Contents
Preface

ix

Chapter 1. Accumulation
1.1. Archimedes and the volume of the sphere
1.2. The area of the circle and the Archimedean Principle
1.3. Islamic contributions
1.4. The binomial theorem
1.5. Western Europe
1.6. Cavalieri and the integral formula
1.7. Fermat’s integral and Torricelli’s impossible solid
1.8. Velocity and distance
1.9. Isaac Beeckman
1.10. Galileo Galilei and the problem of celestial motion
1.11. Solving the problem of celestial motion
1.12. Kepler’s second law
1.13. Newton’s Principia

1
1
6
9
14
16
18
21
24
27
28
31
35
36

Chapter 2. Ratios of Change
2.1. Interpolation
2.2. Napier and the natural logarithm
2.3. The emergence of algebra
2.4. Cartesian geometry
2.5. Pierre de Fermat
2.6. Wallis’s Arithmetic of Infinitesimals
2.7. Newton and the Fundamental Theorem
2.8. Leibniz and the Bernoullis
2.9. Functions and di↵erential equations
2.10. The vibrating string
2.11. The power of potentials
2.12. The mathematics of electricity and magnetism

41
42
46
52
57
61
65
70
72
75
80
83
84

Chapter 3. Sequences of Partial Sums
3.1. Series in the 17th century
3.2. Taylor series
3.3. Euler’s influence

87
88
91
96
vii

3.4.
3.5.
3.6.

d’Alembert and the problem of convergence
Lagrange Remainder Theorem
Fourier’s series

100
103
107

Chapter 4. The Algebra of Inequalities
4.1. Limits and inequalities
4.2. Cauchy and the language of ✏ and
4.3. Completeness
4.4. Continuity
4.5. Uniform convergence
4.6. Integration

113
114
115
119
121
123
125

Chapter 5. Analysis
5.1. The Riemann integral
5.2. Counterexamples to the Fundamental Theorem of Integral Calculus
5.3. Weierstrass and elliptic functions
5.4. Subsets of the real numbers
5.5. 20th century post-script

131
131
133
138
143
147

Appendix. Reflections on the Teaching of Calculus
Teaching integration as accumulation
Teaching di↵erentiation as ratios of change
Teaching series as sequences of partial sums
Teaching limits as the algebra of inequalities

151
151
153
155
156

The Last Word

159

Bibliography

161

Image Credits

165

Index

167

viii

Preface
This book will not show you how to do calculus. My intent is instead to explain how
and why it arose. Too often, its narrative structure is lost, disappearing behind rules and
procedures. My hope is that readers of this book will find inspiration in its story. I assume
some knowledge of the tools of calculus though, in truth, most of what I have written
requires little more than mathematical curiosity.
Most of those who have studied calculus know that Newton and Leibniz “stood on
the shoulders of giants” and that the curriculum we use today is not what they handed
down over 300 years ago. Nevertheless, it is disturbingly common to hear this subject
explained as if it emerged fully formed in the late 17th century and has changed little
since. The fact is that the curriculum as we know it today was shaped over the course of
the 19th century, structured to meet the needs of research mathematicians. The progression
we commonly use today and that AP R Calculus has identified as the Four Big Ideas of
calculus: limits, derivatives, integrals, and finally series, is appropriate for a course of
analysis that seeks to understand all that can go wrong in attempting to use calculus, but
it presents a difficult route into understanding calculus. The intent of this book is to use
the historical development of these four big ideas to suggest more natural and intuitive
routes into calculus.
The historical progression began with integration, or, more properly, accumulation.
This can be traced back at least as far as the 4th century bce, to the earliest explanation
of why the area of a circle is equal to that of a triangle whose base is the circumference of
the circle (⇡ ⇥ diameter) and whose height is the radius.1 In the ensuing centuries, Hellenistic philosophers became adept at deriving formulas for areas and volumes by imagining
geometric objects as built from thin slices. As we will see, this approach was developed
further by Islamic, Indian, and Chinese philosophers, reaching its apex in 17th century
Europe.
Accumulation is more than areas and volumes. In 14th century Europe, philosophers
studied variable velocity as the rate at which distance is changing at each instant. Here
we find the first explicit use of accumulating small changes in distance to find the total
distance that is travelled. These philosophers realized that if the velocity is represented by
distance above a horizontal axis, then the area between the curve representing velocity and
the horizontal axis corresponds to the distance that has been travelled. Thus, accumulation
of distances can be represented as an accumulation of area, connecting geometry to motion.
1In modern notation,

