced to 2[B4 + 0.10 M = [F] + [HF],
which is one additional equation that doesn't thixe any additional variables, and would suffice to
make our system fully specified, witly: = 0, and soluble. This equation is something addreally
have come up with directly, rather than going tigltoatomic balances: it states that, effectivelg, th
total amount of Fin solution is the amount provided by the dissolubf BaF, plus the amount
provided by NaF, and that it must all be preserditheer HF or E Similar algebra on the oxygen and
hydrogen balances can lead to a similar expressmawhich chemical intuition could also provide:

[H20), 1] - [H20(,),d = [OH]
2[H20), 1] - 2[H20y, d = [HF] + [OH] + [H]

= 2[OH] =[HF] + [OH] + [H'] = [OH]=[HF] +[H"]

This is saying, in essence, that all the protorsolntion come from the dissociation of water — traly
are either floating around free, or tied up bydas as HF. We could have come up with it disectl

Now, if we want to solve this problem, we don't wamtry usingboth of the combined atomic balances
above and the charge balance! That would givenusarspecified problem, withy = -1. Why's that?
Well, because with one of the two equations abaonkthe charge balance, the other can be derived:
2[B&"] + [Na] + [H] = [OH] + [F]
2[B&] + [Na] + [H] = [HF] + [H] + [F]
2[B&"] + [Na] = [HF] + [F]

So, the charge balance and these two equatiomotiredependent the third can be derived from
either of the other two. If we tried to solve gystem using all of them, we'd keep getting thirgs

[HF] = [HF], or in other words, 0 = 0. We'd findixselves going in circles...so we want torgtbe our
guide, and pick two. Which two? Choose the twai gimplify the math the most. In this case I've



already crunched the atomic balances down to somplso I'll use them. But if | weren't
demonstrating overspecification, I'd have stoppéH the charge balance and Ba+F balance equations.

This isn't an algebra, applied math, or computemee course, so I'm not going to spend a lotroéti
going through how one could actually solve thigeysof equations. Usually, a combination of algebr
and iteration is required, and the latter can beeday hand, with a calculator, or with a computér.

take the time to show you a few tricks for doinig tbort of thing in Excel:

1. Name cells using the name box in the upperctafier of the spreadsheet: select the cell, replace
the Al-type name with one of your own, and hit ente

2. Naming labeled cells using the Insert:Names:@rkaction (works with or without = sign)

. Enter the equations in the forfif}]'s) = a constant; if one of these constantsasmynorders of
magnitude different from the others, you may neeithvert that equation to help Excel out

. Start up Excel's Solver. Blank out the targdtig cell and enter each equation as a constraint
. In the options for the solver, set convergencket24 and solve (if no solution, see 8)

. Gradually add leading zeros to the precisiodenisolver options, solving after each addition

. If needed, try toggling the solver options "As&unon-negative" and "Use automatic scaling"

. If solution is not found: 1) Check equations\aabd 2) Try tweaking guess values slightly (if
you resort to this, you may have to re-set prenigioa larger value, as well)

9. Continue cranking down precision and solvinglu#sired precision in results is reached
Concrete example using Equation Solver Spreadgpeess values) [DO NOT SAVE AT END!J:
1. Converge to 1e-24 and solve without changingahgr options= works, but imprecise

. Add 1 zero to precision and sokzeworks, result is a bit closer to believable

. Add another zero to precision and solvdails, "Can't find feasible solution.” CANCEL

. Add auto-scaling and solwe fails, CANCEL

. Add assume non-negative and salyavorks, close enough? Probably, but for sake afrgle
. Add another zero to precision and satrdails, our friend "Can't find feasible solution”

. Uncheck auto-scaling and assume non-negatilas s»works

. Add another zero to precision and solvdails, our friend "Can't find feasible solution™

. Round off H guess value to 8.15E-9 and setvevorks (other tricks above would fail)

. Could continue indefinitely, but it gets proggively harder, and nothing is gained. (All
concentrations have now converged to within 2 B& precision of the equilibrium constants.)
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Another approach involves algebraically reducingtsm of equations to one equation in one variable,
and solving (graphically, with a calculator, or kvé spreadsheet, if too complex for analytic sohjti

We could proceed to add in the effect of activiityt our work above indicates that in fact, the tiisi

of F is (just barely) weak enough to be negligible wehpect to the solubility of BaF at least in

0.10 M NaF. (The result obtained above is, wihimfigs, the same one you would get by solving the
much simpler scenario in which you ignore activitefficients and the basicity of.J

New PS 6 page: This new sheet has all the PS6 pretnis on it — so you only need to keep the
excerpt from Harris from the original handout; this is now the complete problem statement, it has
ALL of the problems from PS 6 on it.

Remember to take your AA measurements this wesfoufhaven't already done so!