1
2

⇥ (⇡ ⇥ 2r) ⇥ r or ⇡r2 .
ix

x

Preface

The next big idea to emerge was di↵erentiation, a collection of problem-solving techniques whose core idea is ratios of change. Linear functions are special because the ratio of
the change in the output to the change in the input is constant. In the middle of the first
millennium of the Common Era, Indian astronomers discovered what today we think of as
the derivatives of the sine and cosine as they explored how changes in arc length a↵ected
changes in the corresponding lengths of chords. They were exploring sensitivity, one of the
key applications of the derivative: understanding how small changes in one variable will
a↵ect another variable to which it is linked.
In 17th century Europe, the study of ratios of change appeared in the guise of tangent
lines. Eventually, these were connected to the general study of rates of change. Calculus was
born when Newton, and then independently Leibniz, came to realize that the techniques
for solving problems of accumulation and ratios of change were inverse to each other, thus
enabling natural philosophers to use solutions found in one realm to answer questions in
the other.
The third big idea to emerge was that of series. Though written as infinite summations,
infinite series are really limits of sequences of partial sums. They arose independently in
India around the 13th century and Europe in the 17th, building from a foundation of the
search for polynomial approximations. By the time calculus was well established, in the
early 18th century, series had become indispensable tools for the modeling of dynamical
systems, so central that Euler, the scientist who shaped 18th century mathematics and
established the power of calculus, asserted that any study of calculus must begin with the
study of infinite summations.
The term infinite summation is an oxymoron. “Infinite” literally means without end.
“Summation,” related to “summit,” implies bringing to a conclusion. An infinite summation is an unending process that is brought to a conclusion. Applied without care, it
can lead to false conclusions and apparent contradictions. It was largely the difficulties of
understanding these infinite summations that led, in the 19th century, to the development
of the last of our big ideas, the limit. The common use of the word “limit” is loaded with
connotations that easily lead students astray. As Grabiner has documented,2 the modern meaning of limits arose from the algebra of inequalities, inequalities that bound the
variation in the output variable by controlling the input.
The four big ideas of calculus in their historical order, and therefore our chapter headings, are
(1)
(2)
(3)
(4)

Accumulation (Integration)
Ratios of Change (Di↵erentiation)
Sequences of Partial Sums (Series)
Algebra of Inequalities (Limits).

In addition, I have added a chapter on some aspects of 19th century analysis. Just as no one
should teach algebra who is ignorant of how it is used in calculus, so no one should teach
calculus who has no idea how it evolved in the 19th century. While strict adherence to this
2

(Grabiner, 1981)
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historical order may not be necessary, anyone who teaches calculus must be conscious of
the dangers inherent in departing from it.
How did we wind up with a sequence that is close to the reverse of the historical order: limits first, then di↵erentiation, integration, and finally series? The answer lies in the
needs of the research mathematicians of the 19th century who uncovered apparent contradictions within calculus. As set out by Euclid and now accepted as the mathematical
norm, a logically rigorous explanation begins with precise definitions and statements of
the assumptions (known in the mathematical lexicon as axioms). From there, one builds
the argument, starting with immediate consequences of the definitions and axioms, then
incorporating these as the building blocks of ever more complex propositions and theorems. The beauty of this approach is that it facilitates the checking of any mathematical
argument.
This is the structure that dictated the current calculus syllabus. The justifications
that were developed for both di↵erentiation and integration rested on concepts of limits,
so logically they should come first. In some sense, it now does not matter whether differentiation or integration comes next, but the limit definition of di↵erentiation is simpler
than that of accumulation, whose precise explication as set by Bernhard Riemann in 1854
entails a complicated use of limit. For this reason, di↵erentiation almost always follows
immediately after limits. The series encountered in first-year calculus are, for all practical
purposes, Taylor series, extensions of polynomial approximations that are defined in terms
of derivatives. As used in first-year calculus, they could come before integration, but the
relative importance of these ideas usually pushes integration before series.
The progression we now use is appropriate for the student who wants to verify that
calculus is logically sound. However, that describes very few students in first-year calculus. By emphasizing the historical progression of calculus, students have a context for
understanding how these big ideas developed.
Things would not be so bad if the current syllabus were pedagogically sound. Unfortunately, it is not. Beginning with limits, the most sophisticated and difficult of the
four big ideas, means that most students never appreciate their true meaning. Limits are
either reduced to an intuitive notion with some validity but one that can lead to many
incorrect assumptions, or their study devolves into a collection of techniques that must be
memorized.
The next pedagogical problem is that integration, now following di↵erentiation, is
quickly reduced to antidi↵erentiation. Riemann’s definition of the integral—a product
of the late 19th century that arose in response to the question of how discontinuous a
function could be yet still be integrable—is difficult to comprehend, leading students to
ignore the integral as a limit and focus on the integral as antiderivative. Accumulation
is an intuitively simple idea. There is a reason this was the first piece of calculus to be
developed. But students who think of integration as primarily reversing di↵erentiation
often have trouble making the connection to problems of accumulation.
The current curriculum is so ingrained that I hold little hope that this book will cause
everyone to reorder their syllabi. My desire is that teachers and students will draw on
the historical record to focus on the algebra of inequalities when studying limits, ratios
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of change when studying di↵erentiation, accumulation when studying integration, and sequences of partial sums when studying series. To aid in this, I have included an appendix
of practical insights and suggestions from research in mathematics education. I hope that
this book will help teachers recognize the conceptual difficulties inherent in the definitions
and theorems that were formulated in the 19th century and incorporated into the curriculum during the 20th. These include the precise definitions of limits, continuity, and
convergence. Great mathematicians did great work without them. This is not to say that
they are unimportant. But they entered the world of calculus late because they illuminate
subtle points that the mathematical community was slow to understand. We should not
be surprised if beginning students also fail to grasp their importance.
I also want to say a word about how I refer to the people involved in the creation of
calculus. Before 1700, I refer to them as “philosophers” because that is how they thought
of themselves, as “lovers of wisdom” in all its forms. None restricted themselves purely
to the study of mathematics. Newton and Leibniz are in this company. Newton referred
to physics as “natural philosophy,” the study of nature. From 1700 to 1850, I refer to
them as “scientists.” Although that word would not be invented until 1834, it accurately
captures the broad interests of all those who worked to develop calculus during this period.
Many still considered themselves to be philosophers, but the emphasis had shifted to a
more practical exploration of the world around us. Almost all of them included an interest
in astronomy and what today we would call “physics.” After 1850, it became common to
focus exclusively on questions of mathematics. In this period and only in this period, I will
refer to them as mathematicians.
I owe a great debt to the many people who have helped with this book. Jim Smoak,
a mathematician without formal training but a great knowledge of its history, helped to
inspire it, and he provided useful feedback on a very early draft. I am indebted to Bill
Dunham and Mike Oehrtman who gave me many helpful suggestions. Both Vickie Kearn at
Princeton and Katie Leach at Cambridge expressed an early interest in this project. Their
encouragement helped spur me to complete it. Both sent my first draft out to reviewers.
The feedback I received has been invaluable. I especially wish to thank the Cambridge
reviewer who went through that first draft line by line, tightening my prose and suggesting
many cuts and additions. You will see your handiwork throughout this final manuscript.
Finally, I want to thank my wife, Jan for her support. Her love of history has helped to
shape this book.
David M. Bressoud
bressoud@macalester.edu
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